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Introduction 

A unified approach for describing integrable models associated 
with the non-stationary Schrodinger equation along with constructing 
their n-soli ton fonnulae is gi ven, Among such models there are, e. g. , 
a vector version of NLS with various internal symmetry groups, an 

analogous extension for the Yajima-Oikawa model and so on. "Integra

bilityll of some of these systems follows as a rule from the existence 

for them of commutatlon representations(i.e.associated linear problems 

based on the L-A pair OI' L-A-B triad). Now it is however known that 
for the models with noncompact symmetries V/here condensate boundary 
conditions are of physical sense the conventional inverse spectral 
technique is noncon~tructive. 

OuI' approach does not use conunutation relations and arises in 
fact in the deptha of the a1eebrogeometrical theory of integrable 
sy st ems, This theory i6 knovm to be used for constructing periodical 

and quasiperiodical solutions to such systems but what is less known 
the algebrogeometrical technique also allow8 us to obtain quite effec
tively alI the known up to now their exact solutlons (many-soliton 
and rational formulae and their combinations). Wa are going to show 
this in the form accessible for nonmathematicians taking as an example 
the models described by the Sc hz-õd Lnge r equation wí.t.h self-consistent 
potentials. The papeI' is organized as follows. In the first chapter 
we discuss the way how such models occur in physics, namely we consi
der a generalized version of the Heisenberg ferromagnet. The method 
for constructing and studying exact solutions for such modela is gi
ven in the ~econd chapter. Some specific examples are investigated 
in the third chapter and corresponding formulae are presented. In 
conclusion we discuss the results obtained. 

Chapter I.
 

Physical models related to NLS with self-consistent
 

potentials
 

Systems of differ€ntial equations for a number' of interacting 
waves and wave-packets occur frequently when one considers non-linear 
wave phenomena in various physical systems. The scalar NLS (SNLS) 

(1)i. ~ + 'f)()I. -t SI,\,{ '( = O (ê -:::. ± 1.. ) 

is the simplest mathematical model of this kind describing selfinte
raction of the high-frequency wave packet Cat e =-1 it i8 the 80-

14nCJiJi ile'~HàlS fomcnrryr 
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called Gross-Pitaevskii oquation) in particular, the self-interaction
 
of spin-waves (magnous) in fOrrOInllgnoto, oxc1tons in molecular crys

taIs, Langmuir waves in p1uomao und 00 on. Eq. (1) is now the most
 
popular and studied (along with KdV) nonlinear model of mathematical
 
physics integrable on both tha 010.001001 a.nd quantum leveIs. Moreover
 
quantum (01' quaadc Laan í cu L) appronch o.llowo us to use the par-t í.c Le
 

phys í.c s Langua ge in addi tion to tho wa.vo ono. The simplest physical
 lmodel described by (1) io n l1oao-gac with point-like pair interaction 
• of particles ut zero temperatura (000. e.g./14/ ) . This model gives 

i 
1 
1 

us a visual picturc of tho rooulio obtained which up to the defini
tions and redenotationo mo.y bo UIJOU for other physical models. 

A natural genorallzo.tlon 01 (1) 10 tho eystem describing intera

ction of D. h.f. wavo po.ckat 'f\x,i:.) with a l.f. wave V(><,-f:). In
 
this case the complex funct ion "t'"(lC ,i:) oboys as above SNLS
 

• \li' o.
 
l 11;. -t '(Xl< -\- V o/" -t À I \\Í\ \( =- O • (2 )
 

which contains a potential \J - l.f. wavo - described with one of the 1

following equations (self-consistency) 

(Zakharov!16/) (3a)o \J :: - \ '4'"1~)( 

(di;. + 'dx.)lJ :::.I'f\~ "(Yajima-Oikawa!J!) Ob) 

(~i;.-tdx +Q(,d~ -i"~UO)l.)1J;::\'4'l: (Nishikawa et al.!~/) (30) 

~ ) ~ 2 ~(O --to o<. à x 15 -+ pOx U -:;:; - \'fl 
x Jc 

(Makhankov/5!) (Jd) 

Systems (2), O) at ~ =0 occured in plasma physics where they de
scribed the interaction of Langmuir and ion-sound waves. Analogous 
equations were later shown to appE?ar when one investigates spin waves 
interacting with phonons in ferroma,nets/ 16/ and excitons interacting 
wi th phonons in mo lec ular crystals 7/, here, however, À f-O in the 
general case. 

Another natural generalization of 

scalar version of NLS to a vector one: 
with simultaneous changing \~\~ by the 

de.~ \'\
( '\f' -\f' .- ~ Q .. "'\l. -t.V o , J - _~ dL,\ ~ ,\ 

"1~=1 

(1) is a transition írom the 

"t' ----'?''\'; (.\f,\,~'2. , .. 0,~h )Tlt" 
inner product 

I 

(4) I . lI· 
where gij is the metric of the isotopic space. 

2 
11 ' 
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}ti 

11 

... 

The Hamiltonian of the system ia often invariant under transfor
mations of an internaI symmetry group compact or not depending on the 

signature of the matrix S}i..i "=À~ g~i . For Hermitian Hamiltonians 
this group is U(p,q). Such models describe a Bose-gas with internaI 
quasispin ("coloured") degrees of freedom, they also appear in des
cribing the propagation of plane circular polarized h.f. wgve in plas
mas!1!. Spin waves in ferromagnets w í t h. a multi-layered structure 

are related to a classical continuum analogue of ihe Hubbard mo
deI and so on. A part of these models ar~ integrable/2 / and may be 
studied complctely. Finally, combining both the generalizations we 
come to vector versions of NLS with a self-consistent potential 
(l.f. mode) of one of the above forms (3) (although others are also 
possibLe) i. e. 

t."Vi. 1" '\VJ{I( + 1J~ -t À ("V, -\f )"t' .= O (5 ) 

plus ono of Eq. O) in which the right-hand side contains the invariant 
forrn ("f',~ ). 

For ull of these models there"is an interpretation in terms of 
multi-component Bose-gas (with internaI degrees of freedom) language 
and tho interaction between the gas particles may be various including 
the phonon rno de , In other words (5) ~nd (3) describe a mixture of 
gases with the attractive or repulsive interaction between particles 

if À ,lO und 
l.,K== i,\Il.. 

'JL.k d. ~Q~ ( i, ! , o,. , - i, - i, ... ) (6) 

The particles may also emit or apsorb phonon waves and thereby inte
ract. That ia why we shall name models (5) the Bose-gas models ab
stracting trom the statement and results interpretation of concrete 
physical problem. 

At the same time since nowadays namely in condensed matter phy
sica there appear andare studied modela of type (5) the behaviour of 
such eysteme ia of a growing interest in this area. Most of the cry

stals. as experimental studies show, have layered 01' multi-chain 
structures!8/. More than that for the majority of them the interlayer 

01' interchain interactions have a considerable effect on the general 
dynamics behaviour of crystals. Typical representatives of such sys
teme are the salt crystals/8/, however, analogous structures may al 

3 



so be seen in organic compounds in the fonn of molecular chains/9/. 

Theoretical description of multilayer atructurea ia based on the ma
ny component generalization of the Heisenberg spin model/10/. The 
introduction of"colour" dec;reE:l8 of !reedom for interacting spins in 
one-dimensional chains may also describe many layer quasi-two-dimen
sional magnetic systems with woa,1c coupl1ng. It ia also well known/11/ 

that the one-dimensional Hubbard modol with a half-filled zone cor
responds to the two-componont Hoiconborg apin cha1n with nontrivial 
intercomponent interactions. Mnny component spin chain which corres

• ponds, consequently, to somo gonorallzod Hubbard model may be u ae d 
for d.escribing collective exc1tationc (and olso their statistical 
properties) in the system with d1f!oront aortc oi 8pins/12/. 

In all the above cases wo corno to Doco-gos models (5) which 
give a dynaniical description oI tho oorrooponding system, strictly 
speaking, at zero temperatura. Evon in tho vory low temperature re
gion some averaged charactoriotioc aro only measured experimentally 
such as static or dynamical o t ruo turo taotor'o. To calculate these 
theoretically the partitlon !unot1on givon by the Feinmann integral 

(z= f'D~t.'.D'" exp(- j!>\1) ), ~ ... ,. -! for real f í.e Lds ) is 
usually used. For the DODO-goc rnodola (S) auoh o.n approach faced the 
difficulties/14/ and the co-oal1od ~honomonological approach is wide
ly (often) applied nftor tha worlt by Krumhauol and Schrieffer/13/ . 
They noticed that tho part'l.tlon !llllublono obtained via the transfer 
matrix technique ao woll ao I Y1 uio J c.lo111 gao, of kinks approximation 
are practically tho oomo tor tho ~.. modol. Later on the phenome
nological approach ia unnd Lo onlcull\Lo tho structural factors for 
various models (soa tho rovlow /14/ nnd tho references cited therein). 
Notice that the stalJ.L1Hy o! lJo)ltllnc o.nd the !act that they interact 
ellastically (or quaci 011nat1onlly) juot1tya mostly the way tbis 
approach mo.y be usod. 3uoh n aoll.ton bohoviour used to be in the 
framework of integroblo modolo wiLh 11 Duttioiently amall number of 
interacting fielda (wovoo). 1l J.t io not a oose, the distribution 
function of solitono in vo1oo1t1aa ond amplitudes (frequencies) have 
to be found via somo othor }eJ.nd ot thtlory (tor example in ref./15/ 

an approximate kinotl0 oqu~tion wao wr1tton ond solved for solitons 
in system (2)()a) with À -O on tho sroundo oi computer experiments). 

For the integrablo ayotomo oI typo (5) (with n>1) it is thus 
very important to know in on anolyt1oal torm not only the whole 
spectrum of one-soliton oolut1onc but olno two-soliton and sometimes 
three-soliton formulae (especia1ly tho1r noymptotics) for the pheno

\ 

menological approach may be applied. 
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1. Generalized Heisenberg chains and BOBe-gas models 

Consider a "colour" generalization of a spin chain with the 

Hamiltonian/ 17/. 

\-\ ~ t\S -t t-t L 

with 
.i r'<Ç' ~~ JoI.~(-Hs ::: - 2.l~ "2~. 

L'~Id., j 

= -W\ 0 "t\L ::: l'+Uo '\ ~ x, V:= -2,. c:;;-' (x· -)c.' - a ) 
, 2 ~ ~, o 2 a.o ~ ~+" 1 co 

describing the interacti,on of aeve raI "color" (type a) spins (cl "'"-l ~ '" ). 

Neglecting the color-space interaction in the nearest neighbour appro

ximation we have 

L LIõJ~~ ..J.. · K oI-F R~~ (8) 
~ J 1\ ~ ~ 'J i ~ iS" 1 ~ 

where J~i1"e- =J (\X~ - X i~C5" \) is the exchange integral of the nearest 
neighbour spins, S±= t:/'j:, ~g~ and 9~ are the spin operators. 

When SO< is sufficiently large, Hamiltonian (7) may be rewritten 
in terms of annihilation a"';oL and creation Q:' Bose operators

.J .. 

'via the generalized Holstein-Primakoff transformations 

cf -+ 01. r:-::' ( n~ )112. o:/.. - \-:' -+oi o(, . -1Lc(

-=~2S''''' \- 2~ Q.; S,::. -Izs" Q.10 j 

n.~ == C\:d..Q:~ ~ 
J J J. 

\-\g .::: c.oV\'5t 

(7) 

(7a) 

-+~ -~ -o( ~P.» ~~ ~ 2~ l~'
S~ S. + S. S~I -tRti SLS~ J 

J" ~ 

(7b) 
• 1. m '\1 2

S J J J 

i2. L t~J.. L. kot.~(o..~oI..o.~ -\o 
• n1"e' J J"",G" 
),6" ~~ 

Jii~Q' [~L (~~ L~ 'L.~ e, L: n.~(}' )"t + 
uC. J 

t L'. L: L~ V\.~ n~ <r]}
d-.~ J J~ 

where e. ~ Tr L. se( == s 
L .. , 

o(. 

('\ - !.::..i... )':L
2S"'

"""f> cA.. )C\ 0.. 
~~.Lr J 

(9) 

Evolution of the operator (t. lt) is given by the Heisenberg 
..~ ~]Jequation t.~ Cl

j 
(t)::::: LU] ,H~ . To get a classical analog of 

the quantum Harniltonian (9) we use the reduction procedure based on 
the coherent states of the Heisenberg-Weil group/17/ 

5 
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<>I.	 - ::l \ '-{lOl.l 2. ~ o<. C\-toe>(

\ \f '":J -= o \~.~) = [( e:l i e.i ~ \O'>	 \11 
J,) J 

These have the following importBnt property: given an operator in
 
the normal form
 

J\. """)' (-to(, n'\ oc. \'\,.

A =	 L....Cwn~ 0.. ) (a.)

l'VIV\ J .I,
then ' 

A=<~.OI-lÂl~~> =: ZCM~(\f.~)W\1(~.o()~ (10)
 
J ~,~ J J.
 

•	 .~ 
We employ this relation and go to tho continuum limit by means of
 
the well-known procedure: ~"llj)a ~,o( and
 

at'f~ = \{"\C) -t Q 'f~(l")..,. 1.Q2. ill t,) .. I II I JRepresenting the exchange
J+1 .'t o f' .2. """{,. ' ""
 

integral as "J(\ X)-t, - Xi \,>. :To - J" ()<1~'\ -xi - a..) (the sarne for 1
 
we get the system
 

X=:. 'lSo2.X 'H * ~ Z 'T oe.~ (4~ \J? 1') (11)
 
~r 1 ,
 

~ 'f; = - bf (k(o<.r' 'f~ - s 'T..~ '\'~ .. S~...~ ~~Xl) 

- J o 'fol..z:: (L~ L.... ~ L'-' Lç. )\~jLl2.	 (12) 
~ '\ 2. lL., ) 

where 
(V 

'T.t.~::: JoKt~,~) - Jo(~~L~ + ~2.L~)3'~~ . I'
 

('01 ,.., ~ -. b '= To S/':l.
 
T .... \-' -= J" ktal,~) - J., (Q." L,;,1 ... ~lL, ) ~<1,~
 .: 

and (I)(. I ~ ) implioa tho oymmotr1zc.tion wi th respeet to bl. and ~ 

indices. Further invootigat1on o: cyctom (11), (12) depends on the 
~ constraints wo put on tho ooo!!ioiont mc.tr1ces T and L. 
Il 

'2. Some particular roduot1opa	 I 

!f
Example I. Lot tho oxoha.ngo 1.ntogX"c.la of colour degrees of free


dom be diagonal and proport1onal to oaoh other
 

k<"tJ(\~) -= 2 61 L~ õ~p. c 2.b,Q L~ c!air a Âo(, clo(~ }
 
then the system (11), (12) 10 roduood to the system of the form (5),
 / 
()a).	 In a quasisteady (1nort1onloco) limit when the second time I 
derivative in (11) may bo droppod ono has : lI. 

s ~f"';  ( 13)V(J ,t) = Xl := - -;;'a ~ ~D(~ (lfoC, ~ ~) "" e 
WI ""o	 oe.r- r 

6 

;.. 

and (12) assumes the VNLS form given by the Hamiltonian 

(14 )H~ 5d, [b(~; K~~) -d\\·rtk~)1-Fl~-tK't)J, 

in which 

( '"\' -+ K ~) == :L ~ o( K toe p.» ~~ =: Z ~IX. \ '-t \2.' , ot.t '\ o(.. 

S2~~ ~ 
d 'C	 _Y-:l. + J o ,J":: g(u. - CV),
 

lM 'Ü.. 2 l b J .
 
D\ 2

~ ..... rv
 
oI.r-- =~ À r---6 oI.~' ~pI,.~ z: y )..d.. Ó OI-.~ ' f'J 

)! =[J.- .h, ( b,t, .. b1{1)] ~=[J,- k (b,t, -+ 6 1 e. .. )]
2.b.\D~ ~ 2b,b.jl.	 • 

Ol. Functions lf C.l.t) and ~oI..t~ ;t) are the conjugate variables 

{ \.f\>t.), \:f ,(~) } .= L801..~ s (x -'::I) 
with the conventional poisson brackets.
 

( v , : ~ rJ (~A bIS b'B s A .)

tA,BJ =L.~tJ l ~b~oC. - b~oe.~ • 

Hamiltonian (14) is simplified when it is invariant under internal 

symmetry group transformations. Then we have Â~:: E~ 

L\ d,.-:::.i, •.• ,p
 
(p"tcy=.n.-)
€ ... = 

rJ.,..-:::.?~", •..)p"t~ 

Denoting
 
\..f oi.. )


'Vot.(x,t:)-= ll,-t} ot=i., ... ,p
 
{ gQC.. ~Ql..(, ,-t) I cJ.. = ?"i"i., ... , h,
 

(rO),'''~ =E klol.,~) =Eo(-Sol.~ , ~ :::(f., 1f = p) \4 ~ \4;6 , 
we get 

\.-\ = 1J l [(~l ,~) ... ~( \\' ,~)'1.- ~ (~ , ,\,)] 

{ 'f ()((,) ~ f>('1) 1= \. 8 oLf' S (, - '1) 9 

where 

~ -= 't' -+ ~ 
o ,'or :: (Ip 

O
1: 

)
 
and O - ~
 

p V\.
 

<.~,~) = z \.~a( ,2. _ Lo ~~Dl \2~ (~~ ro"V) 
J. ....1 ~::pt' 

ia a. U(p, 9-) internaI product. Equations of motion 

7 
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~ \Vi: 1" -tv'H -+ 2. re (~,~)o\f + ~'V -:: o (15) 

is now the 'U (p, q) VNLS, the integrable system/ 2/ .
 
The serne reduction applied to system (11), (12) gives system
 

(5)+(3a) that is in dimensionless variables
 

o~ U .- d~ 15 - (~t 'tJ) xx =: O ( 16a) 

~ '\f't. l' "f"4;l - U~ + À (4.V,~)'V = O 
( 16b) 

It is worth to noto thut tho last term in eq •.( 16b) is generated 
by the term (Sz)2 oI o.n 1nltlo.l opin Humiltonian "\'1~·itten in Hol

stein-Primakoff reprcDonto.t1on. It ia proportional to an anisotrophy 

magnitude (relation Jo/Jo) and ourviveo when the magnon-phonon in

teraction vanishes. Gonoro.li~od Yajimo.-Oikawa system may be obtained 
from(16) via the conventional pTocoduro of getting a unidirectional 
wave equation 

'1. ~ 

C>t: - d~ ~ 2. d~ ('ó-t -+ ~l ) ( 17) 

and integrating over ~ 

Example 2. For taking into o.coount a woalt interaction between 
"colour" components in a chain droppod o.bovo suppose the nearest 
neibour interaction to be prominont aloo in the colour space. Then 
we 'have 

()l. (?> _ - ~~ o(.\-, o(.~ 1. D4)
R. L! - ~ J~. J.. = (J.. M + J V f (18)

J' '"1 H+lr t.~ 

Mo(~= S""~+E:Ó~~ol.Tb V~~ = s-. ~~JQI,+S' 
'''") ~ ~ ) 

1/J«
where J 1, and J, J1 are thc intorooll o.nd 1ntorchain exchange 
integraIs respectively. Making use of (2)) ono co.n got equations 

of type (5) and (8) with small terms 0.11ow1ng tor the fact that the 

intercolour interaction matrix ia nondiagonal. Tho of!ect of these 

on the system dynamics may be invest1go.tod by moa.na of the "standard" 
soliton perturbation theory, otherwiDQ b;y d1reot mothoda or by m6
thods uaing the inverse tra~Bfarm/1a/. 

The abo ve, procedure when applied to tho Hubbard model (more
 
prªcise to its multichain spin analog) glves also under definíte
 
assumptions syat ems of type (5)+0) now with the V(~ ~ i}) inter

n 

I 

I"

nal symmetry group for an antiierromagnetic ground state and U[o,o) 
for a ferr'omagnetic one (see 117/). 

Example ~. Allowance for anharmonizm in the Hamiltonian ~L 

VUV\'à == ~~ ~ (X iH - X ~ - 0.-0.)5 
• .J 

and the phonon dispersion 

~ X ±1 -= X ± Qo X, + -! (Â~ X~~ ::t ~Q:- X1;H 1" ~! Q: Xl i H + lO.
jI 

changes wave equation (11) by an inhomogeneous Boussinesq equation 

~ 
t d~ X - d~ (15; - c~:d; - ~ X))( = 4-Ó~ ('fi,'*') (19) 

w í t h O<I~ and '} being defined by the initial system parameters. Scale 

transformations o f 1 ,t ,x and 'V give rise to system (5)+(Jd). 

The unidirectional version of (19) is given by ('S)+(Jc). 
We have considered a multicomponent spin system and found that 

under some assumptions(the long wave apprDximation and so on) it may 

be reduced to field models \'Iith internaI (" c olour") synunetries. A 

part of these turns out to be integrable, among them there are 
U (p, q) VNLS (o bt a í.ned in the quasistatic limi t ) , the c oLour' gene

ralization of the Yajima-Oikawa system (obtained ·in the near-saund 
limit), finally system (5)+(Jd) at >.. =0. Other non í.nt egreb'le ver

sions may be often'considered as nearly integrable systems. AlI the 

above equations have in addition to linear (phonon ánd magnon) solu

tions also, essentially nonlinear (soliton) ones. The properties of 

these nonlinear solutions (solitons) we discuss in what follows. 
Just these solutions along with linear modes describe elementa-ry

/ 20 / 

li 
i excitations of the corresponding syst~ns at low temperatures • 

In conclusion we notice that the models considered occur in 

many branches of physics, in particular, a part óf them arises ap

I)! parantly for the first time in plasma physics (see e.g. review~/21/t 

Chapter II 

The general acheme af the method 

In thia chapter we ahall describe the method af the eimultaneou8 
-u construction of the integrable modela which are associated with.non

stationary Schr5dinger equation and their exact soliton-like aoluti 

one. 

I 
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This method is a particular case of "the general algebro-geometri 
cal(or finite-gap) scheme. but its deacription can be presented in 
the closed form without using the resulta of the algebraic geometry. 
The authors asaume that the "algebro-geometrical" approach to the con
struction of the multisoliton solutions ~s ol1e of the most aimple and 
elementary methods which can be uaed even in situations with no comp
lete solutions of the direct and inverse spectral problema of the 
auxiliary linear problema. 

It should be noted that our way of conatructing the solutions of 
•the non-atationary SchrBdingar equation with the self-cpnsistent con
ditions differs from the atandard inversa transform method. AlI these 
equations have the Lax representationa or the so-called L,A,B-repre
senta t ons , The corresponding o.wd.liary linear problema are no t ab Iyí 

different in each cases. In our oonatruot1on the 801utions af alI " 
these equations would ba obtained in one general acheme using only 

one linear operator 

L :=: i.ó~ - 'd~ + '\..t t l& I ~ ) 

but not a few operators as in the 1nverso transform method. It ia 
noteworthy that L ia not only an auxilio.ry operator, but entera the 

initial syatems of the equations. 
The similar approach to the conatruotione of the finite-gap solu

tione of the non-linear Schr~dinger equotion and ita vector generali 
zations bas been tirst used in /22/. The period10 and quasi-periodic 
solutiona of the equations with other Belf-oonn1atent conditions have 
been ~onstructed in paper 123/ which haB stimulatod our work. 

1.	 The conatruction of the II integrable" potentiale of the non-eta
tionary Schr~dinger equation associated with the rational algeb

raie curve. 

The potential u(x,t) of the non-atationary Schr~dinger equation 
would be called the "integrable" potent1al l asaociated with the rati 

onal algebraic curve if the equation 
'\. 

(2.1>[i..dto - Ó: -\: 'lAC~ 1-t)1 'f<")(/~1 k) = O 

lO 

I 

I" 
has the solution of the forro 

l.I.<X '\: i.",'2.-l;. (2.2)
\fl)(,i:,K} =Q",lX,-t)k)e , 

where 
tJ ) N--L

Q~(:x,"t,\,(.) = k -t at()l,'t \< -+ •• ~ + Cll,\(lc,-t.) 

-is the polynomial of some degree N. 
It ia poasible that the construction of such potentials which 

would be given below ia not most general. But it contains as its par
ticular cases, the multisoliton and rational solutions of the non-li 

near equations under considerat1on• 
To begin with wa ehall conatruct the complex integrable potenti 

ala. Latls present the different complex of numbers 1e1):") ~M J 
S ~	 .lo(q) , whera i ... 1, ••• ,H; j= 1, ••• ,M; s'" O, ••• ,mj w~th .. 

m +••• +mM+rd~N. T-heyare frea parametera of our conetruction. For any
1 

set of thesé parameters wa aball un1quely determine the function 
\V(){,-t, \<..) of the form (2.2) with the help of the following system of 

the linear conditions 

M ~ 5 5	 
~ .L. cl i , Õk. "\'lx,"t I K ) \ := O) ~ ~ i,N (2.3) 
J~ i ~"" o ! ,,= Ci.. ! 

Conditions (2.3) are equivalent to the syatem of N linear equations 
on the coefficients a •••• ,BN • Latia introduce the polynomiala

1 
_ ~I.<.J(, _ ;: ~ ti.. -' 2

~,~ (x ,t 1\1() ;:: e o~ lK~ e\.\'c'lC-* 1.1.\: ~) ;: 

(2.4) 
.... t.I/::.)t..-l..\c?t(1..d \1(' c:. ~~DC -+ ~lc.:l.-t. lê) - 2 I t)5 kV' 

-=	 =e t )() 'd k. e 

and linear functione t.,), = 
~ 

2. 
6.): (x )1;) .... <12\ X. -t- (e. t• "J 

Then tha equation (2.) can 

r 
:J 

N M ~ tt
I 

~.a,,-()( ,i:') ~ ~ 0("1 ~-K,S ()(,-t, 'é?ei) e " 
~-t J=i ~~o (2.6) 

~ ~ s l~i • 
= _ ~ L..J oL~i ?""s (x,t:, <'lei) e , L:= i, N • 

):t S ..O 

; I~ 
L.t's denote th~ (.~N) matr1x of the coefficients at ak 1n thet 

uquat1ono (2.b) b7 A(x.t)u(A and denote the (I+1)k(B+1»l. 1k(x,t»
 
r :autrix . Â()( ,"t, k)
 

II 

\L + l,.)(. -+ I.K , 

~'(Jl.•1;.)
.1 

j 1 u (2.5)' ., •• • ,.111 • 

be wr1tten in the f~llowing form 

~(..j. 



K~	 _ k N - 1. i 
M ~ S\wi- L. 2... d... -t : P (lt,*- I~i)e 

~ N,:!>;-= I <;""0

Â~,t)k) := 

M ~' 
~ ~ S	 H..o~ 

. - L, Lo(wPN E(~lt)ae.i)e 
j= \ $o =0 J ' 

by Â(x, t •k ) • 

•• " lo • • 

r-----, 
I I 

I ACx,i:) : 
I , 
1 -' 

(27) 
Theorem 1. Let the matrix A(x.t) of the system be, not identical1y 
(in x.t) singular. Then the function ~(x.t,k) of the form (2.2) 
which 18 determined by conditiona (2.) satisfies equation (2.1) 

with its potential equa1 to 
fi 

1\(.I(\t)=2~().I(a.t()(ct)::::2. o~.el-'\.de.tA(x,t) . (2.8) 

The proof of this theorem ia standard in the theory of tne finite 
-gap integration and can be obtained using only the form of ~ and 
conditions (2.). 

If we take u(x,t)=2;,dx.(;:\,,(X,t) the subetitution of (2.2) in 
(2.1)	 provides t ha t the 1eft side of this equa1ity ia the function 

\p (x,t,k) of the form 

r-;	 N :1 i:k.)( + ~K2t. 

'V ()(,t I 'te.') = (Q, ()( ,-t:)k -;- ... ;- QN (k ,1:)) e ,(2.9 ) 

which ie aimilar to (2.2). but has not the torm kN in the pre-expo.
nential factor. The conditiona (2.) aro linear and do not depend on 
x,t, therefore for any linear operator 1\=I\.(d'jl.. "dt:)the function 
~	 I 

't'Lj(,t,\C.')== I'\,\,<..)(,"t,-..::.) satisf1es cond1tlona (2.3). Due to this 
ã1 •••• ,ãN satisfy the system of linear equatione with the same coef
ficienta as in the system for a 1 •••• ,aN• Un1ike tho 1atter system 
the system for a 1 , ••. ,aN i8 homogeneouB. Conaequent1y ã 1=••. 20, and 
the equality (2.1) ia proved. 

The 
formula 
re1ation

--\ 
-rdx. 

proof of the second formula 
for tho ao1ution a 1 of t~e 

(f)	 110:.)( +~1c.1t 
rN~~,S(.XIt-,\<..)e 

. 

(2.8) follows from the Cramer's 
aystem (2.6) and from the evident 

]	 ~1c.!l.-t:Il:.1.t 
. ':::: PN,S (X,-t:.,k)e 

The theorem ia proved now. 
.	 ( SRemark. Be10w we sha1l asaume thAt the rank of the matrix ~ii)iS 

equal to N. This condition is neceSBary for non-singularity of the 
matrix A(x,t). It must be mentioned a1so that the function ~ (x,t,k) 
would not change if we muLtiply the matrix (o( fi) from the left by an 
arbitrary constant non-singular (NxN)-matrix. 

]2 

;,. 

As it was mentioned before the potentia1s u(x,t) corresponding to 

the arbitrary pa~ameters '~~ ,(~~) are the complex and meromorphic 
functions of x,t. Now we shall describe the restrictions which are 
sufficient for reality and regularity (for real x.t) of the correspon

,
 ding potentials u(x,t).
 
Here we aball consider the case m1 =... =ffiM=O on1y. (The example,
 

in which the rationa1 solutions of the sealar non-linear Schr8dinger
"I 
\

,
, equation hav~ been obtained with the help of our construetion with 
I N=2, mj~O, has been considered 1n/2 4/ ) . In this case we sball assume 

that M=2N and that the va1ues ~~)"')~~N have non-zero imaginary~ 
parts and are subdivided into comp1ex conjugated pairs 

âeN + ~ = ~ i. ) ~ "'= -t ,N •	 (2. 10) 

We can assumo without loaing generality that the minor of the 

matrix (O(~i )=( o< ~i ) consisting of the colurnns w1th the numbers 
j=N+1, •••• 2N is non-singular. As it fol1ows from the previous re 

mark the general caae can be reduced to the case where this minor 
equala the unit matrix. In this case conditions (2.) have the forro 

ti! 
(2.'11)'\t' (cei.) = - Z>x. Li "t'Cce·4) ~":: ! ,N 

~::-t 

where (rJ.. ~i ) ia the constant matrix of the dimension :N )( N. It ia con
!t 
~ 

venient to renormalize the function \V(x,t,k) in the following way 
N ,~ ~ 

\V()(,-t,\c:.) = 'V()(\-t,v..) =(-t-t Z ~~l)(,t~ )e'C)(+~Kt (2.12) 

(K-ae~)···(~-aeN) 3::i \<-~~ • 

The cond1tions (2.11) for thia renormalized function \f Wil1 take the 

f-orm	 ,.., 

~ (ll 1; -ae-) = - ""'V e -' Y'e~ ~ Cx t k)	 (2.13)
I)" ~ l3 \<.=êle.' 1 , 

~:::> 1 ' 
'l 
Ir where the conatant matrix(Cij)equals to 
~ 

,~i.j:: rLRC~L) 1- ic{~iP.(a?-i), ~)~ = i,N (2.14) 

R(k) • (k-~)""k-<eN)' and the prime denotes the derivativa with 

reapect to k. 
Theorem 2. Let the parametera êe~, ... )()e.rJ)(CL.\) which determine 
the function ~ (x,t,k) of the form (2.12) with the help of the 
eonditions (2.1) satisfy the fo1lowing requirements; 

a) the matrix Ci j ia skew-herm1tian Ci j- - Ci j ; 
b) if the points ~, ... ,~N are numerated in such a way that 

la 



TWI'?e~ > o , i=1, ••. ,p 'IM ~ i. <.. O , i=p-t 1 , ••• IN, 

then the hermitian matrix 

( t L~e) , 1. 6. \< ,'Q, 6, '? 

must be positively defined and hermitian matrix 

(t C~e) '. ?-\-1 ~ k,~~ N 

~ust be negatively defined (these matrice~ can be non-negative as 
well ). 

If those conditions on the parameters are fulfilled, the function 
-tp(x,t,k) is the smoo.th function of real x,t for alI k"~. and 

J
satisfies the equation (2.1) with a real amooth potential1A(x,t). 
For these functions we have 

A 

d-e t M. ex I -t I k) l~)t. -\- \.\(.'l-t\V(x ,1; , \10.:) = 
detMlx,"\;) e.. , (2.15) 

U<X,t) = 2-d ~ R.VL J e-t. M (x , t) ) 
(2.1 &) 

where 

e~(W~-W~)
 
M-. (x ,t) = ~ ~ i 1- t..:J. :::.~.x-tce~t


lo t,. .. (~;~ 17). "1 J 
ce~ - ~_~ 

~} oi ~ a 1 I N , 

i'\ 

':"i.i ~ M~j : i.,i -=: i,N; Mo o == i, M~o :: e.~~ (2.18-)

M. =:{k_~·)-lr:>-iwl '-i .\o", ",,--, ,\. - )N 

The proof. Letla conaider the function 

li (X I t , ~) := ·'t'-l X ,t I ~) "t' ex I t ) -k ) (2.19) 

The reaidue of thia function in k= 00 equnla ( +a 1(x,t) a1(x,t».
This function haa simple polea in the pointa k=~~, k= ~i. with the 
residuee 

N 

~e-s:; .fl(x,"t,,,=):=: ~e% YCx,-t,\<.)'f<.x It / \<. ) ~ ~ L: C"l:'ft"f. (2.20) 
':et ~~ j =~ 3 ~ ) 

where , 
"ri. ~ ( x 1 t) ::: V'e.s Y( J( I t ,k) Y'tlX.-t)e. 

LW' 
', ~=.i,N. (2.21) 

<e~ 

14 

I:(~ 

I 

f Similarly, ~
 

Y'~g. il()(,-t.,\c..):::: "f()(I;;'~L)res"'Y(:l(lt,\<) ~ -L::c-i:.\f.'V," (2.22)
 
~~ <et.i ~1. 1 j 

The sum of the residuea of n in al1 points ê\2..i.is equal to 
zero becauae the matrix Ci j ia a skew-hermitian. ConsequentlYt the 
reaidue 11 in the infinity ia equal to zero, i. e. 'ã1=- a 1 • The rela
t í.on u(x, t)= 2..t dJ(. CLt provides that potential uf x, t) ia real. 

The regularity of u and ~(x,t,k), k~ ~i ia equivalent to the 
non-aingularity of the matrix M(x,t). Thia matrix ia the matrix of 
the coefficients at 't in the syatem (2.2) which ia equivalent to

j
the ayatem (2.13). Letla prove tbat the ayatem (2.13) has the uniqué 
solution for 8.11 the real x,t. Thia ayatem can be re-written in the 

form . 
N ;(w. -(,oj.) ,

I.W· 
e~'=J ( e" J) \.=.i,N, (2.23)L..-. C~· + y, ~
 

'-i ~ m. -de' J
.1- 0:.... j 

where '±' j is determined in (2.21). 
The matrix of the coefficienta of thia ayatem ia degenerated if 

there exiata the aolution of the corresponding homogeneoua eystem. 
The latter ia equivalent to the exiatence of the non-zero function 

y'(z , t ,I(}of the forro 

' ~ ';::. (x ,1;) ~\,c:.J( ~ ~~'1-t (2.24)Y (X,-t,K)=...e-... ' e. 
i~i k - sei 

aatiafying the conditiona (2.1). Letla show that thia ia impoasible. 

Conaider the integral over the real azia 
00 00 

0<- JIY[X,'t.K)'''dK = Jn/ex."",\c)JI< = 1, (2.25) 

-00 -OP 
I ~r'where jl(x,t,k) is conatructed from y (x,t,k) with the help of the I 

i~ (2.19). This integral can be expressed in terms of the reaidues of 11 
I 

in the upper half-plane. The residues fl are given by formulae "(2.20)" 
and (2.22) where we must substitute,,!,. by "f:::,~esY' . Beoause 

t.. lo 

of this ãe:, 
t' N ,.. N 

I = 2"" ~ (4=- L: CF y~' 'i!..' ..., L. 2: e t ('f.'y/) ::: 
~=t )=l 3 t::~'H ~=~ ~ 

P, '-I ~ ,-=2.i\ t ( ~ CF\f~ ~~ - L: <:i' ,!. \f' + (2 26) 
... _\ " ~ ~ I. • 
~- ..~ -=~-ti. 

~ ~ \,.,.,-, tJ FoI r' -,)
+ ~ f-I e.i~ 'I.~ ~i - .L ~ e~~\t: ~ 'fi. 

,--1 )=VO-t1 L".~-t-' J::t 

15 



• I{ 
I 

From this we obtain l 
p...... - i "-i N - I I )

1: =2tr~ ( L 'f~ e~~'±i - ~ ~ cij"Yj ~ o 
'~-=1 LI'=f~1 

using the condition b) of the theorem. This contradiction proves the 
regularity of ~(x,t,k) and u(x,t) for alI real x,t. The formulae 
(2.15) and (2.16) can be obtained similarly to the formulae (2.7) and 
(2.8). The theorem is proved. 

Defini tion 1. We shall call the integrable potential '~( x., t ) which· 
ia given by our construction with N parameters ·~~t .. ·,deN and 
N x N matrix Ci j the N-sollton potential. 
This definition coincides with the ordinary one for the scalar 

non-linear Schrodinger equation. In the vector case our definition 
of the number of solitons dOAS not alw~ys agree with the intuitive 
definition /25/. 

Let's find out in whích caBe the two sets of the "spectral data" 
~:, C.. andçe'., C:. determine the same Schrodinger operator-a.nd the• l.J lJL . 
same function ~(x,t,k). Consider the relation (2.11). ~et's repre
sent the matrix(o(L')' wh ch s related to C.. with the help of (2.14)

J
í í 

l.J 
in the block form 

oc , I ~ )(oZ ij) = - - ~ - -( 't I 0<._ 
where matrices oc+and 01.._ havs the dlmensions Pl(P and (N-p))«N-p), 
respectively. Assume that the rnatrlx 0/.._ ia invertible. Then the trans

fo~rnation (dei ,(ol.lj ))=")(~~ ,(o<.~J )), where 

~~ = {-ae..~ , ~ "'" 1, P _L 

se. c , ~ P" i , N':lo 

J 
(oi- {. '> == (~~ =-~ ~ ~ '.(f_ i --f~:~ , (2.27) I 

~ oJ... :_1. ~ I o{: 1. 7 
does not change thê relutions (2.11), which determine the function 

Y'(x,t,k). Hence, f,or the 1nvertible minar 01._ the points·~p-t1.l"'~/o,/ 
may be transformed trom the lower ta the upper half-plane without 
changing the Schrodlnger operator and his eigenfunctions. 

It must be ment1oned, that if for some i o 

C a C ~ O , j ~ 1, .••N (2.28)i o j j i o 

th~n the corresponding functlon ~(x,t,k) has the form 

16 

;,. 

k - -áe~o rv 
Y(lC l1; ,~) = _- ~(~,~) \<:) (2.29) 

./'V \<- êf2-..0 

where ~ does nat depend on ~~o and is determined by the system 
(2.13) with i~io' The potential u(x,t) does not depend on -;e,.toeither. 

We sball present now the transformations of the spectral data 
which are corresponding to the Galilei, seale and other simplest 
transformations of the Schrõdinger operator: 
a) The Galilei transformation 

I I .
X = X -t '15i- ,-t = t . (2 • ,30 ) 

In thia case, 'li" 
õe~ = ~~ -"2 ' I. -= i,N 

(2.31 )
( C-~i ) -== (C ~i) . 

The corresponding po-tential and eigenfunctions are equal. to 

Il\(XI-t)='UI(x.',~/) .,' .... 
, -L~(X+'=::'t) (2.32)\.Ir' , , , '2. 2

T ()() -t • \< ) = Y ()I. ,* ,l<) e k '_ _ ~ , - 2.- • 
b) Translatians 

)(.' = x +.l<,., • -tI ==' i -+ -to' (2.33) 

In this case 
( 

de.. =<l::' L =-i N 
I. ... II (2.34) 

( f· [ - . ( ~ 2 '1.\ 11 
C~j = Ci i e)<~11. (~-~j)Xo + <e t -de.; )to ~,~,~~!,N 

and 
, I I )

I'Ú ()( ,-t ) == 'U ()( I-\:: 

, ~ K ( J( co l' \<'to) (2.35) 
Y(x',-t', k')"=' Yex,t, \<) e 

c) The scaling transformationa 

X' = >-x -t' = >...2. t (2.36) 

The corresponding trans!or.mation of the spectral data has the fOrm 
I ~ --

de...~ = ~- ae~ I" = i, N 
(2.37)

(C~i) = (C~j) 
For the potential and eigenfunction we bave 

'(' ') \-2.'tA x ,t == A '\,{ (x~;;) , (2'.38)k'=À-ik.'f""(l(',t1,k') = ':{"(X'.+,K) 
d) The apaca and time reflection 

, ( ( 

x = - x • -l =- - t . (2.39) 

Then 
',: ! 
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~~ ::::: ~. t= 1.--~ .. ~ .. r- ' i.~. i.~. x ""'" i.~.2i.e.l=e.), .)~OI - .-	 (2.40a)
Ctj = c;i, t, 1= t, f'! • e-u-Vi ~ O, ~ = {,N	 (2.49)As this takes' place 

t, J I \.;1'" I ~ J I \.,r: I - Because of this the system (2.2]) would be reduced to the form
'U(x,t. )='U(lt,t)', r-(x,-t:,k)= rCxl-t.\<) l ~=\<. • (2.40b) 

,t=Cii \.:l!" = O ) ~ = :i,N . (2.50)2.	 The asymptotic properties of the constructed potentials and J=t )
Consequently, 'fi -"l> O for alI j • It Ls easy to see that this decreaseeigenfunctions. 
has the exponential forro, i.e. for x ~-oo
 

At the begining we shall conaider the case Nal. The system .(2.2)
 
\"j \..r ()~:x -
Xj (x ,t) ;= 'I j (i:)€. ) k= 1.,',..)	 (2.51>

ia reduced to the equation	 "I 

• ~(;) -w) I.W	 where ~(*) are some functions depending on t and 
, e )I e oi" ~()(Ii;) = ~ e (2.41 )	 

.) 

\ ~-'<le ~ = ~~VI. \ TWI êlej l (2.52) 

Here ~'=.~1 (let Im,'2e>O), CoC 11 , Re C11- 0 , Im C ''0, (the case C=O - .) 

Since ,n. = ~, etoW~ we have 
La trivial), ~=~x+~?t. .I j 

Y'j('ll,i:) ~O., J-= i,"':' (2.5])
llN ' t(W_W))_-J. 

(2.42 )'.t: (x,~) =.- e (e + - €-=----	 and 
~-ôe • tU (x ,1=) = O( e'2~)() , X --;-. - co (2.54a)

Let '8 denote Clt'.::. d.. -t ~ ~ • Then 
As follows trom (2.53)

• /l... to(x. -+ ~(oc.2_ ç.2..)"f
\{ t x ,-t) = to r- • _e~ -= (2.4) ~r ~KX~LK~ (2.54b)I(l(,-t,k)~e. l X'-""-oO 

1 ~ (ee. -êle.) c.: cn[<p(x - x., ) + 2.o<.~ i:) ) 

The case )<.4>+00 ia a bit more difficult. The system (2.2) can be 
where ~ I re-wri tten as the system for V'"i = 'fi' -e x p (- ~ Wj ) in the forro 

)('0 = r-r ~J(~ -~)C (2.44) ;J • - . 
. ( -~w· -I ) 

For r-r1(x,t) we have the formula	 ~ e. ~ j e J + , V'j = - i., ~ -= oi. ,N' 
.,\-:::i	 êf2"-~~ 

V'" (.)( I t) = ~ p. ti -+ t.h. [~ ()(' - ~o'> + 2. o{ ~ i ] ~ . (2 • 45 ) For X~ + CIO thia system turns into 

Therefore, for the case No1 it oorresponds to the well-known one-so N 
'r~ 

.Iliton.potential of the Sohrodinger ~quat1on which is decreasing in	 1-+ L. =0 l '= i)N (2.55) 
êe· - ;;e.i=1alI directions except x~-2~t + oonst :	 .. J 

I 
o1 where ri ia the limit of ri •1{(x,-t) =2. i.d)c. \f'(x ,i:) = -2r:ch:"2.[~()(-Xo)-t2.~~i.:]. (2.46) 

The rational runotion 
Theeigenfunction of the oorreDponding Schrodinger operator has the 0 

~ 'r
form	 ::t == ~-t 2-_i._ 

r.r [. i-+th[~()l-)(.)+2ot.p,tl1 l.\«)(+\c:i:)	 ean be represented in the form 
K-~~ 

J: (}C ,-t,\<):= i -+ 1.P.:.	 e (2.47)
I \<_~ • {= \=>(k) 

n(K - él2-i,)Consider now the case N~1. The asymptotio behavior of ~(x,t,k) 
where P(k) is the polynomial of the degree N the highest ooeffioi

for the general (ae~),(c~i ) ia ~oo complicated to be analysed. Here 
ent of which equals 1. From (2.55) it folloWB that ~(~i.)=o.. Bence,we shall cQnsider only the s~ple8t case, when Im ~~ ~ 0, i-1, •• ,N i. P(k) .,. fl (k -:ii) and 

and 
(2.48)	 l.\GX -t L\1:.'2."\;det (Ci j) " O	 N K- õe; e	 (2.56)

x.~--\'cO~()( -\: , k.) ->;> n k-'de~Some ."other examples wauld be considered in sec.4.	 , ~ 

.)=\For the fixed t and :x; _-00 we have 
I 

'li 
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~ 

The functiona'1: are exponentially decreasing
j 

w (2.57) ~'fi ()(.,t.) -> Y'~ e t. .) x -">+00 \ =: :i N 
,J J I '.J I 

It	 may be ahown that 

'U. (x li.) = O (€:-2~X ) ,\(-:;:'+00	 (2.58) 

where !-' ia gãven with the help of (2.52).
 
For the singular matrix the asymptotics are more compli~a-
Ci j 

•	 t ed , It must be mentioned that if Im .1e.~ '> O , Im~ .. I: Im ~j and 
ds t (C = O , a t least one of the functions':r1(x't)' ••.• .,YN(x't)

i j)
tenda to infinity for X - - 00 • Actual~y, let À ~ be the non-zero so

lutton of the equationa ~	 
I 

(Z ).,~C-. = O j -= ! N	 
~ 

l. =01. ~J ' I ! 
If	 we multiply the i-th equation of (2.2) bY~: , and take their i 
sum we aball obtain I 

1'1 ~/z:i. -CN') N ~e IC ~ , ~Z;L 
L:.).~ -------'- 't

.)
= L >-~ e. 

~,i=i <e. - ~i I~::: i 

If the functiona ~ are bounded, it follows for )(-+-00 that alI >"L 
must equal to zero. This contradiction proves that functions 'ti are 

'if 

unbounded. It ean be noted also that for apeeial selection of the I 

speetral data -;e;,. , (C the corresponding potentials are perlodici j)	 i 
or quasi-periodie funetions of de • The periodic potentiala with 
their period equal to T correspond to such data that l 

(
C ~j ex? ~I( ~~ -~STJ -::: C;'j , i,i = i,N . (2;59) 

'iIf êiei : oli t ~~~ • then from (2.59) 1t followa for Ci j I: O 

[ oG ~ - ot. .i = '2..;n.~i	 (2.60) l 
f::' .. + Ih i "" O	 1 

where ~lj - integers.
 
The conditions
 

(2.61)f'i + ~j • O , if Ci j I: O I 

lead us to the quaei-periodic u(x,t) (with respect to x). 

Theae eonditione can be fulfillod ir the matrix satiafies 
T, 

the following relations \ 

Ci j 

'I 
(2.62)Cu. O, Cij'Cjk,Cki'" O, i,j,k=1, ••• ,N. 

Th~ conditions of the quasi-periodieity of u(x,t) with respeet to t
 

bave the similar formo
 

20 
'I( 

f 
~ 

Let'a consider now the asymptotics for the large t and fixed x. 
We ahall assume again that Im~i>O. i=1, ••••N, det Ci j" O. There 
exist two different cases. The firàt one i8 the case when I"" é'e~ 1= O 

J 

for a11 j=1 •.• ,N. Then it can be shown that alI functions ~(x,t), •• 
., 'YN(x, t ) are exponentially decreaaing for \ t 1-""00 and the rate of 
their decrease is determined by the number mj.~ [Im ~~ ] • 

In the seeond case we ahall consider onlyJ t he aimpliest situati 

on when 

IW\ óe~ > ... >TWl 'Ge..~_i "> T~ ~~ = O, (2.6) 

For t--.-oo, the system (2.2) has the asymptotic form: 
,.,	 

2: C'i ~ =: O l ~ = !,fJ- i 
:-1 J • - )	 (2.64)1,)-1 ~-	 L((..)M-~M I.c.:\/II .!L: CJ'I''f: + (~N -+ e )~Io.\ -= -e 

j =i.. J J ce., - ~N 

Let I S denote by ( cij) the matrix which ia inverse to ( Ci j ) • Chan

ging variablea in (2.64) which are determined in «2.65) 
N 

W- ~ te. - -	 (2.65)
.1.~ = L--c c.l et'e , J= :i,N , 

give us f-=i. 

2i', ::: '" = ~N-1 =O, _ 
• ~ ~(lV~ -(,o.)rJ) • (2.66) 

• L""",,", [ € J-...
<Plo.\ = - e 1 + c.folI'J 

"ae/ll - ~fol 

Consequently for t -:r, - 00 
• 'Z. . i.w.,

<:J...a e	 Ci~~HI<1 • el.~"t 
y .....>0.> - -.;i;j"

J C 
" i (i.3,.-c,..),J) 

- +e""'- _ 
C 

N H 
~ _ 1le.H 

-

C"" 
--t.

~-~N 
~

I 
",---

cht(l:>~()(-)(;)J (2.67) 

.i:::. i, ~ 

where aeN =. ~~;a 

X ~ 
o 

- .L ~J ~ -~. 
- ~~ < C,.N 

(2.68) 

Th~ corresponding potential u{x,t} haa the sollton asymptotic 

(stationary a01iton) of the form 

'Ulx;t) -'> -2~:<!h-2.[~Nl)(-x.:)1, ~~-dO' (2.69) 

For the ealeulation of the asymptotics for t'-+","oO it ia conveni
ent to consider the aystem: for systemr 1(x.t) ••••• r N(x,t). The 
(2.23) has the asymptotic forro: 
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N 
~ \"'.

'\ + L J = o 
• ,~._~,'

.)=, ~ J 

/II-t (' -t~", i2: ~. e + 

. = i N-- i 
,lo , 

) ( -~(~~- w",)
\"'; -t e + 

1 
(2.70) 

)_
rl'l =-! . 

Similarly the asymptotics for t-:;.±.-oalong the linee x='tSt-+.xo 

can be determined (using the formulae (2.31),(2.32) for the Galileo'a 
transformation). In doing so we obtain that the potential would décay 
into solitons of the forro (2.46) moving with the speeds 

j:i ,) ~-?e.i.l ~-~N 15j=-Im~j/lmae j , j=1, •• ,N. The áhifts of their phases are given by 
The firat equations show that (N-1) zeros of the rational function formulae of the forro (2.78). It must be mentioned that the interacti

N 

'Q(k) = i-~ Z'~ 
'-i '\(-Çf2~ 
J -

tlre the points ~i) ••• 
-
~N-i. • Therefore. thia function 

(2.71) 

can be 

ons are not reduced to the pairwiae interaction becauae of the term

-t: ~ J~N c..HJ' in (2. 78) • 
It should be particularly emphasized that the asymptotic falling 

written in the forro: of the potential into aolitons which were described above holda only 

fZ(k) = 

. "H 1<1 -i 

lk-Q.) DY"-iii,)(Q,lk  ",-,)) . (2.72) 
for the solutions corresponding to the parameters with the different 

2. 2
values Im~1, ••• ,ImGeN • If some of these values coincide the bound 
states of the solitons would occur. Consider as an example the case 

(2.73 )jea 1.,N 

In the terms of the unknown function a(x,t) we have from (2.72) tbat 
14-1 

(~, - a) r.l C~ j - ~,)r' J lo:" 

j - n l<e·-~·) 
~1'j J lo 

Th~ function a(x,t) can be found now from the laat equation (2.70). 
Finally, we obtain tha t for t -i> 00 + 

- ~~~ t T ~\fQ 

T '2.. 2. ~'2.. -1'2.. 0Wl ~'\ ~ I~ ~2. '.:7 ••• '> ..l.VVl ~N-WtH-···::; m ~N :.= 

and Im~j .,. O , det(Ci j )~O, ~::: i~ . 
a) Let t:""" - 00. The matrix which ia inverse to (Ci j) would be 

denoted as ei J • Through .( C:-· ) .'_ 1 c: • '".,"1 '" WI~ _ L,l_ 1V 

we denote the matri:x: which ia inverse to 

when 

'f:.lx,t) -~~ 
where IC"'I'l(~_~)1 

e 
ah.(~IJ(X -)(~)] 

, 
(2.74) 

ti 

l I 

- sjc. C
I..? 

= 
i . b' 
'" 

".1 .. I(.. ~"::::. N-Wl+:l.)I" 
I 

(2.79 ) 

~[JCtJN(~ -~)\ 2 14 \ 1, + + i 
l.('~ = Q.~~ 21/ ,:-0 = [?:>N 

2 ::: 'n :~N - ~~ . 
N i. */J 'd4,  42... 

The asym.ptoticsof 'f(x,t .k ) MS the form 

llI-t { ~ - r.. ,L)K :;;.. ~ ~  ~ + \.K~~I(.. 
'±f(X ,1.

1 
"- ) -» n~ 1+ 2. ~ [-i + t.h.J.>Nl~ -x'o )1 e . 

i=' I<-~i - ~ ~ 
(2.76) 

(2.75) 

III 

~ 

I
I 

(2.80)'±!()(I~Ik.) ~ Y(x ,-tI Ic.) ) 
where the function 

- (N r:-) i.k(x+\c:i)
'fCX)"t.k) = -1+.l --.-L-: e

• K-êe 
~=~-M+l ~ . 

S""'N-W\~i 

For t-...- co the function 'í:'(x. t ,k) has the oscillating asymptotic 
(i.e. the quaaiperiodic for real k) of the forro 

again. 

~ -2 ]
tU (x .t) -? - 2.f->N c.l [~H l)( - x:) 

The potential bas the soliton nsymptot1c 

1: ~+co, (2.77) 
~> I / 

(2.81 )j.=/J-m"1--i)N 

ia deterroined acoording to our main construction with the help of the 

matrix e;.. LetJ _ • 
lir - I..W· 
I j (')( I-\:) ::: y..i e ~ 

Tbe corresponding shift of the phase of the stationary soliton be the residues of thia function. For t~-oothe residuea ~(x,t), ••. 

ia equal to 'i"N(x,t) of the function (x,t.k) have the oacillating asymptotic 

x:- X~::
\ 

-~ 
11,..
r" 

-tv(J ~N~'(I n ~N-~~)
• ~_ ....., l."'" a;... 

(2.78) 
'i!"i (li' l-t) -'J> 

N 

\.\ "5' 
'T ~ (x li;) --'!> L...J 

of the form 
~-lx ,t) j ~ ~ -V.H i, N " 

_ 

jt - '-L.r •C. ~c> l S (lt.' l-t» J -= {. , N-tM • 
(2.82) 

i 

. li 

tiS =N-M~i 
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The corresponding asyrnptoti-cs of the potential u I x , t ) -+ u-lx,t) ia the It's expansion in the infin~ty has the form 
t>om-soliton ~ne corresponding in our construction to the set of data g 

~-",..t-{, "', <eN ) e~i . The function u-(x,t) is the quasi- JL(~I-t, V=.) = 1+ L Jg (x,-f)k- (2.9n 

periodic 
b ) 

and• ct j 

fun~tion o~ the variable t. 
t ~+oQ • Let R(k) denote the rational function 

N-M 

R(k)= n \<-~L 
i.=1 \< - ~~ 

danot e m x m-matrix 

-+ -1
e.L.j = Q (~~) e.t.J lZ (';le~) ~, ~ = N:- l't') + i ,N • 

Then for t~~oo the asymptotic 'of the function ~(x,t,k) has 
-t

'±'(x )i,\::.) ~ P.,<-k) V-Cx,-t,k) , 
+ 

J 
(2.83) 

(2.84) 

the form 

(2.85) 

where the function ~(x,t,k) ia given with the help of our conetruc
tion and correaponds to the set of data ~-M+i. ') ... >'êeN , <... e 'i-L.j ) 

The asymptotics of the functions ~j(x,t) can be easely obtained 
from the formula (2.85). The asymptotic of the potential u(x,t)~ 

u+(x,t) is m-soliton one corresponding tO~-\I\\+1'···'~t(ctj) and 
quasi-periodic function of t. The transformation of the matrix C1j to 
ct determines the interaction between the bound states of m-soli- .

j 
tons and the other components of the N-soliton solution. 

3. The self-consiatent conditions 

The function~x,t,k) which has been defined in the first secti.. 
on can be represanted in the neighbourhood of k= 00 in the form 

00 k- S ll«l( +k:-t)

Y-(XI-t,K)=('\+Z~.s()(lt»)€ •
 (2.86)

3-' 
(The first factor in (2.86) is the expansion in k-1 of the pre-expo
nential factor in (2.12». From (2.12) it folloWB that: 

/lir = Q" ':::: ...,. y.. (2.87)
1 ~ I' _ 

(2.88)
,)=1 )'1+,"" = o 

The 8ubatitution of (2.86) into (2.1) gives us tha equalities 
'. I I(

~~s-2.Lr~h-t-~g + 't\t~ =0, 9=O/-i)·";~o-=1. (2.89 ) 

(The dot denotes the time deriva tive and the prime denotes tha x de ~, 
rivativa). 

Consider once again the meromorphic function " 
(2.90)J2. ('I( l-tl~) -= ~()( ,-tI \1:.) \f(x It, k) . 

24· 

~=2 

A few firet coefficients have the rorm 

J 2 = ~2. + ~2 - '": , J~ -= 'f~ -r ~3 + ~1 (~2 -'2) 
(2.92 ) 

Jit ~ ~,. .+~'t -to ~1 (~1 - ~ s ) + \ 32.12. . 
Using the equations (2.89) we ~an find the representation of 'J~ in 
terms o~ the potential u(x,t). 

Lemma 1. The following relations hold for any formal solution 
~(x,t,k) of the equation (2.1) which has the form (2.86) 

J2.lx l'-b~ : ~'U (x ,1;) -\- C2. ,<:'2. = Cc\,\s,t , (2.93) 

Ó i' x J ~ ()( ,-t) = 2. 'tA tI( I t ) , (2 .94 ) 

62.. J ex i;-) = ~-ü - -k(I\J.)ll(X - b'U'U~)x (2 95))( tt 1il ~ .'I 

The relation (2.93) was found in /22/ and the relatlons (2.94) 
and (2.95) were found in /23/. The constant C2 In (2.93) can be de~ 
termined from the asymptotic of i1.(x,t,k) for \xl~ 00. For example, 
in, the case considered in the previous section where Im ~L > O and 
the matrix Ci j is invertible we have n (x,t.k) '- 1 • u(x,t) -4 O , 

x""'"± 00. Therefore. C2",0. 
The relations (2.93 - 2.95) are the bas í a of the constructiona 

of the solutions with all self-conaistent conditions (see below 
(2.101),(2.103),(2.104). Let E(k) be the rational function of the 
forms 

'" 2. 

E(k') -= k+ L. E~~ (2.96) 
L~" k-\c:~ 

n.. '2 

E(k') = k2.~ ot-k ~ L E.~ ~ (2.97) 
~:=i k - ~~ 

b2 .. '" 
E(\(') ":tk?>+~k'2.rt~k +~t:~~ (2.98) 

1.='1 k- k~ 

Herea(,~,~)k;:. )b i are arbitrary real constante. The constante t,=:t1. 
We shall denota 

ep~('J(,-t) = b~ ~(X,-t;,~;)). \.= i ,"' . (2.99) 

The functions cp ~ satisfy the -equa t Lon 

.~ ,;.r..'( ~ • 
Il. T' - T' + l\A()(,~) T' = O, ~ i YL 

k J ~ 
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by the definitiono The functions '~(X,t) which are determined with
 

the help of (2.21) satisfY the sarna equation
 

• \.I)"" - H \.Ir 
L 1.~ - 'f~ -+ 'U:(x,-t).l.~ -= O l = i,t-\	 (2.100)I 

too. 
Theorem J. Let the functions ~~(x,t),~(x,t) correapond to the 
aet of data ~,." ~ , and to the rational function whichCi j 
has one of the form (2.96 - 2.98). Then they satisfy one of the 

•	 self-coneiatent conditionSé 
1~ If E(k) has the forro (2.96), then 

M n. 2 n,.. '2. N _ 

~-+ ?E):).~C2. ~ 2-Ed<P.(x,-t)I-L: ~(x,1;)Et''fll(I1;;) (2.101) 
l= 1 \. =1 \. . =-\ ~ J , 

~en ,~ 

~, = ~ (2.102 )E ~j ~ C~j ( E (êe ~ ) -. E. (<e)) , ~ i ~ 

2~ If E(k) has the form (2.97) then 

~+~ tU' = tEd4?i()('+)\~- (L~t)(I-t;.)E~\~()(,t)) (2.103) 
2. l::z1 x ~j=1	 X 

Here the matriz Ei. ia the sarna as in (2 0 102 ) . 
3.

o 
If E(k) haa the

J 
form (2.98),then 

~tÜ - .i(tU - 6'U'ttlt-) + ~tÚx + ~ = 
8 fi la l( lc: r 2. 

V
() 2. (2. 104) 

"" 2. N_. ) 
'= ~~.\cp·('lC\'\;)\ - (~~(x:t'\E-.~<.)(-t)
~"l Xl( ?- lo ~ \ 'I L,) ..1 I X)( 

I. =1 ~.\=" 

(the matrix E ia given with the help of (2.102».
i j 

• The proof. Conaider	 the rational function 
A 

SlClCrt,\<) = E(k')~('l(I-t'\::)~(~I*lk). (2.105) 

Using tbe reaidue theorem for this function and the relationa (2.20), 
(2.22) we obtain the self-consistent conditionB o The theorem is pro

vedo 
It must be mentioned that the matrix Eijia Hermitian. Therefore~ 

this matrix Q8n be reduced to the diagonal form with the help of the 
linear tranaformation of ~t ~ .•• ., \{")o./' By doing ao we obtain the dia

gonal element equal to ~ i , or O. 
For the general data àeL, and rational functiona oí the forroCi j 

(2.96),(2.98) the Hermitian forms in the right sidos of e.elf-conaia
tent conditions have big ranks wbich are equal to N+n. In the case 
of~the self-conaistent condition (2.101) it meana that the functiona 
~ .... ,cp \'\ ' 'i':,... ,'t{, are tha eolut ion of' the (N+n)-component 
vector non-linear Schrõdinger equation the symmetry of which ia de 

...
 

termined by the signature of the Hermitian matrix 

. . 
(2.106 )- t.\'\ 

O l E~~ l 
The rank of this matrix decreases under some special conditions for 
the parameters of the construction. Consequently, the number of the 
component of the vector non-linear Schrõdinger equations (and for 
other self-conaistent conditiona) would decrease. 

The difference between the solutions ('i" ,~ ) of the self-con
sistent	 equation corresponding to the matriz (2.1065 with the same 
rank and signature but with different number n of the poles of the 
functionsE(k) ia as follows. As was shown in the previous section 
the functions ~, "') '{"li) , ~1 , ••• ,~n have the different asymptotica 
for large x • The	 functions ~t have as a rule the oscillating 
asymptotics but the functions ~(x,t) are exponentially decreasing. 

.: O) 

J 
This difference must õe taken into account in the construction of the 
multisoliton solutions, and the choics of the function E(k) muat de
pend on the required boundary conditions. 

Chapter	 111 

Some examples 

1. Scalar models. 
EXemple 1. Let us obtain using the formaliam of Ch.II the well 

known /30/ multiaolitons solutions of the scalar NLS equation (with 
attraction). Let ua take E(k) = k • For the scalar case matrix Ei j 
of the form (2.95) muat be of rank 1. Hence the matrix Ci j must have 
the	 form:
 

'\ ~.~.
= 1\ __"'~_J	 --
0.1)1,N ~c.~~ '".j 

~:'-~3 

where r.,... 1 '( '" are arbitrary complex. constant s and '" ie a real num.
ber. The constants ~"l"')~,v can be supposed non -eez-o , They· are 
to satisfy a normalizing condition 

02)'Ir,,\2.+ .. ·-+ \6'""d2.=1.	 (3 

(I~ r~ = O for some i then there are zero i-th line and i-th column 
in the matrix Ci j; hence the system (2.13) is trivialized (seeS.2.1». 
Because of that we can consider only the case where alI the constante ..	 . 
~~"'! I~~ are in upper halfplane. It can be deduced from the re
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.- 1 *>su Lt s of 5.2.1 be eauae of non-degeneratenesa of matrix (C~" -~j)- ). 

The condition for the matrix ().1) to be pos í tive ia equivalentCi j 
to the inequality À 'i" ° (we auppose now that Im <f.-~ >0, i=1, •• ,N). The 
Hermitian form (2.95) in this case reduces to 

N_-~- N 2

- ~ ~ '(. r ~ ~ (l( l~) ~ c(, ~) == - À t 0 r i ~ (:l,"t) \ 
~1~","1 \. =1 

The constant C in (2.94) in this caae equala zero. Finally we obtain2 
the function: . 

N ~ 

y> (x .-t) = Jl;J L. ~ ~ \.fi. ex ~) -= ~ _d_~t_M_(x_,t-_) , 0.3) 
i-='\ á.etM(x,-{;) 

where the N x N-matrix M(x, t )
 
._ t(Wt -lNj)
 

Ml' ()( l"t) = À?> ~ ~j -t e 0.4) 
~ ~;, '-~j 

J\ 

M~j{~,-t)::L Mi.i (x,t) ., LI~ = 1,1\), (3.5) 

'" A. .-"lt,,Ü' • 
= O) M· -= e L .lA. = v i. l. -= 1..,"-\MOo <.0 ) 1\1\0.. ~ • 

ia a decreaaing wi th ~}( \ ~ 00 soâutLon of the NLS-equat10n 

i..~t :. \.{>)(.l( +2.\'1' \'l.~ 0.6) 

Example 2. In analogous way decroasing solutiona of the Scbro 


dinger equation
 

~I.ft = '4'x-x - 'U'f 0.7)
 

with aelf-conaistent conditions of the forma
 

'Ui; - _ \'f\x2 
0.8)T

or 

~~~'U - l'Ull,)()( - 6'U1l)(,)~~-~\~\2.X)( (J.9) 

can be conetructed (we cons1der the caae ~. ~. r= ° in the €ormu
lae (2.96),(2.97». For theae conditions a solution has the form 
(3.3), where the matrix M(x,t) ia 

*) Such a simple aesert10n will be usefull below: ir alI the numbers , - - . 
~'\""~ '~')-")~H are diatinct, and Im'Jet> 0, i.f-;p; I-m';Ej<O, 
j.p+1, •• ,N; then the Hermitian matrixU{~i.-~~)jlhaa the aignature(p,N-Ç». 

M. = À f~ ~~ d(W~ -<..)j) '1=2.,''?:>, ... 0.10)
.. ~ _ . a. -+ 
~ ~l\-_~-~ '~. -~.

~ J .. =J 

t~e matrix ~ ia determined by formula (3.5), À,O. Here q=2 for ~qua
t í.on 0.8). In this case numbera ~""":1:>e.1,J should be taken t'rom 
the 1st quadrant of the complex plane, i.e. 

T Yv\ ~ l '> O 1 l< e ~ t. '> o J .~ = G . O. 11 ) 

For t·he equation 0.9) we have qa) ; the numbers ~H",,~1lI are in ae-. 

ctora 
"1\ 2- . 

O<.qr~~~'"3' ;, ~C\"r~êe;' l....1t", .\.=1..)1'1 (3.12) 
'!l. ~ 

and ~~ ~ ae.. j for i ~ j . 
For other aelf-consistent conditiona of the type 

.A' 2- 0.13 )
:.L.I\,A = 1'Í' \x 
2...
 

or
 
•• ' ) 2
 0.14)3'U - ('UX)r.)( - 6 'U'U x x -= & \~\xx 

Bolution has the qame form, but À ~ ° and the numbers :;e,) ... ,;e.", 
q=2) it is requiredaatisfied other restrict10ns. For (J.1) (where
 

the following inequalities being fulfilled:
 

{J.15)TWl ~L"'>O , p.e'dr2.;.~O) ~= {,N 
For equation (3.14) (where qa) the reatrictions are
 

2- 0.16)

]L c; a.r ~ ~. .I.... ~ ~ = :1, N 
~ (J lo Õ 

Example 3. The technique of construction of non-decreasing condi
tions fax various aelf-consistent cunditions we demonstra te at 
firat by a aimple example of scalar NLS-equatiorts. F1rat of alI 1et 
us take the 'NLS with attraction. To construct non-decreaaing (oaoi1
lating) with I~\~ 00 solutions of this equation we need the function 

E(k) baving the form 

E(k)=k-L 0.17) 
, k-K. 

The Hermitian form E (2.95) muat be zero (otherwiae the scalar NLS
i j 

will not be obtained). In other worda the following stick conditions 

must be fulfilled: 

E(~~).E(~j) for CijFO (3.18) 

(wehave l.1a,,!d tbat the coefficienta are real). For every va Lue b1,k1 
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of i equa1ity E( ~~ )=E( :de..j) can be fulfilled only for the single 
va1ue of j because 'the degree, of the function E(k) equa1s two. Rence 
for each i there are only one va1ue j ... \) l ~ ) such the.t Ci .;&0 (we re
ca11 that matrices Ci j with

, 
zero lines are not conaidered).

J 
The requi

rement of matrix Ci j being Hermitian implias thatv ia an invo1ution 
of the set of indices (1,2, .. ,N). This involution has no fixed points 
because E("'2ei.)#E( ~~) for non-real 'de.:. • Rence N ia even and 

the pointa ~t can be numerated in such a way that 

• E(~N-~-t1') -= E..(~i.) , l= i) "1;2.. 0.19) 

The matrix Ci j i8 antidiagonal. It ia eaay to Bca that the points 
~1. ,"' • , ~ Nh. can be taken only from upper balf-plane. Then the po-
Ln t s b~ ~ _ 

'~ . = k'\ - ~, L = i) N/2. O 20)
1\1-1.-+-\ dei.-K1 • 

are in lower half-plane. Finally. we obtain the following formulae 
for non-decreasing solutions of NLS-equation 

i...\.ft = 'f .... x +2..(\~l't.- \:>2.,)~ , (J. 21 ) 

I 1. 1 d.et M()(,-t-) 'l.k,()(+k,,-t-) 0.22 )
\.f ()(I-t:) -= D ... e rt t M( ) e 

~ x."t 

where ~is an arbitrary real conetant and the NxN matrix M(x.t) has 

the forro 
~(i0l-W~) 

e. 
M~j()(Ii:)=C~Si.)N-it-'\ -r ~-~-6ej ., 

0.23 ) 

her~ C , . " , CN are non-zero complex numbers satiefying the skew Her1
 
rnitian condítions
 

C.N-~+'" C i l ~ i) N/'L 0.24) 

numbers ~'\, ... ) ~'" satisfy 0.'20); the matrix M(x,t) 008 the 
form 

M" - -=M.. 16i.~.L.tJ
I.i 'j' - • 0.25)'oi 

" " LW·... -~w~ -1 
M 00 = 1.. ) M ~o = e 1., ÀI\ o~ = e (k1 - ~i..") , i. = i IN. 

It ahou Ld be noted that the aoLut í.on Lf (x, t ) will bethe quasi-periódic 
function' of x (see S.2. 2) if one requirea the numbera ~,,? •• , de", 
satisfying conditions 

TW\;;;ei. + TW'l~N-~+1 -= o , ~ = 'Í)N/2- 0.26) 

(th~ re8t~iction8 (3.20) ln this case imply that the pointa det and 
4?f.I_i't"are ai tuated in the cirele of radiulJ b1 with centre in k1) . 

If the equalities <':30 26·) are no.t fulfilled for any value of i then 

the solution '-f (x , t ) (J .22) has the. following asymptotice: 

LO b i.~ nI( \(1-~j) ~k,\()( + k1-t) • 
0.27)\l\C,"t)....;;, 'te k,,-dej e , )(-'>:>-00 ~ 

where one takes the product over alI values ~f j sueh that 

T M (Cf.~ -+ 'd2N-j~1 ') c O ; 

·\.'l..ll'f( k -~.) ~\<'\ <x+\.ç,t)
~(~,t)~b'\e k:_~J~ e ) )c-4-+co~ 0.28) 

where one takes the product over the rest values of index j. We omf.t 

the proo! of these formulae. Asymptotics' with 1;;\40":). can be calcu
lated in analogoua way but depend on relations between the values 

Im de.
2
j •
 

Let ua inveatigate now the NLS with repulsion:
 

0.29 )L~t; = ~)t~ - 2.. (I't\2.- b~ )'{ 

The function E(k) here must have the form 

0.30 )E(k) =\<~ ~ 
k - \<'\ 

and the stick conditions must be fulfilled. 
As well as above we obtain an involution \) on the set of indi

ces (1,2, •• ,N) such that Cij~O only for jaV(i). But this involution 
now can have fixed pointa. tet ua numerate thp points de, "") deN 

in auch a way tha t the pointa ~,\, ... ,~.t Lí,e in the circlé or . 
the ràdius b and with the centre k1 and the rest pointe are pairwise

1
 
symmetric in thia circle, i.e.
 

\~. - k I - , ~ = -iT .
I. 1 - P" , , 

0.)1) 

<e . l - k 1" 
~ 

1 ) 
. 
l = R.-t! ,.e.-+ WI 

f4-I.'t +4.. - "\. ;e;. - k'\ 
The matrix Ci j must have the following form:I. ,

c". o'Ct 
(3.)2)

(c.~j)= o di 
..dz. o _d; o 

-J" 
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1
 

" where numbers c1, ••. ,c l are purely imaginary and d1, ••• ,d are arbit m 
rarYi a LL these numbers are non-zero. The pointa ~, .. 'I<:l€-~ can be 
supposed being situated in the upper half-plane. But for each i > t 
the poí.nt s ':ei.. and ef-N_L.lHare situated in one half-plane. From the 
positive definiteness of the matrix (i- 1C

i j) we obtain that d1=.=dm=O. 
So we can consider only the case m=O and the matrix C.. being diago

~J, 

nal. Finally we have that the solutions of NLS with repulsion take the 

form (3.22) where the matrix (Mij(x,t» ia 
i({;3·-w·)• t'V e' ~ 

M ~ . (x ,1:) = ~ <: l ~ ~j + . C3. 33) 
~ dei. -~~ 

the numbera ~,\, .. , <12 
N 

are sj. t ua t ad in the upper half-plane satisfying 
restri"ctions 1:;e..-K~I=b1' i=1,.,N, and the numbers 'C1 , •• ,cN·a r e real 
and positive; the matrix M is defined by the matrix M via (J.25). The 
simplest forrn of such solutions (N-1) has the form of a kink 

~()(,-t) = 6, [~;-~~ ~:~::J e~\(1(X+\<1t)-tLtt1 o ..34) 

where <e::= 0I...-+"l.~ = k'\ -+ 6, (cec;.~ -+ ";,~V\.,) ) ~ :;:. 0 ... 11" ia an arbit 
rary parameter, ...., 

1:: = b, ,><", [C" -1<.) .,.2.(k, + b, co s, ~)t 1,)/.=~.e., hc~-...):{). 35) 

(see the formulae (2.44)-(2.47) ab ove }, For N '.> 1 our solution is a 

non-linear superposition of etepa. 

2. Vector modela 

• Example 1. Let us construct vanishing with \)(\-400 solutions of 
the vector NLS with U(n,o) symmetry. Firatly let U8 suppoaed that 
n ~ N. To abtain de~reaaing solutiona we need the fUnction E(k) ha

ving the form E(k)=k. The Hermitian matrix (Ei j) takoa on the forro 

E.~~ =(~~-CEj)Ci.j , ~,~=1,N . (J.36) 

This matrix m~st be non-negatively definite of rank n. Let ua repre
sent it in a forro E ... r ' \, where r ia a matrix of rank n, La. 

V\ 

(J.)7)E~i = 'Z. ~S~ y~~ 
S=1 ., 

We obtain the following form of matrix Ci j : 
~ 

L rç,.i Ysi (J.)8) 
~=1 ~,~::::: i~rJCLi 
""">P._~' 
0'-, J 
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It is easy to see that for any matrix r = (6" ij) wi th no zero columns 
the matrix (Ci j) (3.38) will be positively definite if alI the num
bers"il:'", .. "CJ2.", are situated in the upper he Lf--pLane , And if there are 
zero columns in the matrix r then the matrix (Ci j) also has zero co
lumns and hence a reduction of number of the parameters <e""., 4e", 

takes pla.ce. 
Finally we have : if the numbers ~, "1 ~'" "Situate in the up 

per half-plane for any n x N-matrix r = ( r ij) the functiona ~ 1(x , t), 
... , "i' n(x,t) of the form 

~k)
d€t M ()(\~)

epk eX' ,-t ') = , L 'I \<=- {, n. 0.39 )
_. I 

where the N)( N-matrix M(x, t ) = (M. j) ha s the form 
'" _ 1 

, ~ ~S~ '(s~ ;- eXÇ>(l(t:J, -Wi) .,
Mi:;.(l(;t')= 

J 

(N+1) x (N+1)-matrices 

lK)
ML~ = M~i I LI ~ 

t\<) V (K) iW-i
 
Mo'J = oo::~ Mlo = e J=1..,N,
 

are solutions of aystem of equat10ns 

L ~K = cr: 1- 2. (± 11?~ l~) 4'k , k ~ ~ C3. 42) 
S=i 

These solutiona exponentially vaniah with \~i ~ ~ and fixed t 
because of resulta ofa.2.2 (the matrix (Ci j) here is non-degenerate). 
Asymptotics withltl~óO we shall describe below. From chia descripti 
on it wiIl bp clear that theae ~olutions are a non-linear superposi

tion of N one-soliton solutions of the fDrm 

,..t:. :t' _ -eX? [t(or!~)( 1-lo(~ - ~~ )-t)] 
~ k s lx l-t) == -:p '" . l ()?s. - ~s ) --------..:.......~-

, ,c;. 2c.k[~&(x-x!)+2oi.s~gt] 0.4) 

~s. .).s: -;- ~~s s 1 I 
,.r

' 

+ 
Here ~k~~ are some constant vectora of unity length, they are diffe
rent for {.~+oo and -t .... - 00. Recall that the asymptotical decay of an 
initial packet into the solitons and hence formulae ().4) take place 

~ in the case of the generic poaition only, when magnitudes of Im~iare 
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,l,~~i.)N~ (3.40) 
~~ - ~j 

M(k)(x,t) = (M~~)(x,t» have the form
lJ 

---- l~) 
:= i ,N i M 00 = o j 

·().41) 



different in paira. A general N-aoliton solution with some of those 
magnitudes being equal ia a conglomerate of the aolitons and their 

bound atat~a: 

We have conatructed yet only N-soliton solutions of equation 
().42) with N ~n. For N ~ nall N-aoliton equationa of n component 
lr.LS can be obtained of N-soliton solution of NLS (with U(N,o)-symmet

ry) by'mean~ of action of the group U(n). 
Remark. In view of definition of N·'~soliton potential given abo

ve in Ch.II the N-soliton solution of vector NLS ia given by N poles 
• de.'\., .•. ') ?e • In particular, independently of the vector dimensi-

N 

on. we call the aolution one-soliton if it ia defined by one pola 
';;;e. -,. <;e.1' It always can be obtained from a ao Lut Lon of the scalar NLS 

by isorotation.
 
It also should be noted that the two aolutions (3.39)-().41)
 

which are given by fixed polea '~,\, .. O? de", and by different matrices 
. r g (õ' ij) but with the same Hermitian forro (Ei j ) of the form 
().37) can be obtained one from another by means of action of the uni

tary group U(n). 
AsymptoticB for \-t\-"> 00 (for x ia fixed) cem be found using the 

formulae of 8.2.2 and the following relations between the components 

~ 1" •• , <P n of solution of vector NLS and the residues ~, ... , '.iN 
of the function ~(x,t,k): 

,.; 

<P\<:(~,+) = ~ ~\(.~'fjlx,-t) , k = i.'n. 0.44) 
.}=1 

As well as ins.2.2 let us suppose the conditions (2.63) boing valid 
(i.o. the N-th aoliton ia atationary and the reat Bolitons move from 
right to 10ft). Thenwe obtain from (2.67) that with-t~-oothe fun

ctions ~~(x,t) have the following asymptotioa 

tJ ;~ _ 2

1>\C:.(x,-t) -4>': '(~) c:. (de,v -~!e)(p0i.t>.,-t)_ ,k=!,~, 0.45) 
l;- ~c.l>JrJ(~-()eN ') .2ck[~N(x-)(0)] 
~=\ r . 

~=I.~,J
 
The pb&so x~ has the forro (2.68).
 

For t-+~QO we have the following asymptotica
 

4,t, 2.~ 0Ll)+ 
2. _~~",L -+ 1.'0 

4?~ ()( ,'t) -4> '6k:rJ ( \"2N~ \ i.tN - €----- 0.46 ) 
_ ~N(~-~N)) Ch(~.J<')(-X:)) 

where the nwnbers ZN • x+ and + are given by formulae (2.75).
+0 o 

Rence the phase sbift x - x- can be calculated by formula (2.68).
J: o o 

The unit vectors C!:,,=,N from 0.43) have the form 

~. -~ 
CP::N = L 'O ~ j e-~ ( Ct.HJ (~N - '2eN))
 

.i='\
 (J.47) 

= V . i.\(>~t ( \"2~ \ ) ~ 
4?:.~ O''<tJ e . 

C"H~ (<e", - G:'.N ) 

Example 2. Let us construct Bolutions of the two-component NLS 
with oscillating asymptotica.We ahall consider in detail only two
aoliton solutions. 

Caae L Bo th componente oscilla te when \ 'l(\ ,-.., 00 • The function 
E(k) ehould be taken in the fo~ 

b~ b2 

E(k) = k "\" ~i _"_ "'t E. 2 '2. (J.48)
k-k, k-k 2 

Here E'\., E'2.= :t 1.. These signa reaponse for the type of eymmetry of 
vector NLS. The Hermitian form (Ei j) (2.95) must van í ah ; Le. the 
atick conditions 

~(~i') -= E(~L) for Ci j ,. O,i,j=1, •• ,N 0.49) 

are to be valido If the atick conditions for' the pararneters ('~), 

(C.. ) are fulfilled for the given function E(k) then the function
1J 
~(x,t,k) which ia given by these parametera by meana of formu

lae (2.15),(2.17),(2.18) gives a aolution ~ = ('P'\. ,.4'2) of the 
vector NLS 

• li b2. '2.1 .[t;r.. 2.'L.<:p. = cp. -2.. é" "r"l -t€2.\~'2\ 
2.
-E"t ,-E~b~ ~.= O 0.50) 

) ~ ~ 

by formula 

4'j (Xli;) '=: b j 'f(x ,-t , \::), j = 1.,2- 0.51J 

For N = 1 we obtain one-soliton Bolution-r 1rl.\(·lx -tkt)
CRlX,i:)=6. -t+!.2.de.-~ ~-;--t.h.(~l)(-Xo)+2.~~-t) e.} ,\. 0.52){~ .l k ~ ) I , r=1,2.,j 

\.( =i.VL where relation between ~:::~'Cot-T~r-=- and tbe parameters k1 ,k2,b1 ,b2 
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~--------------------.---~ 

ij~ ia given by the atick condition b (k, - 'C€1)( \<1 _.~.'Z.) \.\(1lx + \.:\ t ') 
E (.~) -::; E (~'> . (). 53) 1	 e 

II
( k'\ - ~'\)( k", - ~? ')
 

The signs E,1 , E2. in (J. 50) can ·be arbi traty except E" -:: E'J... =- i (in cp (x ,-1:). ~
 
0.57 )b2,. (k2-.-~')( k2.. - ~-'2) i.\cl.(ll.+~2.t) 

II this	 case the equation (J.5J) has no solutions). 
In two-soliton case (N=2) there are two typea of matrices (Ci j) X -"> '"t aO <.. 'Kl/.. - ~'\ Xk2- - ~l. ') 

e 

whichoare consistent with the stick conditions ().49). The firat 
.type consists of diagonal matrices (Ci j), i.e. C'2=0; the second 

type consists of antidiagonal matrices, i.e. C1 1=C 22=0. Really if Asymptotics o.t \t:t-4oo and fixed x also can be calculated via 
C11~0 and C12~0 then the following stick conditions are to be fulfil  methods of 8.2.2. We give here such asymptotics for the case Im~~~O, 

led: Im~i -= ° (calculations are omitted). At t-?-oowe nave 
E ( ~ ,0) '== E (~1 ), E ( <f:1 ) = E. C~~) . 

- . ] ~k(x+\.::,t)The first of them impIies the nurnber r = E(de,) being real. Bance ~.lx,t)-b, 1",,~ ;,e2.-~2.. r"-tth~2.\):.-X;;)] e·~. J 0.58) 
we have that the numbers ~1 )de1 ,de~ are the three roote of the cu J j { ko _ ~2.. L' I	 , 

:1 

II!II bic equation E(k). r with real coefficients. But thia is impossible	 j -=i,2. 
J 

I ~ tI 

because all three numbera de\I~11~~ being non-real and distinct. where 
Let ua consider in detail both the types of two-soliton soluti I! ~~ = ~ ~2. ~2 '> OI 

III ons.
 
Type 1. C C22~0. One may assume that Im~\";>O ,
12,,"0, C11FO,	 '~J I"1.0 - ~ )12 ,t,,\.	 C'2.1. (~2.. ~~2 ') 0.59)Im?e > O. The stick conditions have the forml 

0.54)E(~t)= E.(~1) , E ("i:. '1.) ~ E ()e:l-) .~	 At t--+ 00 a aymp t o t íc a has the following form: 

For ê ,-= E.2. =-1 this e qua t í.ons have no solutions. For other ginga 
( t" , E.2.) restrictions have the fom of inequalities. It turns out - [~ - J -;'kj()(+k~t)+~rU 
that these reatrictions can be formulated in terms of disposition of <P/)(,-:t).-~6.i 1+r 2.-~2. [11-th.r..2.(X-X6")] e. 0.60) 

. k· -de.2..)	 , 
the ~oint [de,,' ~2.1. ,	 .) 

~=1,2. 
2. 2

a. -:::: \ ~'l.\ - ldt: 1 \	 0.55) where 

2.(~1. + ~'l. -~\ - de,,) )(: _«: = .!.. ~ I~~-~1 I 
~~ ~2 -~,I CJ.61 )

of intersection of the middle perpendicular to the segment t~~;~~1
 
and the real axis within the interval [k1,k2 J . For the U(O,2)-symmet k.-~.,h. - ~"'q )ry (Le.ê'-=€:l.=i) the point a 0.55) must lie w1thin the interval	 1.,2."lJ - () kj - ";?e1 ~ O .. 62)[k , k J . For the U(1,1)-symmetry (1.e. E,.€.~<o) the point a must be

1 2 
situatedout of the interval [k"k2] ( i ncl Udi ng the limit case when the A.symptotics on lines X=.- 2.ol.,t T k o at \t\ ..... 00 have similar 
segment [êe,,) ~2..] being vertical). formo So we have obtained a non-linear superposition of the one-soli 

Asymptotica of t.he se soaut ons for \x \ - ao and fixed t can beí ton 'solutions (J.52).
 
calculated as in 2. We have
 Type 2. C'1"'C 22-O, C'2"0. One may assume that Im~1> Os Im~..(. O. 

The stick conditions have the form" (b1eXP(~\("l)(+\(,-t))) 
~ ()fI-\:) ---==;.	 ., )( ~ - <X:> ) 0.56) E(::le.1 ) =: E(~2.) .	 0.6) )

b 2. el>o".p C"k~( X+ k 2 -t)) 
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II 
II Let us conslder the problem of solvabl1ity of this equation (here the 

singa ~) ê2. can be arb1trary). Let 

b = êe2.~1 - ~2..~	 (J.64) 

(~,- ~\ )-C~"2.-dC.~ 

be a point of intersection of segment [ae,) ~21with the real axia.
 

Let us introduce the notation
 

•	 d (k) ==: b _ ('~e.~ -~"')( ~2. -~:l. Xae, - :)e2-)( ~2 - ~, ) (J. 65) 
(b- k )l~,4- ~2. _~"_~!l.)2. 

For solvabi11ty of the equation (3.6J) it ia neceasary that the 

polnts k1,k2'~' ~2 are not sltuated on a circle,l.e. 

k ~ d(k ) .	 (3.66)
2 1
 

The aí.nga E" I €'1. depend on k 1 ,k2, ~,\)~as follows:
 

k1 .L. \<2. Lo. b =';> E" = -€2. = i 

6 c k, c. k2. =") € '\ :=. - ~2 ::: - i. 

\<.'1. = \:::. -=~ b, = O 
0.67)k 1 = b =") b'L = o 

'K".l.. b Lo. K2-.( J(k.,') """)	 E" =, E'1. -= i. 

k'\ L. b L, d ( k,\) c \< 1. -=")	 t,:= €:2. ~ - i 

• .lsymptot1cs of the solutiona ~. (x , t) at \)(\~ ao and f'ixed t 
.1 

depend on relations between Imde1 and Imce2 • Namely, for 
Im(~,+2e2) > O asymptotics have the ,form ().56),(3.57). Por 
Im(~" + ~:l.:) = O the Bolutlon '1? (x,t) i8 quasi-per1odic functlon of x, 

And for Im(ê!e'l + <le2) ~ O aaymptotiorJ in ().56) ,().57) at x ~ 'j: 00 

ehang. over. 
.lIymptoticB at ' l-t\-'> 00 and flxed x can be caleulated very esal

Im de~ '> O, Im ~~ .0 1118 sball bave for t - - co1,.. Yor the case 

~i l ...f) --'> b. e;: k,<... + k;-l»	 ().68) 
.1	 , i .... 1.,2.. 

For ~ - -t- 00 

,1>.("~) ~ \>,. eJ«(-~.,)l~·-~:l.) ~\c~<.)(~k~-t:) 
~ \ J ~ e ~ (k - 4e., ')( \<1- 'ae~ ') ) i = -i.1:2. • () • 69) 

i 
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Rence the asymptotlcs are purely exponential for solutions of such a 
type. These solutions cannot be reduced to a 'superposition of one
soliton solutions. Because of that it is naturally to call them doub
le solitons (they are analogous to the well-knovm bions of the scalar 

NLS7JõT): 
It àh~uld be noted that for arbitrary N the solutions (3.51) of 

the equation (3.50) can be reduced to a non-linear superposition of 
solitons and double solitons. For the U(2,0)-case there are supple
mentary triple soliton Bolutiona. The triple soliton ia a solution 
with N-3 and the matrix (Ci j) as follows: 

O c.\\. C ,1. ) 
(Li~) = C~, O O (J.70) 

( 
c..~",\ O O 

the stick conditións have	 the following forro: 

cc;;e,,> = '=(dl2~) = E (?J2:!.) ,	 (J. 71 ) 

(c... = €' 2= -1). Here the pointa ':le2.,~"?> lia in the upper half
1

plane, and the point ~'\ lias in the lower half-plane. Proof 'of 

this assertlon we omito 
Case 2. The component 4:>,,(x,t) oscillates at \xl-a.,c;x:) and 

ip2,(x,t) vanisheswhen \x\-"l> 00 • The function E(k) one should take 

as follows: 
" 62
B(k)=k+~1~ .	 0.72)

k- h 
The 'simplest one-soliton solution of such a type can be constructed 
via our formalism for N.1. It ã s: given by parameters ~ == '::e-, ;: o<. + i.~ 

I'J p.. 

(let us Buppose that ~> O) and C11-iC11Y C11~O. This solution waa 
obtained in /31/,/2/. It has the following forro: 

~ I "\ \ r .i.:)e -~ [	 11 l.lc,()C+ \:--t) 
'T,'-X ,t- I = () \ ~ 1+ 2. \(,-ae	 '\+ t.h~t:)( - x. o +2o(.t) Je- 1 

(J. 73)/h (- "I	 2. 2: )}:L
''t: (,')(, ,t) '::. ':le.- C!Jl2. J\ l ~ - ~,,\ - ~ '\b 'I ex? ~ loLx + (ot '"_ ~2.)-t)
 

1 \z-~( .
 
2c-h~ ()( - ~o'+ 2 fi.. -\; ') 

Here 

)(0 ~R.-V\. Jc., (~_~)I	 (J.74) 
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The vector function ~ ( ~'\ , ~2.. ) 0.73) ia '8, solution of 

aquationa 

~~~ = éX?jll - 2.[et\ep1\2.~E2.\ép2.\2.-E'~'\]~í , ~= 1.,2. . (J. 75) 

Hera the a í gn E. 2. ia defined Ú' \~ - k, \2.=F E" b~ via the following 

formula: 
~~ = ~'à n.. [E., 6~ - \~ - k 1 \2 J . 0.76 )

• 
For €,= -1 we also have E2 = -1. Hence in this case (3.73) givas one


soliton aoluti~n of the U(2,0)-NLS.
 

For
 

E. 'I = 1., \<e - "'" \ ":> b,\ 0.77) 

we have E2. ... -1. Hence in this case we have solution of the U(1,1) 

NLS. For 

ê,\ = 1.. , \<e - \<" \ <- b 1 0.78) 

we obtain aolution of the U(O.2)-NLS. 
If the equation 

\~-k1l2=E'\6~ z='> El~)=E(CQ..) (3.79) 

is aatisfied (it ia posaible only for S"I:I 1 ) the component 1:2 ia 
identically zero and the aolution (3.73) reduces to one-soliton solu

tion (3.14) of NLS with repulsion. 
Let us prove that for E,~ 1 multi-aoliton solutions are ooo-li 

near.auperposition of solitons. The Bermitean forro (E i j ) (2.95) ia to 
be of rank 1. Let us suppose firat of alI that the pointa ~1,···,ãeN 

satisfy no stick conditiona, i.e. 

E: ( ~ .) 1= t: (.~~'), t, ~ = i, tJ • O •80 ) 

Then the correaponding matrix (C i j ) has thie following form: 

.. -À '(L~•. 0.81 )~,~=~ .c. .. ~ - E:(~ ..)-E(~~) 

Here y", ... , ~ N are arbitrary complex oonstante aueh .that 

\ ~'\ \!). ~ \Y~ \7.+ ••• + \)(11I \ '2- = ! , (J. 82 ) 

Â ia a real numbar , Assuming that )Ç 1)" , '(N-t J'H" ° (cr', the emmple 1 
above) we prove non-degeneracy of the matrix (Ci j). Bance ooe may 
auppoae the points 'l}e.,,) .•• ,1eIJ being situated in the uppar half-pla

, 'I 
ne , In view of oon-negativa definitaness of the matrb: ( T Ci j) VIa 

have one of tha following conditions for the pointa d2\? •• ' ,deN 

and 'Â being valid: 

1) '\ >0) TWI E(~~) >0 \. = i,N 
0.83) 

~ 
\~~-k11";> 6" 

-Q.) À c o :r"", E (-;e. '\ c: o \.= i,N 
1 ~ L) 0.84 ) 

\ ;:e ~ - K" \ L. b" 
We have the U(1 ,1)-NLS for the first possibility and the U(O,2)-NLS 
for the ae cond , Hence if po í.rrt s ~" •... ) <e N are ai tuated in the up 
per balf-plane and satisfy 0.83) or (J.84) and thematrix (C i . ) ha s 
the form 0.81) (in these formulae we put E(k) '" k + b~ (k - k 1~-1 ) , 
then the corresponding function ~(x.t,k) (see (2.15),(2.17),(2.18» 
gives solution of U(1,1)-NLS or U(O,2)-NLS via the formulae 

cI>, ('I( ,-t') = 6 1 'f<.x ,t, 'f::~) 
0.85 ) 

q>2- ( X I -t) -= ~ Z 'Ir ~ v-eS T (11 I -t , K ') 

L:,q \<.~í. 

We sball see.in what folloWB that these solutions actually describe 
a non-linear auperpoa1tton of the one-soliton eolutiona (3.73). But 
firatly let us analyse the stick conditiona.Let u s auppoae that for 
some i, j the stick conditions E(~.. ) == E( ~~.') are fulfilled. Then 
the i-th and j-th lines (and columns).of the matrix are zero.(Ei j ) 
Hence in the i-th lioe of the matrix (C i j ) only the element .c i j 
might be oonzero. But the numbera ~~, ~j are situated in the sarne 
half-plane because of the stick condition. Hence the definiteness of 
t~e corresponding block of the matrix (C i j ) can be valid only for j=i. 
That meana that the stick condition has the following form: 

E.(~i.)= E:.(~~) .(;:-':> \de~ - K, \ == b . <J.86) 

As a consequence we have the general forro of the matrix (C )i j 
whích one needs to construct the ~olutions of considered type to the 
U(1 ,1)-NLS or the U(0.2)-NLS: 

Ã ~t) when. À{\~i.-k,'-b1~':>O 
L. .' = E.(4ll?-~) - ECese.~) 

'"J (J. 87)[ Li: \. Óq , \ 7J2.~ - 'K 1 \ '= 6 1 

One has the U(1 ,1)-syrnmetry for ~':>O and the U(0,2)-aymmetry for 
À <. O. 'The solution ia defined via formulae (J. 85). The constante 

'l( 1 , •. , ) '(to} are satisfied (J.82). 
Let us pay our attention to the calculation of asymptotics. 

-;:v--
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In the considered case alI the points ·~\, ... ,~N are situated in the 
upper half-plane and the matrix (Ci j ) 113 non-degenera~e. Hence we can 
use the asymptotic fonnula from 8.2.2 • Le-t t be fixed .. Then for 

X"'""i> - 00 we have 
6 ~~'t()l-+k"~)) 

ct>(x,-t) --4>' 0 
1 e. . (3.88)( 

K\-ce, - \ (...At x ---'>;- 00 we have ( \ _ - ~ \:" .... ~t(1~)\ -lo")
b,.n-e 

;:f.., .) k1-~' . ().89)
-r()l,1:') ----» ~ 

O 

Let us calculate the aeymptot1cs at \t\ ~ 00 and fixed x under 
assumption Im -;;e.~ '> O for i-1, ••• ,N-1, Im ~ "" O. Using the fonnu

lae from 13.2.2 we have at t--,- 00: -	 1 L\<,l)(+\c.-t) 

~1(X,-t) -b"i" +1: ~-~N (~+ -t~~~()l-')l~)j e 
'K-,,-Clel'l	 , (3.90) 

-	 ~ 'I Z -) 
<PR-llc,-t)---?	 ~N-;)eN (\\cet4-k,,\?.-\5",,\)~ ebC? ~\-~lJi-t'-(>~ 

~~N-'K,\ 2..C.h~Nl'j(-\(:) 

Here x~ is def1ned via (2.68). 

_	 \\ t".-I:ç. (3.91)
"f2,. = aV'~ '(1'1 - o.\f~ 'S+itJ EIJ - ESl 

wh~re we defi~ed E as follows:a 
b~ ().92)'E~ = B (<E~) = '<e.,S -to	 

~- "'\
 

For t......, -+CXl the asymptotiaJ MS the following form: 

I ~ ~ J ~\(,(l(-t\c:,-l)-+:'''f: 
~, llt ,i) -.. 6 """, ! 1\3 - ~ (~-+ -i:h(l,,.i (K -~:)) e

11 \<" - ae...." r 
•	 ().93) 

cp l. ,t-) -4 (':>e~ ~ ~2{II>e", _1<.1<- ~,IJ~ "xl': t-~~t + 'ti) 
2. heN ._k" \	 2.C"'-~H (x -)(~") • 

'lhe p".e )(~ haa the form (2.75) and 

;" 

,"D+ _	 n k,,-';;le,; 
'\ _ G\lrq

o ~~N \(.,-~'	 0.94)J 

íl ~N - <e~ 

~: :::: a. '(''õ '(fII+ C\ 'C 'ó $:#= r-.} ~N - des	 0.95) 

We bave obtained the one-soliton asymptotics. The interaction between· 
solitons is pairwise as can be shown by simple calculations. This fol
lows from the formulae for the pbase shifts of the N-th soliton: 

À X' o -=: X:-x': -= ;z2 L ~-V\. ff E~ - ~ i Il ~N - ~ i I}
J"'N I!'N CN -E~ -;:et4'-~.j 

Â\D =.,.p1" _~- _ ~' I<:,,-~. 
''\ 1" ''\ - ~ arq J , 

~~N <l\<,,-de.;	 0.96) 

6~ - ~-t _ 'f- L. . (~'-~i)( t=M - E~)
 
'2 -.2.. 2.. = ~"N a.'('~ (<JeN -~; )( EN _ E~')
 

In conclusion let us note that in the case of U(2,O)-symmetry (where 
€,= -1) the multi-soliton solut10ns 'are the non-linear superposi

tion of one-soliton and also of doúble solitons. The simplest double 
soliton correspondsto thecase N-2 witn the points ~1' de2. being satis
fiéd the stiok conditions 

b b~ 
~'\ - -~-" = 'de..2.- -~\_ 0.97) 

~1-k, 'dI2.,,-K,\ 

and the form 
matrix (C i j ) (h:i:g,:h)e 

(3.98)
( <:"i') -==. ~2" O 

We sball not discuss properties of such aolutions. 

Conclusion 

We give above a modem state of problema related to a class of mo
d~ls we name Boae-gas models. From the point of view of condensed mat
ter theory there arises an important question whether localized ex
citationa of the soliton (or aoliton-like) type can exiet in a given 
ordered aystem (crystals. ferromagnets and ao on). To understand sta
tistical properties of such excitations (if any) the stability pro
blem of a separata soliton-like object and that of thei~ interaction 
ahould be solved. A part of these have been solved by the constructi-, 
ve way. for the above models assooiated with a nonstationary Schr~din-
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ger	 equation. Bamely: the general method developed in chapte~ 11 waa 
applied to get and atudy aaymptotic behaviour of multi-soliton solu
t ions' t o some integrable versions of BLS wi th selfconBistent potenti 
als. Such solutions describe well a dilute aoliton gas and one can 
tell about en ideal gas, weakly non-ideal gas and so on depending on 

the result af soliton interactions. 
First we discuss formulae given in chapter 111 having in mind 

their stability. It ia well known that plane wave solutions (conden
•	 sate) and those obtained from them via local modifications are unsta

ble in the framework of compact versions of the VNLS with attraction 
(U(p,o) versions). The inatability is of a gravitational type. Unli
kely, condensate solutions are stable for compact veraions of the 
VRLS with repulsion (U(o,q) vers10ns) /2,26/. The etability of loca
lized solutions under vanishing boundary conditians in the case of 
U(p,o) VNLS and the condenaate boundary oonditions in the case of 
U(o,q) VNLS is stated rigorously for only some simpleat (one-soliton) 
solutions /26,27/. Queation is still open of atability of arbitrary 
non-soliton eolutions to U(p,o) NLS and the anawer aparently depends 
on the type of equation as well as the solution under conaideration. 
At any rate one-soliton solutions to U(p,o) VNLS are stable that fol
lows from qualitative ideaa based on the inverse tranaform (aee also 
a generalization of the Q-theorem given in /27/>. 

Stability of the condenaate for non-compact U(p,q) modela ia gi

ven by the condition ~ 

t(Y: ,'k ') ~ L
p 

\':((.i)\f - Z \'1 \\ \ 
1-

> Oc 
\ \ 

The above multi-soliton formulae make sense under condenaste boundary 

conditiona only when thisOcondition holda. 
Stability of the two-soliton solutions (according to our defini

tion and one-soliton aolutions in a naive one) haa been investigated 

" by meanB of'computer in Dubna (JINR) for the s1mplest non-compact 
U(1,1) VNLS. Resulta tell in favour of stability of such aolitons. 
Multi-soliton solutions asymptotical behaviour obtained above makes 
us to be aure that the intêraction between solitons ia reduced to,the 
pair elastio interaction in the framework of compact modela (with en 
arbitrary signature vis.,U(p,o) aee also /28/, or U(o,q». This inter
aetion resulta only in changing aoliton phasea in the'uaual spaca and 
in the colour one. The change of colour aa a result of the soliton 
interaction ia possible as well which W8a establiahed firat in /1/. 

, All thia meana that even in the framework of one model gas of 
soliton-like excitations may be regarded as an ideal one (the soliton 

density ia lesa than unity) and at the same time as a non- ideal gas 
if one considers e.g. the colour exchange. 

. There are physical aituations when the soliton gaa can be with 
a sufficient accuracy regarded as an ideal gas, then one can imploy a 
phenomenological approach /13/ for calculating e.g. dynamical atruc
ture factore /14/ in vector models and the signature of the colour 
space metric i8 arbitrary at N~2. 

In this sense the method to study the vector NLS equation propo
sed above can be thought of as a tool for the furhter research of cor
responding modela, in particular, those of ~ondense matter physics 
(see chapter I). 
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ay6poBHH E.A. H AP. E5-87-7l0 
T04Hwe peweHHR HecTa~HoHapHoro ypaBHeHHR WpeAHHrepa 
c caMocornacoBaHHWMH nOTeH~HanaMH 

B pa-ncax eAHHoro nonxona AaeTcR oru-ca Hl1e HHTerpl1pyeMblx MoAene~, cBR3aHHblX c 
HecTa~HoHapHWM ypaDHeHHeM WpeAHHrepa,BMecTe c nOCTpOeHl1eM KX MHoroconHToHHWX 
4>opMyn. K HHM OTHOCRTCR eex'ropaue HYW, MOAenb f1A)f(I1Mbl-O~KaBbl H AP. npH ncc rpoe 
HHH RBHWX peweHHR He Hcnonb3Y~TcR KOMMYTa~HoHHwe npeAcTaBneHHR. PaccMoTpeHw 
KOffAeHcaTHble rpaHH4Hble ycnoaaa AnR HeKOMnaKTHblX MOAeneR, rrie cTaHAapTHaR r ex
HHKa o6paTHoR 3aAa4H HeKoHcTpYKTHBHa. npeAnaraeMblR ncnxon OCHoBbIBaeTc11 Ha 
anre6po-reOMeTpH4ecKoR r eopaa HHTerpHpyeMblx CI1CTeM H n03BonReT 3ljJljJeKTI1BHO 
CTpOHTb Bce H3BeCTHwe Ha cerOAHRWHHR AeHb HX RBHwa peWeHI1R. 0630P cOAep~HT 

PRA opHrHHanbHblx pe ayns r aroe H HanHcaH B AOcTynHoR AnR He MaTeMaTI1KOD ljJopMe. 

Pa60Ta BblnonHeHa 13 Jlaôopa'ropaa Bbl411cnHTenbHoR TeXHHKI1 H aBTOMaTH3a~I1H 

OJ.1f1H. 

Ilpenparrr 061>ellllHeHHDI'O IUICTIiTYTa flnepliblX HCCJlenDBaHHll. )ly6Ha 1987 

E5-87-7l0 
Exact Solutions to a Time Dependent Schrodinger Equation 
with Selfconslstent Potential 

Description of integrable models associated with a time-dependent Schro
dinger equation 15 given along with constructing their multisol iton formulae. 
Among such models there are the vector versions of NLS, Yajima-Oikawa mode! 
and others. In constructing exact solutions the communication relations are 
not used. The condensate bpundary conditions are considered for noncompact 
models where the conventional technique of the inverse transform is not ef
fective. The proposed approach is based on the algebro-geometrlcal th~ory of 
integrable systems and allows to construct alI known by now exact solutions 
of such systems.The review contains a number of original results and is add
ressed to nonmathematiclans. 
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The investigation has been performed at the Laboratory of Computlng 
Techniques and Automation, JINR. 
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