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1. Introduction 

Asyrnptotic behaviour of distributions plays a fundamental role in the 
analys1s of singularit1es of integral transforms. Here we use the 
technique of quasiasymptotics of distributions ('Zavialov /6/)" in 
order to obtain some Tauberian theorems for the generalized S2-trans
forme 
The notation and terminology of this work will follow that of /5/ 
and Vladimirov et a l , /6/ • Throughou t the paper oi, (3 , 1 ,.f' , Y ,a·, b, k 
are real numbers, p,n are non-negative' integers; S and SI denote 
respectively'tne space of test (C~-rapid decreasing) functions and 
tempered distributions on the real line. The elements f with the 
property supp f € [0,00) form"a subspace in SI which we denote by 
S~ • S+ denotes the space of C00 on [0,00) functions equipped 
w1th a topology induced by S. 

2. Quasiasymptotic behaviour of distributions 

The quasiasymptotic behaviour of distributions f € S' , respectively 
f é S~ , was introduced by B.I.Zavialov a~d later analysed in /6/ • 
A natural scale for the definition of quasiasymptotic behaviour is 
the class of regular varying functions /4/ • Therefore, we shall 
start with the definition. \ 
A function ~(k) which is positive,a9tl continuous on R+ = (0,00) 
ls called regular varying if for any/ a>O there exists the limit 
(depending on a) 

9t (ak )
 
lim C(a) 1= O
 

k _ 00 ae (k) 

and the convergence is uniform with respect to any compact set of 
numbers a in R+ /4/ • 
It is not difficult to see that C(a) satisfies the functional 
equation 

C(a) . C(b) ,= C(a;b) 

O~l.4:ihlJt'iw~i Rn,-rIT"ft'o 
11~"i~X Ii{C.,elouud , 
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from which it followe that C(a) = a d for Bome real 7 • In' this 

case we call the function iIe(k) regular varying of arder q • 
The functions t r and t r In ~ (1+t) are regular varying of arder 
Q • On the other hand, for alI real J they are not aeymptotically 

equivalent, Le. the limit of their ratios as t _1'00 does not 
exist or is equal t0 zero. 

Let f e: S~ and at(k) be a regular varying function of order « . 
We say that the distribution f has in S~ a quasiasymptotic 
behavúour at infinity with respect to ~(k) if there exists the 
limit 

f(kt) 
lim -- F(t) (in the sense of S~) 

k _00 <lf (k ) 

provided that F ~ O /6/. 
One can prove that F is a homogeneous dietribution of order d 

(hence F E S~ ) and eupp F C R+ • Thue there exists a constant C 
such that F(t) == C· e +1 (t) .,Here

õ
 
tO
 

8 1(t) =e(t) for (1)-1
r + rei +1) 

and 

dn 
e r+,(t) = - e I( for ã ~ -1 and ;r+n ') -1dtn 1+n+ 1 t) 

As usual, B(t) is the characteristic function of the interval R. 
The dlstributions B(t) t, e(t) In t , B(t) sin t , d(t) , f' (~) 
have'in s~ a 'quasiasymptotic behaviour with respect to t, 

ln('1+tr, t-1 , t-1 , t-2 • 

). The distributional generalized S2-transform 

In this section we reproduce t~at part of the theory of dlstributio

nal generalized S2-traneform present in /5/ that will be used in
 
subsequent sectians.
 

We define for infinitely differentiable complex-valued functions
 
f/; (t) on R+ and a, b é. R the set of seminorrne 

O. 1)' f' a , b , P CfP ) sup t 1-a+p (1+t)a-b I tjJ (p)(t) I 
,) tE R+ , 

:,	 2 

The test function Space Ma,b is given by 

M b = [rjJ E Coo('R+)': M b (cjJ)<. OI;' for alI pE Z },a,	 /a, ,P' + 

where Z+ is the set of alI non-negative integers. Ma,b is equipped 
with the topology generated by the seminorms ().1) • A sequence 

1cP n(t)} ,Y'n(t)6 Ma,b ' converges in Ma,b to ~(t) if 
~a,b,p( ÇPn -4)) tends to zero as n goes to infinity for each 
p 6. Z+ • We also use the dire~ted set of seminorms 

;;: b (cp) = sup A b ' ( cP .)
/a,	 ,p O~p'~ P I a, ,p 

I.~ can be proved that the two families of seminorms j<-a,b,p and
 

fLa,b,p define the same topology on Ma,b'
 
Note that Ma b is a Fr~chet-space. The space Ma b is not nuclear.
 ,	 ' 
The dual space M'a,b c?nsists of ~ll continuous linear functionals 
on Ma,b and is equipped with the usual weak topology. Obviously we 

have- M'a,b C S~ for a s; 1 arid M'a,bC M'c,d for a ~c and d4b. 

The generalized S2-transform of ordinary functions f(t) is defined 

by 

Cj[f; f ,'V J (z ) J
Do

d-t (z,t; f'v) f(t) dt , z EC , 

O -JI J[ , 
~ arg	 z ~ max (1, f )ma:X(1, f ) 

where 
~)o)'V>o00

'J,(z,t;.f,v) J (z+y)-r (y+t)-V dy J g t"'i > 1 
O 

Boas and Widder /1/ studied ~he S2-transform in the case f == ~ = 1 • 

Some properties of the generalized s2-transform and a distributional 

extention have recently been g1ven in /5/ • 

Theorem 3.1 /5, theorem 2/ :
 

Let
 
0.2)' o< > max (O,"V -1) , (3~ y+ min (0,.5' -1) •
 

Then the generalized S2-transf~rm maps Mrj.. , f?' continuously lnto 

Ma,b	 if
 
a ~ 1 + min (O, 1- J ) and a t. 1 if 5' = 1
 
a.(,2-.f'-"Y+~ and a c 2- .$ if v = Q\O.)) 
b ~ 1 - J + max ( O, 1- y ) and b >1- J if y -= 1
 

b! 2-,j -Y +f> and b >2- S - -v if ~ == O 
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Now suppose that ct. ,f ,a,b satisfy conditions (J.2)' and D.3) 

Let fEM'a,b. For each rPéMd-,p we have by theorem 3.1 

.f [cp ;.f ,-v] € M b' Thus the adjoint mappinga, 

0.4) <Y'[f;"Y'SJ ,CP> = <f, Y[</J;f,vl> 

defines the generalized S2-transform y> [f; Y ,f] e M' of 

f é. M' (X 'f!> 
a,b • 

Remark that for ordinary runctions with ~uitable integrability 

propertles we may consider the integral 

00 00J J;]é (x , t ; j' ,"Y) f (x ) <p (t) d t dx . 

O O 
If lt is evaluated in'two different ways, (3.4) follows. 

The genera1ized S2-transform can be inverted by using a differential 
operator of infinite order. 

Let L be an operator which acts on functions ~(t)€ Coo(R+)n ,g,"Y 'r
 
as follows
 

Ln, S ,'Y cp (t) = Ln, f ,-v ,t cP (t) = 

F'! ~ ) F'( 'Y ) (d )n t 2n+ y -1 (L)2n t2n+S -1 (L)n ,.;.. (t) 

n l n ! (1(n+ f -1) r (n- v -1) at dt dt 'f" • 

Theorem 3.2 /5, theorem 3/
 

Suppose

•
o( > max (O, "'V -1) , (J.:: -v + min (O,j -1) 

and 1et rjJE. Me( t-- • 
Then the sequen~e {L ~ [<P ;s , 'Y] J converges in M n 

rf... ,j',"Y	 d.t~ 
to ,~	 • 

The proof follows from the estimate 

,uoJ f'l.	 p( L o "V YJ[r/J;f,'Yl -cp) ~ 
(3.5) I ~ ',- , n ,~ , 

~ E. n (f ~ 'fb ,p+1 ( 4» + P )<-0(, f' ,p (cP) ) 

where é n - O if n -----P 00 • 

Let 

Õ '> 1 - f + max (O, 1 - '"V) , J' ~ 1+ min ( O, 1- j' ) 
) 

and conalder rj; € M3' ,f . Then the ~0110.1ng commutation relation 
holda' for the operator L o "V /5, lemma 6/ :

\	 n ,.) , 

4

" 

... 

2q;(t);,f,v]L 'f[t i+V 
- (x) = 

n , i , Y	 ,x0.6)
 
xf+'Y -2 'feL cP(t); ~,"'V] (x )


n,~,.'V,t 

Once for alI in this paper suppose 
(3.7)	 max (O, 'Y -1 ) L. 01.., ~ c y + min (O, S -1 ) 

and put 

a = 2- f - Y + oJ..
 

0.8) b = 2-g --v+f>
 
In this case the results on the inversion of the generalized
 

S2-transform can be summarized as follows:
 

Let ff M' ol.'i-' ' <Pé M ol,(-> •
 

Then '
 

1..~[Ln of;Y,~] ,cp> = ,v,.:I0.9 ) 
=(f,Ln , ~ ,Y ~[4J;j',.t'J> - <,f,C/J> 

as n	 -.00 
Let f € M' b' cP é M b •a, a,
 
Then
 

0.10)	 I... Ln, v ,f-YJ [f; v ,~] , ifJ> =
 

=< f, l:f [Ln , S ,"V cb ; g ,'Y ] > - <f,f/J'>
 
as n	 - 00 

To get	 the Tauberian theorem, we need the additional 

Lemma 3.3 :
 
Suppos-e fi ,(3 ,a,b as in (3.7) and 0.8) •
 

Then the set
 

OZ = {	 'f ['1+ ; f ' v j : lt E M 1 
cX.'f-' J
 

ia dense in the space Ma,b.
 

Pr-oof r 

. Conaider f ~ M' a, b and suppose <f, Cf [~ ; r , Y] > = o for every 

'+ € M,.. A • Let cP t M b. Then for a11 n e Z+ L cf; é M ./1 
r s :: a, n,g ,v oc '1_ 

BO that If, <::f [Ln' n. ; 5" v"] > ::I O • By (3.10) _ ,S' ,Y't'

<. f, <.J' L L , y cP ; g , 'Y 1 '> convergeB to L. f, (j) > as n _ 00n, 
so that <.1, cP) = O for every C/J€.Ma,b and consequently f = O 
in M'a b • This meana tha t the set Cft.. is dense in the space M ,	 a, b• 

5 
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4. The main theorem' 

Theorem 4 :
 
Let f €. M' . b and (Jt (k ) be a regular varying function of order 8' ,
a, 
b '--7fL a • Let ':p[!: -V,j] f. M' and auppoae oi,J:l>,a,b as in 

.	 ~ ,~ I
0.7)' and (3.8) • 

Then the fo11owing atatements are equivalent:
 

ir f has in M' b a quaaiaaymptotic behaviour at infinity with
a, 
reapect to ~(k) • 

ii) ,YJ [f; " ,.f] has in , M' rÁ ,I}: a q~as:~ymPtotic behaviour at 
infini ty wi th reapect to ef(k). k2 ~ and the aet m 

(4.1" 1ft = u ! _1_ (Ln,y,~ :f[f;v,~J )'(kx) :'n€z+} 
k ~ k	 de. (k) 

.. o. 

is bounded in M'a,b 

Proo!:
 
i) _ 11)'
 

Let 1> é Ma,b and lf t·M t:I.. , (3 • We have 

1 
1im - <. f(kt), <p(t» = <g(t), cjJ(t»

k ~oc:l af.(k) . 

Por each 'tt to Mot. 'f-' by theorem J. 1 <J [lt-; 57 ,Y 1 f: Ma, b • Rence 

<.. g(t), SO ['+ ; ~ ,vl > 
1 

1im -- «f(kt}, ~ ["+ ; f ,:v] ('t) > 
(4.2)	 k -'00 :Je(k)'
 

1im 1 / t a [

k 0Cl	 2 - 9 _ 'Y <, J f; -v , ~ ] (kx), 'tt (x)> 

- k '-ae.(k) 

'" <r[g;'(,S] (x),1+(x» 

The aecond equa1ity fo11owa from the homogeneity of the kernel of the 
genera1ized S2-transform 

"-(.J	 1- ~ - v "-LJ )(]'\.(o(x,o<t;f,"Y) '" o<. J"\,(x,t;g,'Y 

80 that 
00 

1;" l;f [ep(t)rg .,'" ] (kx ) k 2 - .f - ') J;}( (x', t r ~ , 'Y ) ~ ~kt) d t 

1 o 
and the 1âat equa1ity ia a conaequence of (3.4) • 

6\l 

(4.2) means that e,f [f; "I' ,s ] has in M"Ol "p. the quasiaaymptotic 

behaviour a t infini ty wi th respect to k2- f _'V a!,(k) •
 

Property (4.1) fo11ows from the ex1atence of the quasiasymptotic
 

behaviour at infinity of f in M!a b and (J.10) • Really, becauae
, 
f has a	 quasiasymptotic behaviour with Tespect to ae(k) the set ôn1 

1 
ltt 1 = V -- f(kt)
 

k~k 'dC.(k)
 
7' O 

ia weakly bounded in M'a,b. Since the apace Ma,b is a Préchet

apace, ~1 is uniform bounded on bounded subsets of Ma,b ' i.e.
 
if Jl'c Ma, b is a bounded subaet, then there exl"sts a constant Cc#'
 
such that
 

sup \ <_1_ f (kt ) , <P (t) >I <: C'" V cf> E. j('
 
k~ko af(k)
 (/J 

Cohsider	 now cp G Ma, b arbi trary fixed. and let 

ur 1 = {	 tj> [ Ln , st ,"V <p : s ,y] : n ~ z+ 1 
Becauae	 the sequence l.i [ L S , .... cP ; f ' y ] } converges in Ma: b n, 

. to cp , the aet vf'1 ia a bounded aubaet of Ma, b ao thQ,t 

f(kt)
 
aup
 j< 'll.(k) .Y'[Ln.f.vcjJ; f·V 1 (t'>i

k ~ko
 

n s Z+
 

1 
=aup 1__ <(Ln tJ.Y' [ f; -Y, g] )(kx), <!>(x) >1 'CÁ. 
k~ko	 1t':(k) ,y,~ 'fJ 

n t Z+ 

Conaequent1y Ttt ia bounded in M'a b •, 

ii) --... i) •
 

We have
 

1im	 <''![f;v,g] (kx),1.f(x» '" 
k_oo k 2- g -v	 at.{k) 

.. <':! [ g;""'i , S ] (x}, 1+ (x)> 
ao that 

7 
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lim 
k _00 

-
de(k) 

<f(kt), ~[1t;5' ,"1.1 (t» 
2. By formula 2.2.4.24 from /3/ we have 

<! [ eõ ; 'V «S J = B( õ , g -õ ) . B( d' +1- f , 'Y + ~ -1-õ ) e li' +2- ~ _y 

= .( g.( t), I;f [1f ; f , Y] (t) > max (O, s -1 ) c Õ t... ~ + min (o,"V -1 ) • 
where B(i,j) is the usual Beta function. Thus 

By lemma 3.3 this means that the limit f[ g; <, S l' (x) = C' e. ã +3-f _-{ (x) 

lim 
k ---+00 4e(k) 

f(kt) ~ 5. Non-negative measures 

exists on adense set 
that the set m-1 

of elements of the space Ma,b' If we show 
In this section we show that our condition (4.1) is more general than 
the usual Tauberian condition by which f(t) ia a non-negative 

4fL1 "U 
k ~ k dt(k) 

f(kt) 
measure. 
First we give a description of non-negatlve elements of M'a,b with 

is bounded ~n 

o 

M'a,b ' then by the theorem of uniform convergence 
the help of the generalized 52- t r ans f orm. This description is a 
straightforward verification of the classical one given by Boas and 

f has a quasiasymptotic behaviour wi th respect to ee (k ) • Wldder in the case S =y = 1 • Remember, f is a non-negative 
Let ~ é M b' FrQm (4.1) we.havea, 

Ide;k) <(Ln, 'V , ~ ~ [f; "'V ,
sup 

k ~ko 

n € Z+ 

~] )(kx) , cP (x) '> r ~ c cP 

element of a apace of distributiona ir for every non-negative 
function cp (t) ~ O the inequali ty <. f, 1J) ~ O is va l Ld , 

Lemma 5.1 

test 

so that 
Let f E.M'a , b ' 
then the following atatements are equivalent: 

sup 
k ~ k o 

I:Je.:k) <f(kt). Y' [Ln , g ,,,cP; s .,,] (t) >1 t: ccp 
1) f is non-negat1ve. 
li) For every n E; Z+ Ln', -v , g ~ [f; "'V , S] ia non-negatlve. 

n e Z+ 
Proof: 

Fix~t the moment arbitrary k , k~ko ' by (J.10) lt follows that i) _ ii) • 

1 
- 1_ ( f (k t ) , (j) ( t » 
dt(k) 

I {-cri. 
-r 

Let 4> €. Ma,b and auppoae f/J (t) ~ O • 

<j' [ Ln , s ,oot cp ; f ' v I (,x) = 

Becauae o'f equali ty <'3.6) , 

sup 
k ~ k o 

Hen'ce 

1 
_ 

1 
_ 

ge(k) 
/. f(kt),cP(t»1 c CA, 

If-' 

~2-~-'" L <:P[t g+--f-2A,(t);c:>,"V] (x )
n,J,'Y',x 't' ~, 

r(2n+" ) 1'(2n+'V ) OOJ 00 xn y2n t n+ s +"V -2
.) 

n In! r (n+ .f -1) r (n+ v-1) o I (x+y) 2n+ i' (y+t )2n+.,. 

tA
dy ,(t)' dt 

~1 la bounded lnThla meana 

The thaorem la provado 

M'a,b' 
ao that C:f [T.-n, J '" <p ; g , 'Y 1 (x)? O • , Thua 

i Ln,'"t ,J P ['f;'Y,g] ,4» '"' 

;)J 

Remarka: 
1'. Slnce -1" -a <» we have 

'?l. - 'l ( a ,. i t followa that 

g(t) ,. C ecr +1 ( t ) 

g(t)E. M'a,b • 

• Becauae :"1',, '"' <f, ~{Ln'f ,..,cP ; f ,y] > ~ O 

I' 
\ ~ 

A 8 I 9 
~ 
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" 

Lí) - 1) • 1 , Y(Ln,j ,vq) ;5' ,y 1 (,t»1 
o 

Let «<», b' c/J(t)~O and suppose<L tfCf;"V,f],eb»O - <f (kt ), .5f[ 4> o; .f ,"Y ] (:t) 
n't' , ,"'" , g I'X(k) , !:/[Po;S ,v] (t) 

n e. Z+ • Ueing (3.4) we have (5.1) l:f [ Ln, S ,"Y cp ; f ,y] (t )I , O{. <L'	 c Cf [ f; 'Y , P J , cf> > :: ~ f, tJ(Ln c cp ; J ' v] >
,..,,~.:l ,.),"Y.n '- sup
 

t € R+ 'f [epo; g,-v ] (t)

By (3.10) (.f,<;f[L o ",cf> rg,-v> -convez-gea to <f,cjJ)....

n,.)	 , ' \1 
Hence .( f , cb > ~ O • 1 '
 

The lemma ie proved. o~ · -- <' f(kt), tiCcP o; f ,",,] (t»

(((k) •	 . 

Theorem 5.2 : Since <:P [ rP o; g ,Y ] (t) ie continuoua, monotonically decreaa1ng 
Let fêM'a,b and let ,ae(k) be a regular varying function of order 1 for	 t> O and 
r ' b L. - ã" a • Let <;f[ f; "" ,~ 1 (;, M' 0'1 ,0 and euppoee cf., , f> ,a, 

b as in (3.7') and 0.8). Suppoee that ~[f;-Y,S ) hae in 
M' ~ a qu~eiaeymptotic behaviour at infinity with reepect to 

k2-f 
'f., 
--v aetk) and euppoee further that f ia a non-negat1ve elemento 

Then condition (4.1) is valido 

Proof: 
Let s« M'a,b • Thue Cf' [f;v,~] E M' o< ,ra • Conelder cP € .1i a , b 
Rence L .I> "'i cp e M .J and '! [Ln o 4> ; o , ryJ e Ma b 

n,~, fA.'(3 'J'''Y.l , 
We have 

<tj [ f; "Y , ~ J ~ kx) ,L # "I <P (x )> ::n 
k 2- f	 -"V at(k) ,~, 

1 / _
 
... --,f'(kt),~[Ln D ...,q>;o,v] (t»


at(k)	 -s rr r :» 

and the lim-i t tO,r k _ Do exiete for every n € Z+ • 

~ 0/..-1 ( )f3- ol 
Coneider 't'o:: x '1 +xe-e e. Mol 'f' · Becauee for t > O 

l.f [~o; J ,l] (t) ,. Jd(, (t ,)( ;.f ,"V ) (1 +x) P dx > O ,x o{ -1 - Q( 

O 

an~ f ie non-negatlve, we have 

1 ---, <: ~ [ f; 'V ,j ] (kx), Ln o cp. (x) >I 
k2- j' -"'f ac (lç)	 ) ) • .., 

-I :lt.:k,<'f(kt>. 'j' [Ln •J ."' I/J ; j' ." ] 

O( t do - ~ - v +,) = O( ta -1 )' tf[r/>o;f'-V] (t) +0 

0(tf.>-j--v+1 J = 0(tb-1) t 00J'[rpo;f ,v] (t) 

we can estimate the first term of (5.1) by 

If[Ln , j' ,ry ~; J'"Y ] (t)'1 

tE 
sup

R+ '::frt/>o;.f ,y] (t) 

1 at - (1+t )a - b l.se rLn,~ ,,,,cp; f '''I] (t)l
 
= eup
 

t €.R+ t 1-a(1+t)a-b ff [rPo;.f ,'Y ] (t)
 

~ C1 t ~uh ~ 1'-a(1+t)a-b I<J [Ln , ~ ,"'(cP; J' y ] (t)\ 

(5.2)	 ,+ 

= C, jta,b,O( ':f [Ln,S ,"" cf;;,5' ,-v] ) 

By'uelng	 inequality (3.5), (5.2) maybe traneformed into 

I~ [~, ~ ,~cp ; j , -y ] (t)1 ~ 
(5.3) sup	 Z c M u/n

t<:'R+ ~[1>o;f,-v](t)' -- 2/a,b,1 

Becauee Cf [ f; Y ,J ] has a quaeiaeymptotic behaviour a t infini ty 

the second term of (5.1) for k~ko' ko eufficient larga, 

1 
-- <f(kt), fjJ[1> r f ,~] (t»
';le(k)	 o 

(5.4) 1 <: Y' [t;"Y ,.f] (kx}, (1\ (x) > ~ C( cPo)
(t) >j	 \1 k 2- J - ~ ge(k) , 

~J ia bounded. Coneequently, from inequalitiee (5.1) , (5.3) and (5.4) 

" ;,	 10 II 



i t f'o l.Lowa that for k ~ ko 
We have for k ~ 1 

. 1I--<L~(k) (n,v,~ ,-Cf Lf; v, f 1 )(kx) , ~(x) '> I 
k't-1 In(1+k) 

1<Ln , 1 ,1 Y' [f; ,1 ,1] (kx ) , cP (x )'>I 

- 2sinJI1\ <..'1 [f; -Y, ~] (kx ) , Ln o _, x 4> (x) '> I I ~ '" (--)" _ 1 I(in (kx) ã -1 1n kx +B (kx ) '"( -1 , rp (x)')-f-"" dt(k) ,~, y, 
i: n 

k 't 1 In(1+k)(.I I 
!:: C ;a,b , 1 (cP ) l> 

for every Ao. ~ M b where the constant C depends only on f', k yv a, o 
and Ih • Thie means tha t in M' b the set a1Lro a, 

tt: = U f _1_ (L "V Cl <f' [f; v , ~] ) (kx) : n ~ Z+ t 
nk ~ k l de. (k ) " .) ,Jo
 

is bounded.
 
The theorem is proved.
 

6. ExampIes 

1. Coneider f ='V' = 1 • Put Cf [fi 1,11 (x ) = x Õ -1 In x, x »O 

and O" ÕL. 1. Choose d.,(3 such that O, (3<:1-'Cr L o, .l1 • Let 

a = o( , b =,.. (hence s> = -v = 1). We- have 
e (x ) x 'lf -1 In x ~M' cJ..,[) • Let further ~(k) = k?f -1 In(1+k) 

ObviousIy, E)(x) x '(-1 In x has in M' ol,~ a quaeiasymptotic 

behaviour at infinity w1th reepect to k a-1 In(1+k) • By direct 
. *' 
computation 'Ne have for x » O 

Ln, 1 , 1 ~ [f; 1 , 1 1 (x ) = . { An x 't -1 In x + ~n x"t-11 
( r (a ) r (1-cr»2 J 

where 

r'(n+(J') r(n+1-a) 2
 
A = (' )


n n! (n-1)!
 

and B is a sum of ("-functions.n 
From StierIing's formula it follows that A converges to 1 as nn 
goes to infinity. By careful estimates and Stierling's formula it can 

be proved that B i8 bounded (the bound depende on õ) as n goee.,. n 
to infinity. Note further that
 

\ ~
 
~.,..--__1___ _ sin JI r
 
r('jf)r(1-íf) - J(
 

" ::, 12 

sinJ/(f 2 
~ C---y-)' An 1<,x ã-1,ep (x)'>1 -+. 

sin Jíq , 2 t 1 11< 
+ ( -_-)" A x 1'- In x + B i ~ - ,cP (x )>I 

JL In('1+k) n n 

Rence conditlon (4.1) is valide Thus the S2-original f has in 

M'a,b a quasiasymptotic beh~viour at lnfinity. 

Remarks:
 

i)' f ~e not non-negat1ve.
 

li) In this exampIe f can be calculated explicltly. Look for f(t)
 
in the form e(t) t"t-1 (A In t + B) •
 

We have by (3.4) for cp E. Mol 'f 
1 «x 1 - In x,1:>(x» = I...t r -1 ( A In t + B), C::f[<jJ;1,1J (t.» 

f
oo ~ 

J In x - In t At 
tõ'-1(AInt+B) 'f(x)dxdt
 

O O x - t
 

C>O 00 

f f In x - In t ,./., 
. t 1-1 (A In t + B) dt \fi (x) dx
 
O O 'x - t
 

0.0 00

Jf l~ u (ux)''í-1 (A In ux + B) du tP (x) dx
 
O O u - 1
 

00 ()O v-1 DO "'-1 

J 
u· In U J u'' In u

J{
xa'-1 I n x A du + x 1-1 ('A In u + B)duj.rP ('x)'dx
 
O O u-1 O u-1 .
 

Chooslng 
C>O 

-1 sin Jir 2
 
A o: « f ~ u t-1 du ) ( - )'
 

u - J[
O 1 
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2. The fo110wing examp1e shows that the conditions 
can't be essentia11y weakened. 
Let O c f i.. 1 , v = 1 • Coneider 

sin 2']1 Õ 

J( 

WE:.M'1,bcoa1vt 

00 

2 r In u a"" 1
B =  A -- u - In u du 

O u - 1 

f(t) = B(t) ft' e 

and 

we get the deeired reeu1t. 

(3.7) and (3.8) 

1-j'<bi..1 

I 

! 

W· u coa -\;k'. u '( ±a
j 

j=O 

00 

k J e 
O 

eo that 

(iv) 

t 
(e-at cos at) 

e-a coe at = 
a 4 

by integrating (6.3) by parts we have 

cc 4
.I e ~.u cos (~u)u5 tf (u4) du 
O 

Becauee 

u4 j+1 tp (j }(u4 ») d t 

:;) 

Hence if f hae in M'1,b a quaeiasymptotic behaviour of order '1' ' 
then r' -1 . 
Further for alI 'f of the aubepace S+ of M1,b it can be proved 
that for .every ré R 

Prom the Lebeegue theorem it fo110ws that 

C>o 4 tr tP(~)Um frt' e- n coe dt 
k :'-QO 

O 
k 

00 4 

~ • = ~ ('O)~ J~ e -vt coe dt = O 

O 

dt ~ C /1,b,O(q)) 

coe ~ ~(~l dt 
k 

b-1t 
+ -) 

k 

pc

J[t' e- W 
O 

tk u coa (~ u) ip (u4), du 

4 
COB ~ Cf(t) dt 

......4r---,
li kt 

00 

for cp E: M1, b' k?, 1 

1 

_ 1_ ( f (kt ) , ep(t) >j 
k-1 

O<) 4 

~~1,b,O(~) Jft' e-W{1 
O 

(6.1 ) 

Rea11y we have 

Then 

00 

J~ e 
O 

(6.3) 
1, [.

~~'4 " u'5 e 
O 

(6.2)' 1im - k r <f(kt), lf(t) > = o 
k~Oo 

P.(t) <p(j)(t) dt 
Jz= 

j '" 4n 

from /3/ we get 
4 

r- [00 (Y1 e - 1(4i'
h dy 

O (x+y) ~ 

(x) € M' d-,f'!> if ti. > ~ , (3 tO. 

00 J~ 4J{kt' e- Vkt coe ~ <P(t) dt 

O Pc -1~ 4 
1 J e - Vkt coa ~ 

kn O .jkt1 

l' [ f rj , 1] (x ) = 

Obvioue1y ~ [f; s ,1] 

00 4~ 4J.[kt' e -V kt cos -Vkt7 If(t) dt 
O 

('6.4) 00 ~ 4 
= _1 f e 

- kt coe -\.jk't7 4 
(' ~ a. t j <p (j ) (t » d t

k ( {k"tl ~J 
O j=O 

Iterating (6.4) ae many timee ae desired we get 

From (6.1) , (6.2) fo110we. Hence for an arbitrary regular varying 
function f can't have in M'a,b à quaeiasymptotic behaviour. 
Becauee f ie abeo1ute eummable, the genera1ized S2-transform of 
can be calculated ae followe 

oc 

<;t[f;f,1 ] (x ) = J;f{(x,t; g,1) f(t) dt 
O 

(Xl (X) 

= f ~ f f(t) dt 

O (x+y)~ O t+y 

Ueing formula 2.5.33.4 

f 

~, 14 15 



Q 

Let cP(X)éM 
ct 

, {-> ' "V'(k) = k2-~-Y.k-1 = k- g • Then 

1im _1_ ~~[f;S,1J (kX),rjJ(X»
 
k·_f.:lO k- g
 

oo ~4r-;-100 fY' e- V 4y
 
= 1im J[ k~ f dx J-- dy
 

Becausek _00 f/J (x ) O (kx + y)f
 
OopO 0 4
 

k Y - -i.f4Y dx dy J	 fY' e
O	 O (k ~ cP (x) \ ~ 

x + yPI 
4 

Dor ~ e-::.;-4i' cJ.- fl. -e.<<)-< O( ~ ) f x 1 ('1+x)F dx dy
/ r.Á,~, O O C"x + k-1 y)J> 

(;>000 4~ 

I... It (cP) J IR e- iJ4y x ri. -1-5 (1+x)t1 -.x dx dy 
- oi, f3 ,o 

O O
 
by th.e Lebesgue theorem, for arbitrary tP E. MOI,0
 

1
 
1im - <,~[frS ,1 J (kx), ep(x) '>
 

k _00 k- J 

C>O ~ OOqy(x)" 
= J[ fl7 e- 4y dy J-- dx = C (8 1 _ (x),1J(x»

f	 g
O	 O x

Rence C:f [f;.f ,1] (x) has in every M' r:/... '/3 ' rY. '> ~ , p 'O , a 

qua~ia5ymptotic behaviour at infinity with respect to k-$ • 
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Tperep r. E5-87-489 
OgHa TayõepoBa TeOpeMa An~ oõoõ~eHHOrO 

S2-npeOõpa30BaHHH Oõoõ~eHHb~ ~YHK~HH 

ACHMTOTHqeCKOe nOBeAeHHe OóOõ~eHH~ ~YHK~HH HrpaeT cy
~eCTBeHHyro pOnh B HCCneAoBaHHH cHHrynHpHMX TOqeK HHTerpanh~ 

HWX npeoõpa30BaHBH. C HCnOnh30BaHHeM TeXHHKH KBa3HaCHMnTO
THKH onHcbmaroTcH aCHMnTOTHqeCKHe COOTHOmeHHH AnH S2-npeoó
pa30BaHHH oõ06~eHHbm ~YHK~HÜ. YCnOBHe Tay6epoBa THna, KO
TOpOe c~opMynHpoBaHo B AaHHOÜ pa60Te, HBnHeTCH 60nee 06
~ no cpaBHeHHID c npeAnono~eHHeM o TOM, qTO S2-npOOópa3 
eCTh nonO~HTenhHaH Mepa. 

PaõOTa BNnonHeHa B na60paTopHH TeOpeTHqeCKOA ~H3HKH 

OHHH. 

Ilpenpaar 06'h~HHelJHOrOHHCTHTyra IInepHLIX accnenoaaaaã. Ay6Ha 1987 

Trager G. E5-87-489 
A Tauberian Theorem for the Generalized 
S2-Transform of Distributions 

Asymptotic behaviour of distributions plays a fundamen
tal role in the analysis of singularities of integral 
transforms. Using the technique of quasiasymptotics, we 
describe the asymptotic relations for the generalized 82
transform of distributions. The Tauberian condition given 
here is more general than the assumption by which the 82
original is a non-negative measure. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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