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1. Introduction 

In 1973 P.D.Lax and R.S.Phillips l7] presented a further re

finement of their scattering theory [5,6J allowing to han

dle dissipative hyperbolic systems. The generalization 

was based on the ideas developed in [5,6J. The main dif

ference of [7J to these papers consists in replacing of the 

governing unitary group by a contraction semigroup. This 

replacement was forcéd by the philosophy that dissipative 

systems can be described by maximal ~issipative operators, 

which generate contraction semigroupJ. 

In [4] C.Foias started the characterization of the 

possible .scattering matrices occurring in the -d í.aaí.patLve 

Lax-Phillips scattering theory passing to a discrete 

Lax-Phillips framework. In this framework C.Foias gave a 

necessary and sufficient description in analytical terms 

of the possible scattering matrices. In [8J the fnvesti

gations of C.Foias were continued and it was established 

that a strongly measurable contraction-valued function can 

be regarded as the scattering matrix of a dissipative Lax

Phillips scattering theory if and onlr if the adjoint func

tion admits an analytically unitary synthesis. 

In the following we restrict our attention to the so

called orthogonal dissipative Lax-Phillips scattering theo

ry. Moreover, in accordance with l4 
framework of this scattering theory. 

the reader we recall the assumptionz. 

consisting of a contraction T defin::'i 

bert space dt, subspaces J:) and :L• + 

Qb~"-:Ah lJi:·tlJi.. ~.,a'} l-mcnrr,

lil~$lt!~hU Mr c:~!~llORiUrJQ 

~
 

_ 6H::)I~~QIEHA
 

~e prefer the discrete 

?or the convience of 

A triplet A = tT,~+,~-J 

on a separable Hil

Jf 'ae. forms 
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an orthogonal dissipative Lax-Phillips scattering theory,
 

if the following conditions are fulfilled.
 

(h1) T;0+ ç. J.J+, ·T"'.:D_ ~ »:
 
(h2) T I J) + and T" ~ J) _ are i sometrie a ,
 

(h3) n ~1J+ = Lo};: n T"'n1)_,
 
n E- Z+ nE:. Z+ 

(h4) P-:'8.1)~~o, P: r'>tn~o atrongly forn~+<>o, e ZJ+	 

(h5) ;,0+ ~ ;]J_. 

In the following we show that tt. :tre ia an one-·to-one 

correspondence between the claas ~ of alI tripleta 

A ;: {T, JJ+, cll_J forming an orthogonal dissipative Lax-Phil 

lips acattering theory and a class ~ of 6-tuplea consiat I 
ing of iaome~ries and contractions wbich act on or between 

certain separable Hilbert spaces. It ia poasible to des

cribe tbis class 'y in a simple manner and, roughly spea li 
king, it can be said that modulo the Hilbert spacea wbich 

\1 
are involved in the definitiona of the isometriaa and con \ 

Itractiona these operators can be fraely chosen. In such a 

way we obtain a parametrization of alI orthogonal dissipa

tive Lax-Phill~ps acattering theoriea which we denote by 

':? :3 F ~ AF E...A- and which ia called the free	 parame

trization of the orthogonal diaaipative Lax-Phillips scat

tering theories" Moreover, introducing an equivalence re

lation into ~ generated by the unitary equivalence rela

tion of	 operatora on Hilbert apacea we are able to define 

a corresponding equivalence relation in the clasa of para

metera ':P" 
Let A	 {T, .n+, JJ_1 be an orthogonal diasipative Lax

2 

Pbillips scattering theory. Denoting by U on J0 the mini

mal unitary dilation of T and introducing the aubspaces rae±) 

( 1 .1 )
\j U

n 1J+,'";e± n e.Z 

it ia not hard to aee that U ia reduced by ~±. Let U± = 

= utde+" Becauae of (h) the operators U+ are bilateral 
-	 - . 

abifta.	 The conditions (h1) - (h4) imply the exiatence of 

the wave operators ~_(A), 

. ...n"O( n-n	 (1.2 ) 
W_(A)	 s-1arn 'r P u_ ,
 

n-+<>e ;:) 

and 'N+(A) , 

(1.) )s-lim T~n ;~+ ~ W+(A) n_+<>a 2+' +" 

The scattering operator S(A): ~_ ~ cte+ of the diasipative 

Lax-Phillips scattering theory A 1s defined by 

(1. 4 )
S(A) W+(A)7I_(A). 

By 4>_:	 ~ _ L2 ( CJ) and ~ +: ~----? L~ ( ~) we denot e the 

Fourier	 transformations of the 'bilateral shifts U± trans

forming U_ and U+ into the multiplication operators in
2


duc ed by,ei t, t E.lO,2'I), on L2 ( CJ) and L ( *, ) , reapecti 

vely. 7Ie normalize these Fourier'transformations	 by the con
2 

ditions 9_.;D_ = L2(~) (3 H2 ( 0c) and ~+J)+ = H ( -'R ) . In 

the following we call these special representations of U± 

the spectral representations of U±. In these spectral re

3 
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presentations the scattering operator c?+S(A) cf-:1 is re

presented by a multiplication operator induced by an opera

·tor-valued function i. OJ' ~ ,SA(t»), which is usually called 

the scattering matrix of the dissipative Lax-Phi1lips scat

tering theory A. 

Taking into account the parametrization :P.3 F ----+AF E. .A

we obtain a parametrization of the scattering matrices 

'? 2} F ---'> t~, -%t, ,Sp ( t )J via the mep :? 3 P ~ S 01 ,,\ ,SA ( t ) } • 
. - !j F 

The aim of the present note is to calculate alI these para

metrizations explicitly and, consequently, to obtain a de

tailed dependence on the parameters. 

Furthermore, using Coro11ary ).4 of [81 we get that 

t -R. , OJ 'SF( t Y"} admi t s a Dar1ington syntheais. .Moreover, ta

king into account Coro1lary 4.2 of [al we obtain that the 

map S:} F---? t~'CJ ,Sp(t)} estab1ish~s a parametrization 

of alI ana1ytical contraction-valued functions admitting a 

Dar1ington synthesis. But we remark that the parametriza

tion may be not one-to-one. Neverthe1esB, on account of the 

exp1icit dependence of the scatterj~ matrix on the opera

tors of the 6-tuples of ~ we get a structure theorem of . 

alI those ana1ytical contraction-valued functions admitting 

a Dar1ington synthesis in this way. 

2. The free parametrization 

To obtlrln the announced free parametrization óf alI triplets 

A = t T, JJ+, J:J_ } obeying (h1'> - (h5) we introduce the sub

space 'Je,o = Be.8 ( J) + ® ;])_). With respect to the decompo

sition 

4 

(2.1 ) 
~ = dJ+ (t) ê3e o ® JJ_ 

we obtain a b1ock-matrix representation of T. Because of 

(h1) we get that this b1ock-matrix representatión has a 

triangular structure, i. e. 

S+	 X Y] (2.2	 ) 
T	 O To Z
 

[
 O	 O S~- ' 

where we have S+ = T r JJ and S= TJO! \'J) • The operators'S+
+ - 

and S_ are isometries and because of (h) are unilateral 

shifts. The operator To is given by 

(2.)	 ).p rae rr ,Tof tJe o 

f E. oe. • Taking into account (h4) we get To €..C oo• 
o 
It remains to detêrmine the atructure of X,Y,Z. To 

a contraction. Consequently,this end we remark that T is 
are con-the operators TI(.Il+ c±) 7!e ) and T"t( '?to @ :IJ_)o l\( 

1.1>_ - S_S._tractions, too. Setting P+ = 11) e $+S: and P
. + 

í'D and we get that X and Z have the represent~tions X To 

(j.ma(D »-~ P+ J:J+ andZ = DT.. t., where r: J)T = Too o 
f\: P_ JJ_ --'!> (i.ma(D are contractions.T*,»o 

simi1ar1y, we find that Y has the representation Y 

S6p_, where 2.: P_:D'_~ P+J)+ is a contraction, too. 

l. 
Rence we get 

o 

I 
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[s+ í'D SGP_ " To
 

T ]0 TO
 (2.4 

lO O 
D:r P- j 

Obviously, we have 

1\ 3+1'+ + I' DT r o + Q P_1'_ 1\ 2 +
 
o
 

+ 1I To,1'o + DT"f J\P_1'_ il2 + Il 3:1'_ ,2 ~ 
o (2.5 ) 

.s 111'+\\2 + ,11'0 11 2 + 111'_112 

ror every f = {r+,1'o'1'_} E. J)+ 0 Ge ffil>_. Taking into aco
 
count the structure (2.4) we 1'ind
 

rho 1/
2 

+ 2Re( rh ' S'2.h_) + \\2h_,i2 +o 

(2.6 ) 
+ 2Re(T h ,I\h ) + ,\DT", i\h 1\2 !::. :\h,i 2 + \\h 112o o - o - o _ 

for every h o E: ilT and every h_ E:. P_.:J_. But from (2.6) we 
o
 

get
 

II r h o + SGh_il 
2 

~ \Ih - T;i\h_~i2 + ,\D,\h_\\2,o (2.7 )' 

h o E: J)T ' h_ E. P_ JJ_. Notice that To""l)T* S- d)T and o o o 
choosing h o = T"*o 1\ h - , 'h _ E. P_ ;;O _ , we get 

II ( r T:!\ + 51 )h_ n2 ~ J Dr; h_ ,\2, 
(2.8 ) 

6 

6 

h_E.P_~_. But (2.8) yiel,ds the representation 

r T~1I.!\ + SG = eDi\ (2.9 ) 

where 8: JJI\. ~ P+J)+ is a contraction. In such a way we 

:tind 

II r (h - T: i\h_) + eDt-. h_ i\2 ~ o 
(2.10) 

~ Il h T*i\h \\2 +\\D h \\2,o o - f\ 

h E.:D T ' h_E. p_J)_. Obvioualy, the linear ma.po o 

g "'IX) _T'JI'-;, r l 
o \ r h o I

To 

l (2.11)í o] 
O19- I p _ Jl_ h_Jl

defines ao one-to-one correspondence on the Hilbert apace 

:J T Cf) P_ JJ _. Bence uaing tbia transrormation we obtain 
o 

'1"" e ,\2 L.-' \\2 \ D 1\2 
'I I go + D!\ g_ \ -----:\ go + n r. g_1 (2.12) 

for every goE. J)T and every g_EP_J)_. But tbis estimate 
o 

yields the repreaentation 8 = Dr* Il , where ~: dJ/\ ~ 

----'> d:)r~ is a contraction. 

P r o p o s i t i o n 2.1. The triplet A = {T, J:l+, J)J 
fulfils the assumptiona (h1) - (h5) i1' and only i1' there 

are no unilateral shif'ts S def'ined on :i) , a. contraction 
1. 1. 

To of class Coo on ae = 7f.. 9 ( :1)+ @ J'l_) and three contraco 

7 
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tions r: J) T ---? P+ ;D+, i\: P_1J~ d)TiIE and ri, JJ!\-----? J)r~ 
o o 

such that with respect to the decomposition (2.1) the opera

tor T admits the block-matrix representation 

i DT D.,,,, íl D. - r T; I\P_ 
. 1\ 

r:+ 
o 

T ::: To DT"", /\P- (2.13)
I o 

I o s"lo 

::zFor a given triplet A {T, ,0+, JJ_J obeying (h t ) - (h5) 

the op erat ors S+ ' S_, To' r , f\ and n are w:rl.quely det er

mined. 

P r o o f: It was shown that for every triplet A ::: {T, :D+, JL} 

obeYing (h1) - (h5) there exist operators s+' S_, To' r , 
" and n such that the desired block-matrix representation 

(2.13) of T is valide Conversely, if with respect to a de

composition (2.1) the operator T admits 'the block-matrix 

representation (2.13), then a direct COmputation shows that T 

is a contraction and the triplet A ::: tT, J) +' 1)_} fullils
 

~ n
the assumptiona (h1)' - (h3). To prove P~8 J) T ~O strong

ly for n-? +~ we eatablish + 

DT*ÂP Ino 
~ O
[:0 (2.14) 

S~ j 

strongly for n ----:'+""". Becauae o~ To E. Coo ~h1s is obvious 

for every {fo'O}, f o E. ~o. We set f_ =~ ~ f(n), where 
n = O 

8 

f(n) E.P_JJ_, n ::: 0,1,2, •••• A s~ple calculation proves 

rTo DT~f\..P 
o -

ln o 
I 
I 
Lo s_'" I f_ 

---;) O (2.15) 

-" 

strongly for n _+ <:x> and for N ::: 0,1,2,.... Hence the re
N

~ation (2.14) holds for every {fo' ~.3: f(n»), N ::: 
n ::: O 

::: 0,1,2, ••• , which implies the ~alidity 01' (2.14) for every 
~ . 

element 01' geo t±J :J_. Simílarly, we prove PaeJJ_T",n---,> O 

strongly for n ----?+cO. The condition (h5) is obvious. 

It rema:lns to show the uniqueness. Obviously, the 

operators S+, S_, To' X, Y and Z are uniquely detennined. 

But the uniqueness of X and Z implies the uniqueness 01' l 

and 1\ • Using this fact i t is not hard to see that on 

account o~ the uniqueness of Y, To' r and A the contrac

tion n is uniquely determined, too•• 

In the following we denote by :? the claaa 01' alI 

those 6-tuples I!' ::: {S+,S_~To; í' , f\, n] 01' contractions 

such that S+ and S_ are unilateral shifts, To ia a contrac

tion of claaa Coo and ,r: J)T --'? P+;z)+, f\.. : P_dJ_-7 J)T'" 
. o o 

and n: JJ/\ ------7 ~r* are contractions. Because 01' the con

verse part of Propoaition 2.1 .a triplet AI!' ::: {T, J) +' J) _ } 

obeying (h1) - (h5) corresponds"to every I!' E:. '::P. No... using 

again Proposition 2.1 ~e see that the correspondence 

p ----7 Ap establishes.an one-to-one correspondence between 

~ and the clasa 01' alI possible orthogonal dissipative 

Lax-Phillips scattering theories '*. In the following we 

9 li 



call this representation the free parametrization of the 

orthogonal dissipative Lax-Phillips scattering theories. 

The parametrization is called free because the operators 

S+' S_, To can be freely chosen in their classes of unila

teral shifts and Coo-contractions, respectively, and the 

contractions 1', f\ , n can be freely chosen up to the de

finition and range spaces, too. 

We arrive at the case investigated by D.Z.Arov [1,2,)J 

demanding instead of To E. Coo the condition To E:.. Co C Coo• 
For the definition of the class Co the reader ia referred 

to [9J. 

Further we remark that we obtain an orthogonal conser

vative Lax-Phillips scattering theory [ 5,6J if T ia a uni

tary ope~ator. In terms of the parameter F this means that 

the corr:sponding scattering theory ia a conservative one 

if and on Ly if the operator r is an isometry, the operator 

t-. is a 'co-iaometry end n is an isometry from DÂ onto Dp .-:. 

We say the dissipative Lax-Phillips scattering theo

ries A = tT, JJ+, J)J and A' .= -(T', :JJ~, Jl~} are equivalent, 

if there i s an i somet ry R from ct onto Ge.' such that we 

have R 'J) + 'J)' and
± 

T' R T R-1• 
(2.16) 

Obviously, we define an equivalence relation.inthia 

way. Further, we say two 6-tuples F {S+,S_,To', r, 1\, nJ 
end F' = J\.S'+' S'_, T"o' r' , ", , n'} of 'f) are equivalent ti"1\ -.} 

there is a triplet of isometrias tR+,Ro,R_} such that the 

isometries R+, R and R_ acting from dJ+, dt'o and J) ontoo 

10 

& 

'I 

JJ~, 2l.. ~ and 1l:, re'spec tively, fulfil 

, 
S± 

_ -1 
- R± s±.. R± ' 

(2.17) 

, -1 
To = Ro To Ro ' 

r' = R r R
1 

+ o' 

(2.18) 

(2.19) 

.I 

:j 

(\' = R o ,'\R-1 ,-
(2.20) 

l' n= R+I -1R_ • 
(2.21) j 

Obviously, in this way we find a.n equivalence relation in 

Y. 
P r o p o s i t i o n 2.2. The orthogonal disaipative 

Lax-Phillips scattering theories A~ and AF" F,F'éY, be

long to the same equivalence class if and only if F and F' 

belong to same equivalence class. 

We left the proof to the reader. 

.11 

). A special matrix representation 

Next we transform (2.1)) to a form in which the shift opera

tors S+ and S_ are realized by a canonical shift represen

tation. To this end we Lntroduce the subspaces 

~= JJ+8 S+:;:)+ and GJ =:D_ 9 

bert spac e ~' by 

-1 +<:>0 

êle.' (±) ~.c±)êê (B@
j =-00 J o j = 1 

S_;)_ and define the Hil

(J.1 )CI· 
~ J 

11 



where '1\, = --\'-'_1 = *-'-2 = ••• and G,j = q1 = CJ2 = •••• 

In tbia Hilbert space every element f ~ ~I ia given by a se
. I 

l , g 1 , g2 , ••• J, where k j E:.-k, j =quence { ••• ,k_ 2,k_,'lfo
 
= -1,-2, ••• and g. E:. ~, j = , ,2, •••• We define the opera


J -:: 
tor TI as fol10ws. 

T'{•.. ,k_2,k_1,;fol,g"g2'···}
1 

= 

= t ... ,k_2,k_1, flDT f o + Dí';r0Dl\ g 1 - r T~ !\g1' ().2 ) 
o 

I T f + DT~i\g1~,g2,g), ••• }.I o o o I 

-1 +00 
Setting Jj~ = CB ~. and J.: = G:) ca· i t is not hard to 

j=-oo J j=1 J 

see that A = ~T, 01)+, iJ_1 and A' = {T', dl~, ~.:} are equiva

lent orthogonal diasipative Lax-Pbillips scattering theories. 

On account of tbis fact we trop the symbq1 in the fo110I 

wing. We call the representation ().2) the special matl~x 

repreaentation of A = {T, ~ +' dJ_}. 

The special matl~x representation remembers at the ma

tl~x construction of a unitary dilation of a contraction 

described by B.Sz.-Nagy and C.Foias in [9,chapter IJ. For 

further considerations we recall tbis construction. Let To 

be a contraction on Gl • 71e aet o 

+00 
~,= .0 àej , (J.) )
""b J =-co 

where ~ o = ~±.1 = ot±.2 = •••• In accordance with [9J we 

define the unitary dilation U of To byo 

12 

,I 

lio,t•••"f_2,f_1, ~ ,f1 '~2'··· } : 
(3.4 ) I 

.i 
I 

= t ... ,f_2,f_1 , DT fo-T~f1' 
o I -

In the following we moatly work in this representation. :l 
Especially, we calculate the wave operators in thia represen

tation. In order to do thia we need some further operators \1 
which we will introduce now. We assume dim( ~o) ~ di.m( ~ ) and 

'I
; 

dim( 'de ) ). dim(~). This assumption is obviously fulfilled 
o :1 

if elo is an infinite d~ensional Hilbert space. Becauae of 

this assumption there are iaometries V : C'1-:l>~ and+ c1 o ;1 
V_: ~ -----'>deo. We" define the operators f' n: J.V~ ~ by 

(J.5 )
r n i.-••• ,f_n,f_(n-1)'··· ,f_1, \ f o I,f1 ,f2,···}
 
,~ 
I 

t... ,V~f_(n+1)' r Q_f_ r Q_f_(n-1}' • • ., ;'Q_f_1, 
I 

n, 

- -* * ~, v+f1, V+f 2,···}, 

~o A ~ ~/
P-T\ , and the operatora 1\ : ClI....-7\.JV o bywhere Q_ 
~T n 

o 

f\n ~••• ,k_2 ,k_1 ' ~ ,g1 , ••• ,g(n-1)'~,g(n+1 )' •••} 

(J.6 ) 

t... ,V_k_2,V_k_1'~' f\ g 1 ' · · · ' f\g(n-1)' J\~,V+g(n+1}'··· 

1,2,. •• • Ji'urther we introduce the operators In: rae. ---'> 1e , n 

%-L••• ,k_2,k_1, ~ ,g1'··· '~'~+1'···} 

13 
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= t .... 0, Dr "l nDi\ g1 ' Dr" nDÂ g2 ' ••• , Dr" n D/\~ , 0.7 ) u+ t··· ,k._2,k_1, LQ ,k1 ,k2,···} = 

(4.2 ) 

l2],0,0, •••}, 
y

'-l... ,k_2,k_1 ,ko ~ ,k2,·· o}. 

r
n 1 ,2, • •• • To eaIeuIate the wave operators W+(A) it is neeessary to 

L e m m!'!. 3.1. Let Ap = [r , 1)+, :D_}, FE.l , be an orthogo introd~ee some new operators. We set L_: df_~ dt, 

nal dissipative Lax-PhiIIips seatte~ing theory. Usingothe 

apeeial matrix representation of AFthe operator rn ean be L_{••• ,g-2,g-1' ~ ,g1 ,g2"'···} = t··· ,D r _n ~\ g-2' 

represented by (4.) 

n, ..n D,\g-1 ' DI' oi' nD" go' [Q] .'°,0, •••} ,
 

rn ['Unl\ +L CJ.a )
 n o n n'
 

L+= '(jt~ ai'.,
 

n=1,2, •••• 

The proofois straightforward. Therefore we omit it. L+ t··· ,k_2,k_1, [5J ,k1 ,k2,··· j 
(4.4 ) 

4. Wave operators = i.: .. ,0, 0, @J. ,Dt\ n*Drt. k ,D" n'" n, ..k1' •••} , o 

In the speeial matrix representation we ean identify the 
+= 1\_: de _---'7 ~o' 

'subapaces ~+ and :af_ wi th the subspaees . e ---h. and 
J =_00 J 

... <::x> 

• -~oo ~ j' respeetive1y. 'Ne reeall that the subspaees JJ + i\_t··· ,g-2,g-1', ~ ,g1 ,g2'···} = 
J- -1 +00 
and :J) _ are gi ven by G ~. and ® 01 ., respectiveIy. (4.5 ) 

j=-oO J j=1 uJ 

The operator U_ aets now as follows. = t···, I\g_2' J\g_1'~'V+g1, v"!"g2'···}' 

tl
 
t ,r...+: ~~-ae,
 

U_t··· ,g-2,g-1' ~ ,g1 ,g2'···} = 

(4.1 ) 
1\+[.•• ,f_2,f_1, L!:J ,f1 ,f2,···J 

= t···,g-2,g-1,go,l!11 ,g2'···}· 
(4.6 ) 

~ J1. \iI * ~ 1.
 
S1miIarIy, the operator U+ is given by L••• ,V_f_2,V_f_1, ~,AQ+f'1' ,\Q+f2 ' · · · J '
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r 

'ae o 
Q+	 P i\ , r : 1J6 0--7 ~ , 

<:I..J T"* 
O' 

r, t··· ,f'_2,f'_1' \!J ,f'1 ,f'2'··· J 
(4.1 ) 

t... , r Q_f'-2' rQ_f'-1 ' f!J 'V~f' l'y';f'2' ... } 

and	 r +: de~ ~o' 

r+ { ••• ,k-2' k -1 ' N 'k 1 ' k 2, ••• } 
(4.8 ) 

= t ... ,V_k_2, V_k_ 1, [31, r~k1' r- k2,···}· 

The incoming and outgoing subspacea of' the unitary di1ation 

U are def'ined byo 

..-00 
(4.9	 )~_ = (f) ~j
 

j=1
 

and 

-1 
J{,+	 Cf) ~ (4.10)"

j=-oo	 j. 

Further we def'ine the shif't operator So on ~D by 

Sot••• ,f'_2,f'_1'~ ,f'1,f'2'···} = 
(4.11) 

t···,f'_2,f'_1,f'0,~,f'2'···}· 

T h • o r e m 4.1. Let Ap = {T, J.)+,J)_1,p E.'J>, be an ortho

gona1 dissipative Lax-Phi1lips scattering theory. In the 

specia1 matr1x representation of' Ap the wave operators 

W±(AF) are given by 

W_(Ap ) r (a-11m Un p"J.l.. c S-n);\ + L (4.12) 
- n-) += o ~ _ o - 

and 

(4.13)W+(Ap ) !\+(s-l1m U~n P~o ~) ~+ + L+.
 
n-----,>+<:x::J +
 

P r o	 o f'. Taking into account Lemma 3.1 we' get 

a-11m	 (r un /\ ~ (4.14)W_(Ap ) n -,>+00 n o n + Ln)PJ) = U:n • 

Using (4.1) and (3.7) we obtain 

li.m %p~- u:n
{· · · , g_ 2 , g_1' \ gol ,g1,g2'·"}
 

n ---7 +00 <70_
 

1im	 L t... ,0,0,[Q],g-(n-1),···,g-1,go,g1,g2,···1 = n 
n~ +00 • 

(4.15) 

1i.m t ... Dp .... ílD,,8_(n_1)' ••• ,Dr,.nDl\go,@) ,0,0, ••• ] 
n---')+oO 

L_ t··· ,8-2,g-1' ~ ,g1" g2'· ••}. 

Further we f'ind 

11m rn~·AnP~- U:nt···,g_2,g_1'~ ,81,g2'''·} = 
n-,?+ 00 

11m r nU~ J\n t··· ,0,0, [Q] ,g-(n-1)'··· ,8-1 ,go,g1 ,g2'···} "'"
 
n~+oD 

)7
16 
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lim rnU~ t... ,0,0, rol, Âg_(n_1)'···'	 r: ~~~+, 
n------')+<::>o 

f\g_1' f\ go , V+g1 , V+g 2 , · · · } = (4.16)	 rt··· ,f_2 , f _1, ~ ,f1'f2'··~} 
(5.4 

~	 n ílTl}11m rn~P';Z,0 S~ J\_{···,g-2,g-1'~ ,g1,g2'· ••	 = l···, rQ_f_2, 1'Q_f'_1,1 rQ_fo\' rQ_f1, f'Q_f2,···)
n -",+ 00 

~	 }r_ 11m ~ p ...: s~n Â_ t··· ,g-2,g-1' ~ ,g1 ,g2'··· •	 and L: dt ~ d{ +' 
n-----?+co ~-

Both	 formulas imply (4.12). Sim11arly, we prove (4.1). 11 Lt· .. ,g-2' g-1 ' ~ , g1 ' g2' ••• } ::z 

(5.5 

5. Seattering operator	 = t ... ,DI'-,I<.nD",g_2,Dr _n D,\g_1 ,Dr.:l D/\go' 

Our next aim ia to caleulate the acattering operator S(A) 
~ >I< n D;\ g,. ], Dr 4 n D;\ g2 ' D[14 n D,\ g) , •••} • 

of A = i-T,.D+,':õ_} in the specLa.L matrix representation. 
o 

We introduce the wave operators W±, 
T h e o r e m 5.1. Let Ap = tT, J)+, :D_J' p E.J-", be an 

o	 orthogonal dissipativ& Lax-Phillipa aeattering theory. In 
w±	 a-11m U-n p'J0 o ?' (5.1

n---->±D() o J(,± o' the special matrix representation of Ap the scattering 

operator S(A ) equalsF
~hich existo The eorresponding aeattering operator ia de

noted by So' " r- r:
S(AF ) í' So!\ + L. (5.6 

o o

So
 w:w_.	 (5.2' ) 

P r o o f. To prove this theorem _e use (4.12) and (4.1). 

We find 
Beside these notations we need the following operators. 

~: (W.~ ~o' o o o 
S(AF) = r· wi< f\~ r 'li À + L" ~ "'N /\ +*. +	 + - - - + - 

(5.7 )
Í\\...••• ,g-2,g-1' ~ ,g1 ,g2'···} = :"'~4< I\~ •+ + L:L.....+ + "+ L(5.)	 ) 

:z { ••• , i\g_2' ,\g-1' \ ·\go \' i\g1' l\g2'···}' 
To ealculate the first summand ~e introduce the operator 
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Hence we find(~: 10 0--7 '"J0 o 

L; 1_ ~ p~S~B 1\_ t··· ,g-2' g-1 ' ~ ,g1 ,g2'·· .}r~t··· ,f_2,f_1, ~ ,f~ ,f2, •••} 
(S.13)

(S.8 ) 

{••• ,v_ r Q-:-f_2, V_ f'Q_f_ 1, ~ ,f1,f2., •••}. t....o,o, \Dr. n D1\ &1J 'Dr Il; n D1\ g2' ••• } , 

n 1,2, •••• Similarly we prove'lle find 

lá -ri ~o • .n ,,'4! I 07'\ }
~ ri • .n ~ -n" L ~ 1 l+ So ~ 

+ 
Uo ,\+L_ t · · · , g_2 , g_1 ' ~,g1,g2'···1'+ \ - UoPJl._So 1\ - ••• ,g-2,g-1' ~ ,g1 ,g2'··· J 

(S.14)
(S.9 

=-{ ••• ,D-;-.* nD"g_2,Dr - nDt\g_1 ,DrHlfl D"go' [Ql ,0,0, •••}, ' r' u~ p~~s~n~t••• ,g_2,g_1,~',g1,g2'.:.}' 

n = 1,2, •••• Summing up (S.1) and (S.14) we getn 1,2, •••• Similarly we prove 

, o o 1\ 

L'" r 11 1\ + fl"'w .... [\*- L L. (S.1S)r:S~n p;o~ r~t... ,f_2,f_1' (!J ,f1,f2, ••• } + - - + + + 
+ 

(S.10) 
A 'J(,' } Taking into account (4.) and (4.4) we obtaLn L:L_ = o. 

= rs~n P'Jl,°~t••• ,f_2,f_1' ~ ,f1,f2, •••• 
+ Hence (S.7), (S.11) and (S.1S) prove the representation 

(S.6) ••From (S.9) and (5.10) we obtain 
R e m a r k S.2. In the previous and in this section we 

o o 
1\ '" have assumed dim( ~o) ) dim( -k,) and dim( Q{o) ~ dim( OJ ).r""W>il. I\*- r w 1\ r So t. . (S.11.)+ + + 

Look~ at the formula (S.6) and the definitions of the 
.1''' 1\ 

operators f\ , (' and L we seé that this formula makesNext we calculate the second ~d of (S.7).'From (4.4) 
senae independent on the assumptions dim( 'ae. ) ~ dim( '-k )we conc1ude that the operator L:: ~~~ acts as fol10ws. o 

and dim( 'àe ) '? dim( OJ ). In such a way i t .seems naturallyo
to expect that formula (5.6) ho1da in every case. This canL:{•.• ,k_2,k_1, ~ ,g1 ,g2,··.J = 
~e real1y proved. We 1eft the proof to the reader.(5.12)
 

~ ••• ,0,0,\ Dr~ n DJ\ g1) ,Dp$.n DÀ g2'· ••}·
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6.	 scattering matrix a multiplication operator ~(SA ) induced by the operator
F 

valued function {~ , -k ,SA/ t)} , 
To ca~culate the scattering matrix of AF = iT, :iJ+, :D_} we 

introduce the Fourier transf'ormationa <f>-: ~~ L2( ca), i t SA (t) = Dr~nDi\ + r 8 T (e )"* 1\, (6.5 ) 
F o 

~-~••• ,g-2 ,g-1 ' ~ ,g1 ,g2'··· } 
t E.. c.o,21C), where toÜT ,1JT l/' , 9 (>-)} ia the characteriaticT(6.1 )	 o o o 

+- c:x:>
i n t	 f'unction of the contraction To.== gn=- ao -ne ' 

P r o o f. We introduce the Pourier tranaformationa 

2 o 2
and cp+: ~~ L ( ~ ) , eP_: 10~ L ( dt'0 ) ' 

<?+l··· ,k_2 ,k_1 ,~ ,kl'k2,···} =	 ~_ t··· ,f'_2,f_1, ~ .r1 ,f2,···} 

(6.2	 (6.6 ) 
"'<X> int	 

+-DG 

i n t =L:= k_(n+1)e •	 =L f -ne ' 
n=-~n=-= 

. 2 2	 o 2 
Obvioualy, we have cf' _dJ_ = L (qj) e H (q}) and	 and ef>+: ~+~L (~o)' 

~+ JJ+ = H2 (--k ). Moreover, we find 

t+ Z··· ,f_2,f_1 , [g ,f'1 ,:r2 , · · · } 

c?- u_ = IJg~_ (6.) )	 (6.7 ) 
.... <::>0 int 
~ e.= L- f'_(n+1)
n=-oo 

and 
o o 1 

By a straightforward calculation we -fLnd that c:? +So cP: 
(6.4 r	 equals the multiplication operator induced by the operator-e:p+ U+ = Mk~+' 

"-' "t ,;.:
valued function S (t) = s-li.m eT (r. e~ ) : ~ ------? de ,

°rt 1 o o o 
where M and Mk denote the multiplication ~perators ind~ced	 t c CO,2 JL ) , 

g 

by ei t on L2 ( OJ ) and L2(~), reapectively. , 

\ ( ,*)-1T h e o r e m 6.1. Let AF = t T, .2)+,.:l) J, F E.,?, be an eT (À) ~T + A DT * I	 - À To DT , (6.8 ) 
o o o o 

orthogonal dissipative Lax-Phillips scattering theory. Then 

the operator ~+S(AF) 4>:1 acts from L2( ~) into L2( ~) as \ ).,. \ < 1. The restriction âT (À ) r-JJ T ' IA \ <:.. 1, definea 
o o 
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an opérator-valued f'unction 6 T (À), \ >.. \ ..:::::. 1, act~ng 
o 

f'rom J)T into ::J T",. This f'unction {1J T ,2)T'"'" 3 T ()..)} 
o o o o o 

is usually called the characteristic f'unction of' To. 

Taking into account Theorem 5.1 and the previous 
, --1.--1

considerations we calculate the operator dp+S(Ap)~_ • 

We f'ind 

c?+S ( AF) cP:1 

(6.9 ) 
Â 1 1'0 0 o "10 1 t- /\~1.4'+1.~: ... q:.+ r <p: . 4'+ So ~: 

. 1\.-h.-1 2 2
It is easy to see that et>+1. '-Y_ : L (SJ) ----71. (~) is a 

multiplication operator induced by the constant operator-

valued í'unction DI';" n D1\: Cd ~~ • SWlarly, we obtain 

2 2,that cp+ r ct:1 : 1. ( ~o) -----') 1. (f.ú) and ~_ 1\ 9=:': 1 : 1.2 (~ ) ~ 
----'> 1.2 ( qe') are milltiplication operators induced by the 

o ~ 

constant operator-valued f'unctions r p..,.., o : ~ -:>-k and 
. «J o

T o 

'/\: ~ -----? J:)T'" ç GC , respectively. Taking into account o o 
the previoua considerations we obtain (6.5) •• 

Obviously, the map S ~ P =SS , S , T " r , ,\ , n} ~ 
L + -, o 

-7 tp_~_,P+;;D+,~(t)}, where {p_ :D_,p+,V +,Sp(t)} ia given 

by 

Sp(t) Dí'.n DÁ + r eT (ei t) ~ I\.. , (6.10) 
o 

t E.[O, 2J\: ), def'ines a parametrization of the occurring 

scattering matrices of' the orthogonal dissipati~e Lax

Phillips scattering theory. Moreover, participating the 

point of' view that the maio object of' the 1.ax-Phillips 

scattering theory is the scattering matrix we can regard 

the map S3 p--,>{ P_JJ_,P+J)+,SF(t)j as the Lax-Phillips 

scattering theory itself' f'orgetting the def'initions of' the 

wave and scattering operators. 

We remark that {p+ ;D+' P_ J) _, Sp (t r~'} is an analytical 

contraction-valued f'unction. This f'act is a cônsequence of' 

the assumption ;])+ -l :v_. 
Further we note that if' F and F' belong to the same 

equivalence class, then the scattering matrices 

t.P_ 1>_,P+ J)+, SF(t)} and t P~;D~ ,P~ J)~, SF' (t)} are equivalent, 

t oo , This means there exista a pair of' isometries i..v+,v_} 
such that V+ and V_ acting f'rom P+ J)+ and P_ D_ onto 

P~ J)~ and p~J)~, respectively, and t:u1f'illing 

-1 (V+ SF I t)V_ Sp(t) (6.11) 

f'or a.e. t E. [0,2:t ). Unclear ia the converse of' this con

clusion. This meana , if' P and pJ belong to 'J> and 

tp_et_,P+J)+,Sp(t)] and {p~ 'J)~,P~J:)~,Spl(t)} are equivalent 

what can be s~d with respect to F and FI. 

Moreover, we remark that in acccz-dance 1tith [8J an ana-: 

lytical contre.ction-valued f'unction can be regarded as the 

adjoint scattering matrix 0.1' &n orthogonal dlssipative 

Lax-Phillips scatterLng theory if' and only i.1' this f'unction 

admita a Darlington syntheais. It can be directly ahown 

that [p.+;;Q+,p_ JJ_,Sp(t)} admits e. Darlington synthesis. 

In such a way {p_.D_ ,P+JJ+,Sp(t)} fulí'ils the e.ssumptions 

of' C.Foias [4J. 
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Hai1gxapgT X. ES-87-416 
06 opTOrOHaJlbHOH gHCCHnaTHBHOH TeOpHH pacce~HHH 
llaKca-~JLJ1nnca 

Pa6oTa nocBHm;eHa TaK Ha3bJBaeMOH opToroHanbHOH gnccnna
THBHOH TeopnH pacceHHHH llaKca-<l>nnnnnca. IIonyqeHa napaMeTpn 
3aQHH BCeX B03MO~Hb~ OpTOrOHaJlbHb~ gnccnnaTHBHb~ TeOpHH 
pacceHHHH llaKca-<l>nnnnnca B TepMHHax ynopHgo~eHHoro mecTH
KpaTHOro CeMeHCTBa, COCTOHm;ero H3 OpTOrOHaJlbHb~ CgBHrOB 
H ~HMaiOm;HX on epa TOpOB, KOTOpbJe MO~HO, B006m;e roBOPH, CB0-
6ogHO BbJ6npaTb. B 3TOH napaMeTPH3aii;HH BOJlHOBbie onepaTOpbl, 
onepaTOp pacceHHHH, a TaK~e MaTpnu;a pacceHHHH HBHO BbNHCJlH 
IOTCH. Bonee Toro, gaHo onncaHne Bcex aHanHTH~eCKHX c~Maw
ID;HX onepaTOp03HaqHb~ ~YHKII;HH, gonycKaiOm;HX CHHTe3 no ,llep
JlHHrTOHy. 

Pa6oTa BbillOJlHeHa B na6opaTopnn TeopeTnqeCKOH ~H3HKH OHHH. 
llpenpHHT 06'be,llHHeHHOrO HHCTHTyra R:.D.epHbiX HCCJie,llOBaHHH. ,lly6Ha 1987 

Neidhardt H. ES-87-416 
On the Orthogonal Dissipative Lax-Phillips 
Scattering Theory 

The paper is devoted to the so-called orthogonal dissi- 1 

pative Lax-Phillips scattering theory. It is obtained ~ 
a parametrization of all possible orthogonal dissipative 
Lax-Phillips scattering theories in terms of ordered 6-tup 
les consisting of unilateral shifts and contractions which 
can be roughly speaking freely chosen. In this parametri
zation the wave and scattering operators as well as the 
scattering matrix are explicitly calculated. Moreover, 
a description of all analytical contraction-valued func
tions admitting a Darlington synthesis is found. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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