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1. Introduction 

In [5J P.D.Lax and R.S.Phillips generalize the1r soat: 

ter1ng theory developed in [J,4] to 1nclude d1ss1pat1ve 

effects o! the scatter1ng procesa. Mathemat1cally th1a 

general1zat1on 1s refleoted by the fact that 1netead of 

8 sel!adjoint operator to deaor1be the soatter1ng eystem 

now a maximal d1se1pat1ve operator 1e ueed. 

In [2] v1a the Cayley transform of a maximal d1sa1

pat1ve operator the aeaumpt10ns of P.D.Lax and R.S.Ph1l

l1pa [5J "ere neoeesar1ly and su!f101ently carr1ed over 

to oontraot10ns. F~r the oonvenience o! the reader we re

peat the assumpt10ns of the d1ss1pat1ve Lax-Ph1ll1ps scat

ter1ng theory 1n terms of contract1ona. A tr~plet -lT, J)+, Jl_l 
ooneieting of a contract1on T on a aeparable H1lbert 

epace ae and two aubepaoes Jj± of ~ 1s called a d1sa1pa

t1ve Lax-Phill1ps ecattering theory 1f the follow1ng ae

sumptiona are !ulf1lled. 

(h1) T J)+ S dJ+, T·~J)_ f J:)_, 

(h2) T 1'1)+ and T* 1".1)_ are 1sometr1es, 

(hJ) n Tn J)+ • Lo}. n T·nd) ,
'nE. ~ ne.2.

+ + 
de. n . ile -4n(h4 ) P0l'8 õO T -...0, P~~ T ~ O strongly for n~ +<>0. 

+ 
Now ever,y contract1on T can be orthogonally decom

posed 1nto a un1tary part To acting on,de and a completelyo 
nonuni tary part T1 act1ng on de1 t 1. e. 

(1.1 ) T • To (±)T1 o 

O'.eÃu I!.'. o, I il..iÍl 1HfiCn.'T,Y! f 
U~~!ii-dI ~c .~~JlJll~mdã
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The completely nonunitary part ia completely charactarized 

by the Bo-celled characteristio funotion of the contraction 

T de!ined in [eJ. 
Definition 1.1-1- We say the oontraction T admi"ts a dissipa

tive Lax-Phillips scattering theory if and only i! there 

are subspaces .;0+ and dJ_ suoh that the tr1plet LT, JJ+. XJ_J 
obeys the oonditions (h1) - (h4). 

In connectlon wlth thl0 doflnition wo remark that it 

ls not axoluded that ono of the Dubopaooo JJ+ and J)_ or 

both 8ubspaooo aro zoro. Yor inotanoe a oontrnotlon T be

10ng1ng to tho 01000 000 admita a d1cc1pntivo Lax-Phillipo 

oOBttorlng thoory. To ohow th10 wo aot ~+. ~_. {O}. 
NQturally, the quootlon arisas to deooriba those con

traotlono admitting a diosipativa Lax-Phillipo ocattering 

thoory. In solving this problem it turns out thai we can 

start with a oompletely nonunitary operatoro For this claas 

of operators we necessarily and su!ficiently solve the 

problem in terms of the charaoteristio funotion. After that 

we describe those unitary operators wh10h can be added to 

a completely nonunitary contraction admitting a dissipa

tive Lax-Phillips scattering theory such that the sum 

admits such a scattering theory, too. 

In the following the considerations are essentially 

based on a.mode! developed in [6] in order to glve an 

exemple of a dissipative Lax-Phillips scnttering theory 

with a proscribed soattering matriz. As we will Bee this 

model oan be regarded as new !unotional model for the clasa, 
of coniractions admitting a dissipative Lax-Ph11li~s. scai

tering theory. We begin with the desoription of this modelo 

2. A funotional model
 

Let t 't, "t. , e(.>.. )} be an analytioal oontraotion-valued
 

2 

funotion. We assume thai there are analytioal contraotion

valu~d funotions {t, X_,C(\)} and tvV"+, ;t.,C~(>")] as 

well as a strongly measurable function {.}f_, Jr+,S(t)j suoh 

that 

8 (ei~)'lI c(eit)~l ?L. ~ 
(2.1 ) S' (t) ::I ®---7®[c*(ei t)'''' S(t) j: .r: Jf+ 

forms a unitary-valued funct.1on for a.e. tf.-[o,21C). 
" itLet U be the mu~tiplication operator induced by e 

J0. L2.(Q+),on Q+ t (±) Jí+, and let S' be the multipli OI 

cation operator acting between L2(Q_), Q_ • 'L;,ç. c±> J(_, and 
2(Q+)

L and induced by the unitary-valued function (Q_,Q+,SI(t)}. 

L2(Q+).Obv1ously, S' is an isometry from L2(Q_) onto 

Introduoing the. subspaces G+, 

(2.2 ) G+ • H2 (;t), 

and G_, 

(2.) ) G_ S I ( L2 (~ ) 8 H2 ( ~ ) ) , 
llf tli ' 

as wall aa the aubspaoe 'at ia L2(Q+) E)-(G+ ® G_) it ia not 

hard to see that 

A 1(,"
(2.4 >. T zz P U ~ ~ oe 

defines a contraction on ~ • Moreover, thia contraction 

',I admits a dissipative Lax-Phillips scattering theory. To 
l 

::Ishow this	 we introduce the subspaces J)+ H2 (J(+) and 
2 

) 8 H2C)(_». Now taking Lnt çlL = SI(L ( J{_ account the 

considerations of Theorem 4.1 of [6J it is not hard to see 

3 



that the triplet {T, JJ+, ll_} fulfila the assumptiona (h1) 

(h4). 
~ 

Further we remark that the operator U ia a unitary 

dilation of T. 
Our next step ia to oalculnte tha oharaoterietio 

A 

funotion of T.
 

Propoai tion 2.1 t lf t ~, ct *' eo, )} 10 a puroly nnlllyt10al
 

eontraotion-valued funot1on, thon tl10 oho.rnoteriotio fune


tion of T oo1noidoll with ~ t, ~"" I 8 O, )}.
 
. ~ 

froof, To prove this propoo1tion we eetabliah that U ie a 

m1nimal un1tary dilation of T." Wo oonsider the subapaeea 

'á.:f. «u - but)- and 'JJ-*..' «I .. U*T)ot)-. It ie eaay 

to 000 tha.t we havo 'ih ~ H2(~) and 'b. ~ S'(L2 ( l N ) e 
8 H2( ~<JJ»' Sineo	 we obtain 

(2.5 ) ;ir 1	 lrn2 ( ;L ) 

we ean identify	 -JJ- wi th a eubspaee 1- of?L • Beeause of 

(2.6 ) ~lk.LU"S'(L2(t~) 8H2 ( t, 1ll » 

there ia a aubspaee t.. of	 t.Jr such that we have 

/I. --..J 

(2.7 j.y~ ...	 Ul\L'S't .. ' 

where we have identified t M with 'a eubspace of the sub

spaee of constante of L2 
( tN:)' We set 

(2.8 ) ~ '" ,Gi- (f) ~ @ G_ 

defining G+ and	 G_ by 

4 

(2.9 ) G+ = M+( t,.) = H2( l')
 

and
 

'(2.10) G_ '" M('trlll ) 8M+('.ir.) ::; S'(L2
( i 

b 
) Gn2(l ,* » ,
 

~ 

On aeeount of (2.8) - (2.10), the faet that T fulfile the 

asaumptiona (h1) - (h4), Lemma 3 of [2J and the atrueture 

theorem 2.1 of [8, ehapter 11] we obtain 

S'L2(Q_),(2.11) ':Yv ... L2 (Q+) ... 

where we have set Q+ = J(+ (±) Z and Q_ = J(_ ® i •. Be

cause of 'J0 a L2( Q+ ) :li S'L2( Q_ ) we find 

,..., 2 ,..., 2 "-' 
(2,12)	 ~ Q~. L (~e';L) ... S'L (~'M8';l.). 

"" "'" t, 
But (2.12) impl1es that tt.e't,'t",8't.,Prl..el*8().. Ht.Qi..J 

'is an inner funetion of both aidea. Further, taking into 
2(Q+) 8aeeount (2.8) - '(2.10) and L (H2( ~) (±) 

(±) S'(L2( ~.) 8H2( ~ .. ») • '"3e-L 1L9 % we obtain 

2(2.13)	 L ( ~ e 'i) ... H2 ( 'i, 8:Z ) <±) S ' (L2 ( 'i ~ 8 i.) 8' 

2 '"eH (~~e ~.», 

or, equivalently,
 

2 '" 2 ,...,

(2.14)	 L (~8't)9H ('te;L) ...
 

2 ~ 2 ~
 

• S' (L ( 'cL ,,/a 't.) e H ( 't w. e 'ct~) ), 
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~ ~ t	 ~} s ( ei t )l\f i 
c(e t) ~1r o 1which implies tha:t {~et, t.e t",P '!v"'~e i~8( À ) ~:te-;t, (2.11) 

[C-Io:(eit)~[f<:>] · S(t) J 19(t)ia an outer function. Consequently, 
~ r-J 'L	 ....... 1 .
t~ 8 t, t ~ e 't..,P ~: 8 .z '"e(À ) t ;t 9 t J i a a uni t ary constant • 

for a. e. tE:. [O, 21C. ). Henoe we obtainBut t';l , 'L.,., 8 (>., )} ls a purely analytical funotion. Con

aequently, we find ~ .. i and t .. a ll4 ' wh1ch shows that 
llF:(2.18) de • S'ker(C ).Uia a mlnlmal unitary d1lntlon of T. o 

Now taking into acoount Propooition ).1 of [6J we 

Taking into account (5.3) and (5.6) of [6J we obtainconclude that t'.L , ""''k. , e(),. )1io tho oharnoter1atio runc 

tion of T•• 
A	 \" 

(2.19) S'(t)ker(C(ei t).) • ker(c~(eit»,Our noxt nim 10 to onloulnto the unitnry part To of i 

A 
tho oontraotion T. In order to calculate thla part we re-


for a.e. tE.[O,2J(), which implios S'ker(C*") = ker(C/k)'.
mark that tho interaoction Df the rosidual and the ~-re

From Proposition 2.2 we easily obtain that the operatoroiduQl oubspaco of the mlnlmal unitary dilation of a con


Tia completely nonunitary ii and only if we have
trQotion coincides w1th the unitary subspace of this c~n

trQotion. 
(2.20) ker(C~(eit» • (O)In the followlng we denote the multiplication opera

tor lnduced by t~, X_,c(ei t)} and acting between L2 ( ;t ) 

or, equivalently,and t 2 (J(_) by C. Similarly, we denote the multlplication 

operator lnduced by {Jf+, t ..,c",(ei t)} by CÃl • (2.21) k ar (C(ei t )M ) tO} 
Proposltlon 2.2. rr {t., cL .. , e().. )j' ia a purely analytical 

contraction-valued function, then the unitary aubapace ~o for a.e. t E:. [O,21l ) provided t't" 't., 8 (\)} ia purely
 

of '"T ia given by
 analytical. 
(2.15) 'Oe = ker(C",,) • S'ker(C!l().o 

3. Dissipative Lax-Phillipa acattering theory and charac

Proof. Uaing the previous remark and Lemma 3 of [2J we
 teriatic function
 
find
 Let T be a contraction on a aeparable Hilbert apace~. 

I,emma 1.1. If ~ admita a dissipative Lax-Phillipa acat
(2.16)	 de L2 ( J( ) n S'L2 ( J{ ).OI tering theory, then the completely nonunitary pa~t T of0+ 1 

T admita a diaaipative Lax-Phillipa acattering theory, too. 
Consequently, fE:.L2(X~) belongs to 'dto it and only if 

~ By ~ 1 we denote the completely nonunitary aubapace 
there ia an element gE.L2 C.X-_) such that we have 

7 
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01' T. We introduce the suospaces Gt± 01' ~1 defined by 

(3.1	 ) ot + '" (1' ~ ~ +) - • 
- 1

Next we show that tT1, Cl+' Ol_} forms a di.ssipative Lax

Phil~ips acattering theory. Obviously, the condition (h1) 

is fulfilled. Becauae 01' 

(3.2 ) \\1'1\2 c IITf\\2 '" \\P~ Tf\l2 + \lP~ Tf1l
2, 

o 1 

de de. e de. 1 ' we obtainD o 

\\'1'\\2 \I l'~ f 2 + 11 T l'-ae 1'11 2 
11(J.J ) 'ato 1	 -ae 1 

or, equivalently, 

1\ l' ~ f 11 '" 1\ T l' de. f 11(3.4 ) "Jl 1 
2 

1 de 1 
2 

for ,every f E:. JJ+. Consequently, T1~ «, is an isometry.
 

Similarly, we establish the second part 01' (h2). The con


dition (h) follows from the fact that T, ia completely
 

nonuni tary. To prove (h4) we note that f é de 1 e Ol..+ im


plies f E. ~e J)~. This yields' ~1 G Ot+ f: rae e J) + or,
 
ae 1e

equivalently, Pile e ot ~ P~eJ) • Hence we get 
1 + + 

de 1 n 'O€ ue n 
(3.5 ) lim P-ae e or T1 f lim Pôe e ot P~BJ) TfOI 

n-s « ~ 1 '+ n~+<x:l 1 + + 

• o 

'de wn 
for eV8ry f E. ile1• Similarly, we prove P ~~ e o, _T ~ '0 

atrongly for n ---7 +-.0 • I 

8 

We note that it ia quite possible that one of the sub

spaoes Ot + and OL_ or both are zero. 

Lemma J.1 allowa us to reduce the investigations to 

those completely nonunitary c9ntractions admitting a diaai

pative Lax-phillips scattering theory. 

Theorem 3.2. The completely nonunitary contraction T admita 

a disaipative Lax-Phiilips scattering theory if and only if 

there exiat two analytical contraction-valued functiona 

{~,J(_,C(>-)} and t~+,~",c*"()..)} such that the charac

teristic function 01' T t to ,~,.. , e( À )J obeys the conditions 

.	 * 
(3.6 ) I e(ei t ) e(e i t)''' + C>lt(eit)c~(eit) 

and 

(3.7 ) I '" e(e i t). e(ei t) + C(eit)"c(ei t) 

for a.e. t E.[O,2JL). 

~ Let, us suppose that T admits a diasipative Lax

P,hillips scattering theory. Applying Propoa1tion ).1, 

Theorem J.J and Propos1t10n 5.1 of [6J we obta1n the 

ex1stenoe 01' analytioal oontraotion-valued funotions 

t~,X_,C(À)} and tX+, ~-AI'C,\I(>-)} such that (3.6) and 

(J.7) are valido 

Let t't, 'fiJ., G( À )} be the characteristic function 

of a completely nonunitary contraotion T which fulfilo 

(J.6) and (J.7). We ohow that there is a strongly meas

urable oontraotion-valued funotion lX_,Jr+,S(t)J auoh 
, 

that (2.1) forms a strongly measurable un1tary-valued 

funotion for a.e. t E. (O,2JL). 

For this purpose we suppose without loss of generali 

ty that tt , Jr_,C( À )} is an outer function and 

9 
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{X+' -;ty,. ,Cl\I( >- )} is an 'I\( -outer runce on , Both funotionsí 

are uniquely determlned by ().6) and ().7) in this case. 

Next we establish that the relation 

(J.8 ) S(t)C(ei t) = -cÁ(eit)~ 8(e1t) 

-1uniquely defines (modl.l) a strongly measurablecontraction

valued function tJ(_,Jr+,S(t)]. To prove this it is suf

ficient to show that the lnequality 

C(e1t)*C(e1t)
(J.9 ) e (eit)~c~(elt)C,jf(elt)'lt. 8(ei t) ~ 

ia valid for a.e. t E. [0,2JL ). From O ~ (I - ti (eit)w 9(e1t»2 

for 'a.e. t €:.[0,2Jl) we obtaln 

(J.10) e(eit)~(I _ 8(ei t) 8(ei t j*- ) e(ei t) ~ 

8(e1t)'" e(e i t)~ I -

for a.e. t E.. [O,2'JC ). Taklng lnto account (J.6) and (J.7) 

Jie obtaln (J.9) for a.e. t E. [O,21C. ). To verify that (2.1) 

ia a unltary-valued functlon for a.e. tE. [0,21:.) lt ia 

necessary to prove that the relationa (5.1) - (5.6) of [6J 

are valido The relations (5.1), (5.4) and (5.5) of [6J 

coinclde with ().6), ().7) and ().8). To establieh (5.2) 

of [6) we multiply ().8) on the left by c~(eit). ~e find 

(J.11) c*(eit)s(t)c(ei t) = _c~(eit)C,I((eit)"l\( e(e1t) 
I 

l . 
for a s e , t E:.[0,2J[). Uslng 0.6) and (J.7) we get J, 

I 
! 
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c~(eit)s(t)c(eit) = _ e(eit)C(~lt)~C(eit)(J.12) 

for a.e. t E.[O,21L). But tct, X_,C(>')} ia an outer func

tion, whlch proves (5.2) of [6J. Furtber, we flnd from ().8) 

(J.1) c(eit)~S(t)l!(s(t)c(eit) = 8(elt)iIIC;lk(elt). 

. c11'(eit)~ e(e i t) 

for a.e. t Elo,2'J(). Taklng into aocount ()~6) we obtain 

0.14) C(eit)~ S(t)lts(t)C(ei t) = 

'" e(e i t t (I _ e(e 1t) e(e1t t) e(e 1t) 

for a.e. tE.[0,2JL). Because of (J.7) we conclude 

(J.15) c(e1 t)'Ji.S (t)#: S (t) C(e1 t) 

= C(eit)~(I _ C(eit)C(eit)*)C(elt) 

for a.e. tE.[o,iJC). The function t;t,X_.C(À)} is an
 

outer one. Consequently, ().15) implies (5.) of [6J.
 

Sim11arly we prove (5.6) of [6]. Henoe
 

t 'cL.,® X_, -.t @ J(+,s'(t)} La unitary-valued.
 

Now we consider the funotional model of section 2. In 

aocordance with Propoeitlon 2.1 we obtaln a contraction T" 
characteristio function of which coincides with 

{~, 't., e(>- )}. Further taking into account that 

ti , Jr_,C().. )} ia an outer funotlon and {J('+' tk- ,C.( À )} 

ia an~~outer function we get that the relatione (2.20) 

II 

J 
t 



and (2.21) are fulfi11ed. Henoe Proposition 2.2 implies 
f\ . 

that T is a eompletely nonunitary eontraetion. Consequept1y, 
f\ 

the contraetions T and T are unitarily equivalente But 

Tadmita a dissipative Lax-Phillips scattering theory. 

Hence T admits such a seattering theory, too•• 

Next we turn our attentton to the uni~ary parte On 

aoeount of Lemma 3.1 we asaume that there ia a completely 

nonunitary oontraetion T1 admitting a dissipative Lax

?,hi11ips seattering theory. Whioh unitary operato~s To oan 

be added such that To @ T1 admits a dissipative Lax-Phil

lips seattering theory, too? To answer to this question we 
need two 1emmas. 

Lemma 3.3. Let {P(t)} tE. [0,21L) be a strongly measurable 

famdly of projections acting on the separable Hilbert 

spaee Jr+ such that we have 

(J.16) dim(P(t» .. n 4 + <:>o 

for a.e. t E:. [0,2i). Then there is a separable Hilbert 

apaee GJ of dimension n and a strongly measurab1e fami1y 

of isometries {Gt, Jr+, V(t)} sueh that we have 

(J.17) P(t) • V(t)V(t)~ 

for a.e. tE.[0,2:iL). 

We 1eft the proof of Lemma 3.1 to the reader. 

In the fo1lowing we introduce two analytiea1 eontrac

tion-valued funetions t~ ,X_,G(À)} and tJr+'~,If,G*(À )}. 

In a natural way we asaoeiata with these funotiona two 

mu1tipliea~ion operators acting trom L2(~ ) into L2(J(~) 

and L
2C..-V"+) into L2( ~llf)' whioh we denote by G and Gli(' 

reapectively. Ey R and R~ we denote multiplication opera

tora indueed by ei t on L2 ( J(_) and L
2 ( J(+) , respeetively. 

Lemma 3,4, Let To be an absolute~y continuoua unitary opera

toro Then there is an inner function {~ , X_,G( À )} and 

there is an lll.-inner function tJr+, ~* ,G",( >- )} such that 
< , 

0.18) dim(ker(G ~(eit») = dim(ker( G( ei t)~ » 

for a.e. t E. [O,2JL) and , moreover, the unitary operators 

R~ker(G.;lt) and R*Jker(G:\) are unitarily equivalent to To. 

~ The proof ia baaed on Satz 4.4.4 and Korollar 4.4.5 

of [7J. Transforming the maximal dissipative operator li of 

these. theorems to a contraction via the Cayley tranaform 

H~~ ~ t we find from Satz 4.4.4 and Korollar 4.4.5 that 

for every absolutely eontinuoua operator To there is a con

traction D of elass C10 and there is a eontraetion D~ of 

class C sueh that ~-residual part of ,the minimal unitary01 
dilation of D and the residual part of the minimal unitary 

dilation of D~ are unitarily equivalent to To. Let {~ ,Jr_,G(Àl} 

and [X+,~.,G*(À)} be the characteriatic functions of 

D and D*, respectively. In virtue of Proposition 3.5 of 

[8,chapter VI] {~,X_,G()")} ia ao inner function and 

tJ(+' ~ *' 'G* (>, )} ls an l\( -inner function. Ta,king into aecount 

the functional model of a contraction introduced by B.Sz.

Nagy and C.Foiaa [S,chapter VI, Theorem 2.3 and Theorem 2.3~ 

we find that ~ -residual part of the minimal uni tary dila

tion of D is unitarily equivalent to R~ker(G~). Similarly, 

we get that the residual part of D~ ia unitarily equivalent 

to R*tker(G~). Consequently, both operatora R~ker(G*) and! 
R~tker(G*) are unita~ily equivalent to To. But this impliesli, 

j' 

< I 
that· the operators Rrker(G'it) 'and R,ftker(Gl\l:) are unitarily 

• I 

~ ! 13. 
12 
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equivalente Hence there is a partial isometry V: L2( Jr_) ~ 
2 ~ L2 (,N"-) ~ L2 (Jr+ )

~ L (J(+) such that V V = Pker(G.)' VV = Pker(G~) and 

(J.19) R~V =: VR•• 

But R and R~ are multiplication operators induced by ei t 

Consequently, V can be represented by a multiplication opera

tor Lnduce d by a strongly measurable fami1y 

{J(., X+,V(t)j of partial isometrie~ which. 

f':llfil V(t)~V(t) ... IJC - G(eit)G(eit)ll'and V(t)V(t)~ • 

it '" it ........• IJ{ - Gl\I(e ) GM(e ) for a.e. tE. [O,2Jl). Both rela
+ 

tions imply (J.18~ •• 

Coro11ary J.5. Let To be an absolutely contiriuous unitary 

operator. Then there is ao inner function {~ ,J(_~G( >- )} 

and there is an ~ -iuner function {X'+' ~,jr. ,G.( )., )} such 

that (J.18) and 

(J.20) dim( ~) • dim( ~.) • + 00 

ho1d and, moreover, the unitary operators R~ker(G*) and 

R~rker(G.) are unitarily equivalent to To. 

We le!t the proo! to the reader. Now we come to the 

solution of the proposed problem. 

Theorem 3.6. Let T1 be a completely'nonunitary contraction 

on ~1 admitting a dissipative Lax-Phillipe acattering the

ory t T1 , Ot+' Ot_}. Let To be a uni tary operator on de • o 
(i ) I!' one of the unilateral ahi!ta T1 t O'Z.+ or T1 *' l' It.. 

haa 8 finita multiplioity, then To (±) T admita a dissipa1 
tive Lax-Phi11ips scattering theory if and on1y i! To ia 

a bilateral ahi!t. 

(ii) If hoth unilateral shifts T and T,"'I'Ot_ have1r-0l..+ 

an in!inite multiplicity. then To G8 T1 admits a diasipative 

Lax-Phillips soattering theory if and only if To is abso

lutely oontinuoua. 

proo!. (i) J..et T 1'Q+ be a unilateral shift of finita1 

muI tiplici ty. By õ(, 1"" we denote the *" -residual aubapace 

of the minimal unitary dilation U1 of T1 • Let R1~ be the 

'!'-residual part of U1, R1~· U1 1''l!l 1Jl<, . Taking into 

account Lemma 3 of [2J we find that R1~ ia a bilateral 

shift of finita multip1icity. 

Let T .. To ® T • We denote the * -z-e s.í.duaL subspace1

and « -residual part of the minima1 uni tary dilation U of
 

T by 1e~ and R., respeotively. Because of Lemma 3 of [2J
 

R ~ is 8 bilateral shift.
 

Regarding U1 as a part of U we obtain ~ 1" ç. Õ(,* •
 

Moreover, the subapace 'õ(, 1lk reduces R,\( and we '"
have R1",,

:a R~ I"ClZ -K . RepreBenting the bilateral shift R* as the
1
i t 2(Jr+)multip1ication operator induced by e on L it ia
 

not hard to sea that in thia representation the projection
 

1<1...P 'V. is repreaented as the mul, tiplication operator in-
IN 1. 

duoed by a strongly measurab1e family of projectiona 

tP(t)}tE. [O.2'JL). Obvioualy, we neve 

dim(P(t)J('+) a n.z +<:><>for a.a. t E. [O,2Jl). Consequent1y, 

we find dim(I X - P{t»J{). m ~ +tx:l for a.e. t E.[O,2JL). 
+ 

Uaing now Lemma 3.3 we find that R 1\t [' 12...8 'ô01~ is 8 bi

lateral shift, t oo, But 1<J...e i'61~ coincides with de
 o
 

and R~ f' ~M8 ~ H~ aquals To.Hence To is a bilateral shift.
 

Similarly, we prove this asaertion assuming Tt r- 0(._ has a
 

finita multiplicity.
 

To ahow that T ... To ® T1 admi ts a diasipative Lax-Phil 

lips scatterinc theary ls obvious ~roviued To i8 a bila

teral shift. 
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(ii) It ia aasy to aea that To ia absolutaly continuoua 

11' To (±) T1 admita a diasipativa Lax-Phillipa acattering 

theory. To prove the converse we use the functional mo

daI develop ed- in aec tion 2. Lat t ~ , -;L" , (j ( ~ )} be t;he 

oharaotariatic function of T • On account of Theorem 3.21

thare is an outer function Ut , ~ ,B( >- )} and thera ia an 

~-outer function t~,*" t~,B,\I(),.)} such that we have 

(J.21) I .. 8(ei t )8 (eit)!lf + B~(eit)B~(eit)~ 

and 

(J.22) I = 8(ait)~ 8(ei t) + B(eit)*B(ei t) 

for a.e. t E. [O,2]l>. In accordance with ().8) the relation 

o. 23) SO(t)B(ei t) = -Bt;.(eitt e(ei t) 

definea a atrongly measurabla contraction-valued function 

t~ ,~ ... ,So(t)}. Using the conaiderationa of Theorem 3.2 

and the contraction-valued funotions t:i ,":t,lt., 8 (ei t)}, 

t~L,~,B(eit)},{~",-,t.,B:lt(eit)}andL~ ,~*,So(t)] wa 

perform a functional model of a completely nOnunitary con

traction "T • • • which ia unitarily equivalent to T1•c n u 

The infinite multiplicity of tha ~ilateral shifts 

T1 l' '0{.+ and T1"'" f'oi_ yialda that tha Hilbert ap~cea ~ and 

~~ ara infinite dimenaional, 1.a. dim( ~ ) .. dim(~.) .. +00. 

In the following we modify the oonaiderations ·of 

Theorem 3.2 to obtain not only a oompletely nonunitary 

oontraotion, but also a contraction with a prascribed 

unitary part which admita a disaipative Lax-Phillips 

80attering thaory. 

16 

On account of Corollary 3.5 there ia ao inner function 

-l ~ ,Jr_,G()., )J ~d thare ia ao # -inner function 

{.Jr+, ~ .. ,G*().,)} such that ().18) and Rt'ker(G*) and 

R*lker(G~) ara unitarily aquivalent to To. 

We introduca tha analytical contrac t í.on-vaLued functions 

t'cL,X_,CO.. )}, { 

().24) C(),.) = G()-, )BO,), 

and tX+, i~ ,C*( >.. )}, 

().25) C~(>') ... B*(),. )G~( ~), 

x~ [z E. 4: I \ Z \ < 1}. 
Becauae of (3. 18) and Lemma 3.3 thoro j. s a strongly 

measurable family of partial Laome t rd aa {Jr_, X+' V(t)} 

G(e 1 t)G(ai t )i\I.obeying V(tr V(t)' • I Jr_ - and V(t)V(t)41 .. 

it '" it "-' • IJ(' - G~(e ) G~(e ) for a s e , tE.[O,2~L). Introducing 
,+ 

the atrongly meaaurable contraction-valuad f'unc t í.cn 

{X_,X+,S(t)}, 

s(t) • [V:tl O' J().26) 
G~(eit)~So(t)G(eit)~ 

ker(G(ai t ) *' ) ker(G,..(e j
· t) ) 

~ ~ ffi it"
ima(G( ai"» ima(G,.,(e » 

it i8 not hard to aae that the atrongly meaaurable opara

tor-valued fWlction t~ ® X_, ~. Et) Jr+,s' (t)} parformed 

by' (2.1),(3.23),(3.24),(3.25) and (3.26) ia unitary-va

17 



lued. In auch a way in accordance with Proposition 2.1 we 
r; 

obtain a contraction T characteristic function of which 

coincides w1th t~ , 'Ju*, e (')., i]. Hence the completely 

nonunitary part T" of T" is unitarily e~uivalent to T1• It
1 

" "remains' to calculate the unitary part To of T. 

On acçount of Lemma 3 of [2J the ~ -residual subspace 

of the minimal unitary dilation "U of T" coincides with 

L2 ( I+). Hence the"" -residual part of Ucan be Ld errtLfd ed 

with R~. On account· of Proposition 2.2 we find "To = 
= U~ker(C~). But a simple calculation shows ker(C~) ~ 

" ker(G~). Us1ng UtL " 2 (J(+) c. R~ we find To = " c U~ker(C~) a 

,	 ~ 

R~~ker(C) c R~tker(G*). Consequently, the unitary part To 
r-: 

of T	 ia unitarily equivalent to To' 

Summing up we find that the completely nonunitary part 

" "	 " 1\T1 of T and the unitary part To of T are unitarily oqu1va
"lent to T1 and To of T, repsectively. But T admita a dis

sipative Lax-Phillips scattering theory. Henoe To @ T
1 

admita a ~iasipative Lax-Phi~lips scattering theory, too •• 

In connection with Theorem 3.6 we remark that if the 

characteriatic function t'cL ,t ... ~ S( À )J of a oontraotion T ful

fila the conditions ().6) and ().7) only for analytical 

oontraction-valued functiona {-t ,X_,C(')., )} and {.Jr+,'êt ... ,C .. (ÀI} 
aoting between infinite dimensional Hilbert spacea, then 

"'.l 
the unitary part of T has no influence on the existence of 

a disaipative Lax-Philllps scattering theory with reapect 

to T. 

Corollary 3.7. Let T1 be a completely nonunita;y contraction 

on ~1 adm1~ting a diaaipative Lax~Phillips scattering 

theory. There exista a unitary operator To on ~o auch 

that To @ T1 admita an orthogonal dissipative Lax-~hillips 

acattering theory if and only if the characteristic func

18 

tion {.õL ,'j.;~,e (\ )} of T possesses a Darl1ngton synthesia
1 

in the se~se of L1J. 
~ rr T .. To (±) T possesses an orthogonal disaipative Lax

1 

Phillipa soattering theory, then the desirod concluaion can 

be obtained from Proposition 3.1 and Corollary 3.4 of [6J. 

Oon var-aeLy , if i. -cL , -;L~, 8 (>- )} admí, ts a Darlington 

synthesis, then there aro analytical contraction-valued 

functions t't ,Jr_,C(\ )}, tJr+,t-N.'C~(>-)} and i. J(+, x_,1(e
1t )j 

such that 

Hre (ei t) ~ c(e )~ J L; ..;"
st (t)(J.27) .. J( (oi t)1lií I ® --.t- (f)lc~(eit)JII.	 J(.. ~ 

forms a unitary-valued function for a.e. tE. [0,2JL). Ta

king into account Corollary 4.2 of [6J we can regard 

{X_, X+,S(t)}, S(t) = 1L(ei t )1tt , t E. [0,2'i), as the scat

tering matrix of an orthogona.l dissipative Lax-Phill1ps 

scattering theOry{.T,e:D+,JJJ, t . e , JJ+.lJ)_. Because of 

Proposition 2.1 the characteristic function of " T coincides 

with tcL , 'J,; ... , e(>.. )}. Hence the completely nonuni tary part 
,... "T of T ia unitarily equivalent to T1 • But this yields the 

1
 
existence 0:( a uni tary operator To such that To @ T1 admí,ts
 

ao orthogonal dissipative Lax-'Phillipa scattering theory .• 

Corollary 3.7 implies the following
 

Corollary 3.8. A completely nonunitary contraction T1 cm1
 

be orthogonally enlarged by a unitary operator such that
 

the sum admits an orthogonal diasipative Lax-Phillips scat


toring theory if and only if the adjoint characteristic
 

function of T can be regarded as the scattering matrix

1 

of an orthogonal dissipative Lax-Phillips scattering theory. 

We left the proof to the reader. 

19 
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H:lH,IJ;Xap,IJ;T X. E5-87-400 
llHccHnaTHBHaH TeopeHH pacceHHHH DaKca
cf>IUIJlHnCa H xapaKTepHCTH"t-IeCKaH cPYHKI..I:HH 
c~HMaw~ero onepaTopa 

PaCCMaTpHBaeTCH Bonpoc 
r-rarouurx onepar opoa , rcor opsre 

pacceHHHH DaKca-~HnnHnca. 

xapaKTepHCTHqeCKOA cPYHKI..I:HH 
TapHoH qaCTH. Bonee Toro, 

I· 
o xapaKTepHCTHKe Bcex Tex C~H- I 

,IJ;OnYCKaWT ,IJ;HCCHnaTHBHYW TeopHW 
XapaKTepHCTHKa ,IJ;aHa B TepMHHax 
C~HMaw~ero onepaTopa H ero YHH

npo6neMa nOCTaBneHa M perneHa 
B onHcaHHH Bcex Tex BnonHe HFYHHTapHWx c~HMaw~Hx onepaTo
POB, rcoropue MO~HO op r-or'onans asu-r 06pa30M p acunrprrr-s YHHTap
HblM ortepa-r-opor-r TaK, l..[TO CYMMa ,IJ;OnYCKaeT op r or-onarrsuvro ,IJ;HC
CHnaTHBHYW TeopHW pacceHHHH DaKca-~HnnHnca. 

Pa60Ta asmona ena B Jlaõo par opaa TeOpeTHqeCKOH !pH3HKH OIDUI. 

Ilpenprorr 06be,lJ,HHeHHOrO HHCTHTYTa anepasrx HcCne,lJ,oBaHHH. )ly6Ha 1987 

Neidhardt H.	 E5-87-400 
Dissipative Lax-Phillips 0c a t t e r i n8 
Theory and the Characteristic Function 
of	 a Contraction 

The paper deals with the problem to characterize 'all 
those contractions admitting a dissipative Lax-phillips 
~cattering theory. The characterization is given in terms 
of	 the characteristic function oE a contraction and its 
unitary parto Moreover, the problem is considered and sol
ved to describe alI those completeLy nohunitary contrac
tions which can he orthogonally enlar8ed by a unitary ope
rator such that the sum ádmits an orthógonal dissipative 
Lax-Phillips scatterin8 thecrry. 

The investigation has been performed at the Laboratory 
.of 'I'he o r e t i c a I Physics, JINR .. 
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