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1. Introduction 

This paper 18 cancerned with the iteratian af the generalized 

Stieltjes transfarm 
00 

( 1. 1 ) :ff! j S ] (~)	 f(l: to t ) - f f tt) dt ,=: 

o 

whe r-e f E: R ls fixed, -JI L.. à'Tf C <. Jl ,the principal va.Lue af 

(~tt)-J Ls taken and (/fré)~f ftt)é. :;t(o/tJO) I s assumed. Then it 18 

knawn 110i that (1.1) defines an analytic functian in ([\(-.?O.C]
 

The transform (1.1) can be inverted by use af a differential apera

tar of infini te order. In thecase SJ = -1 i t Ls add i t Loria I known
 
that (J.l) can be inverted by a compl~x integral formula.
 
Benedetto 11/, Erdélyi 15/, Pandey lEI, Pathak 17/, Stancovic 191
 
and Zemanian 110/ extended the transform (1.1) to ~eneralized func


tions following different approaches.
 
'llhen the transform (1.1) is i tera ted, one leads to the transform
 

DO De> 

(1 .2) f.j{ 'f( ! Y J; J ]	 (2c) = ({é 1"J ) - j' J(~ t t ) - Y f (t) ettI 

o D 

ar, if one can change	 the order of'integration, to the transform 
o-o 

( 1. 3 ) t r fi S') v:1(l) -z: JK (.~) t ~ S ) Y ) f [-IJ cút • 
.9 

where 
o-o 

(1.4)	 l«cltj~)Y) =: J{if-y)-f(j+t)-v cV;; 
o 

To distinguish between these two cases, we refer to (1.2) as the :~
 

~eneralized iterated Stieltjes transform and to (1.3) as the genera


lized S2-transform.
 
Boas and Widder 121 studied the transform (1.2) and (1.3) in the
 
case .f - -1 ,Dube 141 in the case f ~ -y '>"/i.- • A distribu-Y:: 

tional extention of·(1.3) has recentJ-- been giver. by Dube IJ,~I for 

I
êt:n,i l\l," u, "'I, H",i.',' f;-,-,,~,-,"'~-:', I <,-y) \

1~~)fYiWÃ R·: " ~':-.Jl~HI31ml 

. 6H&[J"jc..n;~HA 



the cases g. ~"V - 1 and f '" '> ~~ • Dube proved that for fixedc:: 

:e :> O and J" -v "> y~ the kernel (1.4) or the transform (1.3)
 
can be embedded in a test function space. Then the generalized
 
S2-transform of elements of the dual space is defined by
 

(1. 5) :rCfjJ) -y ] (~) = <f} k2:) s,» >. 
where
 

I<l' l? --( ("i) := k (i.) t :, ~) '" )
 
) .l ) 

According to Zemanian /11/ this method is called the dir~ct approach 
to the integral transform of generalized functions. 
There is a basically different approach to generalize integral 
transforms which may be called the method of adjoint. The idea is 
the following. Consider a test function apace A which 18 mapped 
by the integral transform continuously into an~ther test function 
apace B • The adjoint mapping then defines the generalized inte
gral transform for elements of the dual space of B • The transform 
thus defined is no longer a function but a distribution, an element 
of the dual space of A • For usual functions with suitable inte
grability properties the double integral 

DO 00 

(1 • 6) J I f (x) I<. t x )t , ~) v ) ~ (t.) d.k 
o o 

can.be evaluated in two different ways showing that 

(1.7) <t.fCfj'Y}~]) ~ >= <.f) <:f[~;~>v] > 
and this relation is the basis for the application of the method 
of adjoints to the S2-transform. One example for the method of 
adjoints is the well-known theory of Fourier' transforms of tempered 
distributions. For the transform (1.1) this way was presented in 

/5/. 
( The aim of the present paper is further to develop these two 

approaches for the transform (1.3). At first the properties of the 
kernel (1.4) are discussed. Dube's approach is improved to the case 
g, Y > O , 3'+ '"y > 1 • Then we discusé the method of adjoints for 

the, transform (1.3). It is proved that the invereion operator is 
again a linear differential operator of infinite order. Examples 
are given. 
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2. The test function space 

Following Erdélyi /5/ we define for infinitely differentiable 
complex-valued functions cP (1;) on IR t and ai g E iR the set of 

seminorms 

(CP) '" Sur -t1-tt~r1+t)a.-e /d/I<J{t)/
(2.1)	 ~Q.) eJ I..
 

tE IRt
 

The test function space v1tq e ia given by 
I 

(2.2) .4<.,' ~ {~E c'°(R. );U
o1", 

(1)) c00 tu Me i c Li } , 

where Z is the set of a Tl non-nega tive integers. t,/!tct " is 
t	 I t> 

equipped with the topology generated by the seminorms (2.1). A 
sequence [c/>,., (t») ,cP" U.JE e.Át4." ,converges in cA{q ~ to 

I~	 I 

cPl -1.) iY(1l 4 k (d>" -cj) ) tende to zero as 1'1.- goes to infini ty 
for each lei ~ 2.r . It can be proved tha t ~{'''.( is a Fréchet-space.

/ , 
Note that c/'t-C'c.,,-t is not nuclear. The dual apac e cAtC,,-8 consists 
o f a Tl continuous linear f'unc t í.onaLa on At 4./ e and ia equipped 
wlth the usual weak topology. 
Let f{t) be a function defined on Rt such tha t
r :' (1tT.) i-.:.. f (-o é. ';;t (0, r.>o ) • Then it generatee an element 

of t/l{~, 4 according	 to 
000 

<f/I> >= I f (t) (jJ (-O dd r/J 6, V{(4/ 8 

o 
These elements of ,A{~/~ will be called regular elernents, and we 
use the same nota tion for the function f rt) and the regular 
element o f utt;' C wh í ch it generates. 

I 

? 

3. l'he kernel 

At first we study the properties of the kernel (1.4) of our genera


lized S2-transform.
 
Suppose once for a LI in this paper .1\ y > O , f + -y > -1
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Lemma 1: 
Let )(, y '> O and consider k ()<: ,t j f) Y) defined by (1.4 t. Then the 

following prope~ties hold: 

i" smoothness: 

k ()<) t ) ~"l "V) E. Cc-o ( fR t ). IR... ), 

li) symmetry: 

lo<. (x I t ; S ,Y ) k (t)Xj ~"l'Y), 

iil) homogeneity: 

-'1-.f- y i«:
I<Ctllx)d-tjf,"Y) = o( ><,ijf)v).. 

Iv) partial-differential equation: 

(y. 'dx i" i di: i" S: '{ -1} f< (x} t ) L Y) ~ O • 

v) positl.vity: 

I /'>1 ... "" 
l,.- 1 ) ('~l()M (dt	 } "- l-«x)t) S,"Y) > O fO" a-.tl m J 11. t.. Z, 

vi) asymptotic behavio.ur:o: In • -t (o <1-Y))K (1,t.j~)'Y):" -L I M i: -~O ('V+1) 

k {1.-tjS,·"I) = (J(-t-v'''1''n'''-l<. (o,-1-f ») ~A i-o<:> (f>#:1) 

with a 10gar1thmic correction factor on the right-hand side if 
.y .. 1 or if ~.,. 1 

Froof:
 
The propertles i) and ii) are obvious. Properties iii) to vi) follow
 
by direct computations.
 

Now we show tha t (1.4) for fixed l e (\ (-<>O, O] is an element of
 

v#.a, ~ for special a... and -8'
 

Il'heorem 1: 

For fixed l. e C>. ( - 00, o] the kernel l«rJi.~ ~)-v) belongs to' cA{4 -t 
I 

if 

Q.. ~ "1 + "mil'!. (0, /f-y ) a-;.wf C?.-'--1 L.f -v=-1 

0.1) ..g ~ 1-'Y + 1'YI~ (c, -1- s) arr.ol 8>-1--v 1s="1 

4 

~:. 
Consider 

.:. )t"'I-" k (k('l)ij J ,Y ») = 

r(v;.k.) .1-1-ct"/'k (1-1t)a.-t f K(z,tjj,'v-rk)/1u.p l: 

I (-f) tE Rt 

Do 

r(-'(+K) -1-t!t ti-e J . t( ~ t (-1d) /r+'1(f(';]+f.)-v(_)k ~ 
r(v) tER ô o "j"t ot 

t·ü.,.,....O r. 
and for ~,,/l./ e (J
 

-Ji.t. tU3 l L]i we have
 

CM a~2 i:
 

Note that(t/(,J~t;))<'1 if tl'j>O 

~ ~ -1~ ~ i a r- ~ 

so i;hat
 

I~ .,. ~ I - J {. ( 6-") '; 2) 
- f 

( /2/ +d ) -}
 

and consequently
 

)<"ICl t (J«(-i)t)f,'Y)) ~
 

( r ("Y'" k) ( lÃ-;' ti i ) - r Li ( k (I et t J Y ) ) 

0.2)	 c.n _,J- / ti, til o ) / I
{'( ...,) Z	 

• 

for x > OIt is sufficient to investigate A.ia e o (/( (x,-t· o v ) ) / : , I ) J, 

Because of the bomogene1ty ar the k~rnel we have
 

-1 q a-~
 
){ o.,l( C ( k (~I i ) f, Y ) )	 --1.c..-p I " ("'-li) k L»,t ; ~ I 'Y ) 

té. 121 

1-'L 1 -é ~ - e t .. X él.-f-'Y- R	 ? 
~ 

(t ) (k ~ -;- ) k ( 1) x j f, Y ) 

tê Ri' 

X :J.. - 5'- v - Cl X f,-r-2.+ g ( a.-e ()c
g~ ( t ) x ~ f ) k ~,1 j r) "'f ) 

t € '<.,. 

5' 
..,. 



Having in mind that 'X"> O i8 up to now fixed after substitution 
of ~ and f by ~ and ~ respectively we get 

)<<'À.,e.,o (k()<I{)~I~)= 

J-s--.,-e 4-« ( 1 a.-€ (

0.3) x ~ ~ x+-~) k 1J~)5)"V)
16 IR~ 

and 

,ACi./i,O (k(x,ijJJY)) = 

X J..-f-Y-Q f+-( .. ;( - g, ( ) o. - € 
1(...v,r'l 'Y'- )c ... r- k' (1 y-. Y I" )D. 4) u.) ) ) )..:>..,.€ I( ~ 

Since 

x+f.
D.5) m~ .1,)( ) ~ ~ yYl~ (A,>< ) ~ t»< '> O'71+T 

it follow8 from ().) that 

.)<Q/ 4, o (K ( le,t j f, 'Y ) ) t C /<1,', o (fé (-1,-I. ) r) 'V ) ) ~ 

where C dependa on 4. , ~ $) v and X • The use of property vi) 
of Lemma givea immediately that 

,Â41€IO (k(-1,i j J, Y}) f. c 
if ai ~ aatiafy conditlons (3.1) where C 

l 

depends on ~/~) ~
 
and 'Y
 • This completes the proof of the theorem. 

Corollary: 
Le t ;; € ([ \ (- "O, o 1 • I f Q I -e sat18fy conditions (3.1), then (1.4) 
ie an analytic function of :e in the topology of· cj { ((I ~ 

,. Further we need the behaviour of M 4 ~ o (k (), t j f, -v ) ) for)( __ ~ o
• /-- I , 

and 'X-,""? IX' ,reepectively. Firat let )(.1 • For e c « it 
ia +.ct-~ ~ ()<+t)Cl.-G'~ (1..t(-e and from (3.4) we have 

x ~ ....... - <.~~<? e o (k(;w,td, Y I) has upper and lower nonze r-o bounda , If 
...g '> Q " then 

.. (-1 ll-~ ( ét-e (A A--& a G'
X ) -1..-t ) ~ x .. t ) ~ (.1 ... t ) -. 

6 

s ... y - 2" ... ~ ('k ')
and from ( 3.3 ) we have that )I. /'<a, e.o (><,"t; fi Y ) 

has upper and lower nonzero bounds. Thus there exist positive 

constants C1 and C.,l. independent of x but dependent on 

0..1 g) f, y such that for X ~ -1 we have 

· 2-s-v - !nrJI./{ (ai G) (.,.ú (k 6c t y ) ) c c X <1-5'-'-1' -.m({)< (Cf, I! )C1 X <> a/~O ».s, .z,I 

Similarly for x > 1 there exist positive constants C3 and C'7' 

such that for x "> 1 

" ,,.,,n(O..l-g-v-m'<1.(Q,e» • Inln(C,; • .,-v-mIYl(r.}{J)
J[ )(' I. ( ) C I I

3 v AI.{ .e o lkr.x,t.; f Y) ~ -~,r 
/ I I ) 

We summarize what we shall need in the following lemma: 

Lemma 2:
 

Let Cl-,e satisfy conditions (3.1), then
 

)(«., &,0 (k()<, li f, Y )) ~ u(X "'.5'- .... - rn a»: «r, (, , ) tt-1 x ---.. r: 0 

<. a. eo U( I )) _ A--(' rn cri to e-s-> _m--' (e, e : tX-1 )c~~0.6) (
I f r: lo )f, i - U li I I )) 

4. Dube's approach 

?irst let us define the generalizo~ S?-transform of dlstributions 
by the direct approaéh. The 1efin1tion i8 similar to Dube's defini

tion in /4/ for the case OS =- -y :> /z... 
Suppose e.t, ~ satisfy condi.tions D.1) and suppo se ~é- (\(-ec,oJ 

Then Kl)$,V Ct) = k(c)i , fi v)(. v/ta,o( and (1.5) defines the generalized 

S2-trans form for f f A~J B • From the Corollar,y of Theorem 1 i t 
f'o Ll ows that !:f[/;i,v](il Ls an analytic f'unc t on of lE(\(-oo,ojí 

From (3.1) and (3.6) we have 

(.1 :;t
itfjJ)Y]{l) :=(f(/.t:/"--f-v-mCl.)«Q, fl J 

) 
~ /~f ---'rrO 

cor, 'j(t) f'i--I m"'I (o 1-j--(" - 1>7/'l. (a, g)\)
(4.1 ) JL )1, Y (i) ~ Li (11:-/ I ~ Icl- Oa 

7 
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uniformly in any sector 0.( Icl c 0.0 1a-1'3,E: I f:. ,]1-[ L. JL • If 

f. is a r-egul ar- element of vtt;', ~ , then this definition coin-
sides with that for the classical case. 
Add~tionally we have from (3.2) 

( 4.• 2) I<jJ[ fd I YJ(k)(e i ~ ~ ) t « C ( Cn ,CVI'i r ) - s-k. 

5. The method of adjoints 

We prove the following theorem: 

Theorem 2:
 

'Let
 

(5.1) cJ.. > ma-)c (O "I -1 ) Á < v + 1'11.n. (O s - 1 ) I ) r: I. 

Then the generalized S2-transform mapa v1<..tt/11 continuoualy into 
.« 4., e if 

<:t ~ 1+ mln (~1-j?) ~ C<.- c, 1 .f~-11 
OC-~ 2-~-Yfd.. e.u<.t-( Y_o\ct.. <: 2-1' 1
6 ~ 1- s r m,>..)( (0, -1- Y ) aMcA.. ,t > -1 - ~ ~. y'".-1

(5.2·) 

~ ~ 2-.f - Y +/Í a.M~ .f., '> 2.-r- v i ~ -= O . 

Proof:
 

Let n...{t) é v/t.<i. A • Then '-;f[cp;j Y 1(x) , defined as in (1.3) is
't', )
 
a amooth f'unc t í.on on IR. t and
 

- (J..) "k ;'(Srk.) 
( CJLcp; SI Y ] (x) == (- 1 ) 'r (f ) :f[ cp ; j ~ k ) Y J(x) 

It followa that 

- J(O II ~L ifJ .s, -y ()<) { 

r (1'+4) UJ[ "'_-1 5-01. ' ( 1(4 ~ o (p) .) t (1 0f t) ;SIY](X) 
. I J 

8 

ao that 

Ma-ik. (1J'{(j),O,y]) c
/' I , J'>' 

~ )ict i O (cb) A~ c te- (tfli. 01-1 (í~i) A-tJ.").f vJ ) (5 3)• ,I I / I) ) • 

From the asymptotic behaviour of the hypergeometric .f'unc t í.cn i t ia 
known /5/ that 

00 

-r ..L ~--1(. -r = A":( tn,n.(()~-f) m<ü(C,7-"')-f>l'Vi ((','f))(5 4)• J('jti) lo 1rl.) of;t Ul d I (-1+.'J) 
O 

with a logarithmic correction factor on the right-2and side if 
P: ~ or 1:: r • Becauae the integrand in the double integral 
'![t"'-1(1-d)A-"jf,y]()t.) is positive, the order of integration can 

be changed and we have 

.(XI 0'-1 ">_~ 

j t (-1-tt) " IOr( rn,'"(o 01-"") 1'Yl('.(O,~)-ml ... (~,.1) \ 01.. y --1 .. 0 
------0Ik '" \J d I (-1"'<1) J I ) I o (:l ..q 'V 

and therefore 

,;1.-1 1-Á I 7<jrt (1+t) )~-tf<'Y.()/)-=-

oa 
00 .-1-01t cJ - 1 ( ,(.,.{ ) 

:: J ~ cÚ 
o (><.,. ~) 'S.~ J (d+ i )vo 

A-( Irl.~(o m,,,fO,"'·"Y}T-1-r'·k) }">11</>(,) ?"lI", (0-1)"f.Y-m''1{1,''.1-YJ~.It\\)
(5.5) t.J l-X I ( -1., ~ ) J I } 

14:-1 :j <><">'Y) O~ 'f- -1 +-/5 

Taking into account (5~1) and (5.2), (5.5) gives us 

(5.6) )(" € k. ivt f. <1.-' (-1-1),1. J...J" J Y J) ~ C. 
, 'I ) 

where C depends on ~ /1" Q.J e, g, 'v and i • 'I'hus , the theorem ia ~ 

proved. 

Now suppose that ~/A, ~/t satisfy conditions (5.1) and (5.2) and 
let cp é cAtei.,/5 and f ~ tyic~ e. .• From Theorem 2 we have 

) 

';I[rfi ~I v .JM ,E #~.6 and so (1.7) defines a generalized S2-tranaform 
of t 6 cAí 4, e • 

9 
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6. The inversion operator Now we show that (6.4) may be written as 
C>O

r( 2"-"'$) f x n"'j'tY-~ d no .. 1--v ( LIn /5/ it is proved that the generalized Stieltjes transform of 
(6.5)' (~ .. t )-)-) ~ distributions can be inverted by a sequenee of differential opera- n " r (h ... f-1) () {x-r'j ).l"'T~ "', v, '7 

tors_ .
 

Let Ln,f be an operator wbich acta on functions rPU:)é; coo(lR.. ) The substitution ';J'= lJ...)t' in (6.5) leads to
 
r 

as follows Co 
r(l,k"'j) J 'I,L" -r 1_ ...... 

LI.) ~ (/JU::> ,.. LM / f ,.t (/Jli.) -1) o (,/I'tIA.) "" f (L"t) 'V) UI<. (LL)(+-t)--v ) du...li
 
(7.{2 .. d') fCJa ll+-1-Y ~(-1)'" r{ ~) J 'I.L V-1 . -v 

(6.1 ) ( ~ ) .... t Z>t; 1- 1 (~) n-C/J (t) 
11. é. Z-r -1) o (..1t/,,() L";'" 5·u.. L... )Y) 70. (U>. ...-t) ) oA.M...

n! r(ltt-f-1) .>ti olt I 

It.f'U>t+ $) 
e>c 

Erdélyi proved that tbe ae que nce {L" f i [</J; f JLt:) } converges 
",-[(7(II"'S-'1) L",/~ y. J(~+l<~ 2" ...s (u..I<T' t )- Y ~ 

in vtie(. /!. to rlJtt) • In this aection we ahall prove a similar C>
 

. stateme~t for the trànsform (1.3). Replace la by y in the last integral, (6.5) gets to (6.4).
 

Let Ln, f / v be an opera tor which acts on functions From (6.3), (6.4) and (6.5) we have
 

as follow8
 
L'I$'v))( k ('X,i) g},,) =
 

L~/~) V (j)rt) =- Lh o y t qJ(tJ ""
 
1-') I <>o

r(,z"~f) /'(b, ..... ) J ,"oi- v -.l ':J 2~ 1.. '"'

i., oL",! (j)tt) (6.6) (h. ! ) 1. r ( n·. f -1 ) I' (/,f.,.y.>1 ) o ()("'j/''Hl'(~ ... er"":" ~ 

Next we computer (s) r (-y ) ( ~) ', z·, n-1(.0:-)2.'1 t l. .. «s: 1(~) If 
D<:J

,f, (é) . 
, (6.2) (l1..')'ie"'s-1)1'{/1,y-1) M M di lf'
 

J L....s. 'V, '< k ( x) t) f) v '> <..ovU •
 
o
Note- that L",f. v maps vk"''';'-f' Y , /, -r 2-1'- T continuously into
 

fiO{A '. For tbe (formal) adjoint operator we have
 Using the formula for the beta-function 
I 

00 cl--rL 14< 
~ L crt:; "=' t oi-I ("'rol) F(rJ-;i,)

o'n{f,"'" ") V J ) (6.7) J (/'J)~ 
r t. 1 ) Let us compute L n k('IC,t.o)v) _ Becnuae /10/ 

o 
,~) ..... , v. ) J
 

we get for n.+ 2, > 'V h .. 1 » 5'
I 

n+y-1

(6.]) L", e _ (,"'.;-t ) - f {'(-ln.,..çg ) ... -t Iot 

'DO
 

IJ) J L, k ("'1 t ) f) v ) ott
roi r(h"'r- 1 ) ( ),t t ) :L"'.,. f ,f, 'V') 70. 

o 
( i t follows 

1'("",1.H-v) l'{h;S-1 ~'V-1) :> 
L"/f,v)v, 1c(~It.i~I'{) L... , .... ,,, o L... )~ .... k ()C/t j s, y ) 

z: 8't. (f, v ] = 81-L ,rr)H1) /,.( h.,. j- 1 ) 

C>o 
By Stirling's formula it f'o L'l owa that the sequence {9fo'L.) conver

== Ir2"., j ) '~' 
(6.4') L",, v I v: J~"''''~ 

,~ ges to 1 as rv goes to infini ty.
'I't.'r(~Hj-1) o (... ~ 'j ) 1. .... S ( '.:1+ -t ) v )~,
 

10 11 
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In the following we use the operator 

(e "1 L., , f) Yti ) (6.8) Lk-) f, v 

Lnc t ead of L"d, v so tbat for 1t.€Z+ ) h+.z >v) )1..,.-1 '> S 

we have 

C>O 
O<J .. t:t+ -«- ~ ~ 2., i "

1 =- J LI) f, Y," k (x, t) f) v) J X ':.v'Y	 ---;t

o	 UM,S,"" O( ..+~)2".~ C'j""t:) ~. 

We want to show tha t the sequence { L)~, v) x k (~,i ~ g j y)} tends to 
ÓC~-t) in a weak sense. Because of the homogeneity it is suffi 

cient to consider )< = '1 •
 

Let t: 0...+1 ,Q. ç -1 , suppose a. -=F O and put
 

L_ f< (x) 1r"') S I v )l'
0'1 s, Y I"	 L k (1) -1+(, 'D 'Y)

'tI f,..y ) .) ) 
'Ic-::- 1 

Then we have 

L,., J '5, Y k C1/ 1 tcl j SJ 'Y ) -= 

C>o o ,,-,r 'j""" (ir'.) 

-= ro;11~\-Y J . J.V\+ 2t1..r-..,(.1< '1 ) ~ (~ -t 1 ..(~ ) c~ 
O 

O<:J	 -À ( ,, ) ct\"-tÀ (y)J' l2..... (1+Cl) cÁJc, d	 . , 
=- Ck, '3) " (1J+é\)	 . '- 2 ...-ll -1t. .... -1'l " 

(l[(11t:J)·l'j+-1 .. al1 (1-t'1)~ 2.l'j .. -l"(1) 

where 

-1,(ct<O{ y,-~ ~
 
,Ào..CV) e- O
 

C<.. '> O
i 
( Because 

(1 .. a.) ~ >-Q ( ... ) 
o .( 

I. ~ - Yz y - Yz <CCSl'f)
~1't ':l) ( 'j"1'..-1 ...« ) 

for a l L ~ '> O and taking Lrrto account formula 2.2.6.23 from /8/ we 

conclude 

12 

Cv y k' ('1) 11- i1} Py" ) « 
) 

g
J) J I -c 

r( Zh-.z)ffi C( 'i»: . __ '_, _)I, ~ T ~,'Y' "r.s,« I' (2.,- /z. 

•• 1 

lt.+ À", (y) L-:- , ( ) I~)
(1'tt/. ) Z.,. ~ + ;( .l .. --1 í-1+ a

(6.9) 
-' -, Y>r-<'/. -1~ ; 1 ... C( )(.' 

Lemma 3: 
If '<.f (i) is a function continuous in (~ ~J and there exists 
a real number,À such tha t 

·1 

Jt ). Li' l+) oU, converges, 
o 

then 
.-1-€ 

1Cf ({) L..,f, y k (1') i; s, y) oot:
 
o
 

tends to zero if 1'1.. gcea to infini ty. 

Froof: 

From (6.9)' we have	 for 1l. '> ).+ Y 'Y1 C 2 
t 

-'I-f 

I j Cf 1i) Ln, ~ , y I< (-1) i j ~ ) 'Y ) oU J "" 
o
 

-c
 
:-/J Lf(1.-a) L~/~,yk(1)1+Q'J)Y) d.a I ~
 

-1 

-r "	 fi I'(Z..-.() J' h'i- Y L.l.T-C,... r<.r.<,n-1'.r;;o,,] 
~ t , ~ -:T C(f, Y ) . r" " 7 ( :< 1 I<f ( 1 +0,) J (1 r a }	 0'Í4 

'I	 tI,'" j "-'l)-1 (11 Q)ltn-<. 

~ i 
r	 1v+1_v-,>.(<. 11- -1) r ('<)" j) (7 ( '< VI , -c ) r (.J.. - J. ) 

" (6.10) ~ C '	 • /I-f
1,j r'{'U 1) r( u » Y-1) j7(n'1 d-Y) [7( n » f-1, Y-1l r(,JII-; ) [ «. I:<:f' ) , ] " . ( where we have used	 that 

~+~

ri	 (,1+ r:;-:;;;: /' 
!'! increasas in the interval (-1) O ) [7 depends on g,.y and l.f 

. t 
; 

13 



Note that 

.2"(1-fJ 
(/li' M-' )4 (: (A-f) ó- rCE) >0 

and using Stirling formula we can continue the estimate (6.10) and 

get 
/l-C 

n 1"A O ~ I J lf (-O L"" s.y k ( 1) i ) J, ,y .) .« I~ C2 (,«: r) -v - ». 
o 

as n, ~ 00 

~hus, the lemma is proved. 

Lemma 4:
 
If I..prtJ l s a function continuous in ['1,00) and there exists a
 

real number À such that
 
o-o
 

converges,
J -t ). Cf' l t) clt 
-1 

then. 
'>Oi Cf ({) L." ~ I y' k ( -f) i ) SI -y) (){{
 

1., t:
 

tends to zero if ~ goes to Lnfinity. 

I Proor.:
 
Replace t 

4
by ~ in Lemma }. 

Lemma 5: 
If lf({) is a function continuous on IR.. and there exist real numbers 

/-1 and À.0 such that for some 4., g 
C1. oo

f i: x, lfU) cU and.f i.'~ l..lfft)c.lt converge " ( 
O -( 

then 
OG 

JLfLt) L.. o v k'(A)t) s)"") oU: 
.. ,':l) 

O 

Proof:
 
By (6.8} we have
 

00

i ~(-t) L.. )~,v j((.-{}tj~, Y) cU - cp (-1)
 
o
 

C>O
 

=:- J('f (t) - lf ('1») l~ 1'5, -c k (1 J i j S j -y ) eM. 
o 

Fix e v o auch that Ilf(-t.)-QlO/<"C) if only 1t.-'1/l.. E. • Now 

'\ decompose the integration into the integration over O~ t ~ ~-é 

~ , "I-f c: -t l. -ir e ,1..e ~ t 00 and denote the corresponding integraIs4 

by I 1 , I 2 and I) respectively. In view of Lemma ) and Lemma 4 I 1 
and I) tend to zero and for I 2 a simple computation leads to 

/1.,<2 

Ir~l 4 f I <f (-t. ) - ({' (-1) \ L", s " k (1', t ~ 3, v ) cA--t. ~ 
) I-1-[ 

00 

{ ~ I L" P v k (-l} t,; ~, '1) cU ~ f. 
\ .), 

o 

Thus, the lemma is proved. 

Now we can prove the inversion theore~ for the transform (1.). 

Theorem ):
 
Suppose o/. > 1llGtX {Oj"l'-1) ) ~ c -Vi' 7nln (o) s-'1)
 

and let (jJ E 0 t <>l', 4 • Then the sequence f L,t'3,Y ,::!['PíS,v]} converges 

in c/ti "', A to 1J 

Proof:
 
'N~ have to' prove that for k E z,r
 

I(c{,~, k ( L I1 , j } 'v 'frrP)j, r J - cP) - Ol as ~ __ 00 • Note th~t the aequence i L.... 'J, ... Y'(cP~J} y'J J tends 

to cp if and only if 1L",'),v '-1(cb; s,»l ~ tenda to r/J ao that

I it Ls. sufficient to consider the sequence i L..,$,V ":!ret>jg}v]} • From 

{6.6) and (6.8) we haveconverges to (ft1) if '11. goes to infinity. 
"1 

j 15 
14 

.'
 



I I.fcepjS)-J] (x) -cP(X)=
L.,\ '3)") ~ 

OQ 00

J(cP(-tl-c1J(I\)) Jx"t$T-V-2 ~2" t:~ oÍj ,'-'C
z: Onl~)Y 

O O ('l<'t'j )2..... ~ ('j+-t)l. .....y 

or wi th 1:.:: x . l.-\..
 

CXJ ao "'
_'lÂ.__S( cP (u . )( ) - (j>(x)) ( ~2,", ~ ou.;Õ "','$,Y J ( ).I...-r ( ')'1."" V (j 

(6.11) 

o o -1'tj .j'''''
 

Put LI.
 

R~ (x) = X JC/J/{)<'~) ()Új cj)(u.'X) -cp (><) 
'1 

Then 
u l-1. 

(t) . Jrf.,(H4) t. (t) L--rR",- (x) = X 'fi (x'o/ ) r ~ k cp '(~>)()~ tA:;f- J
'1 -J 

and by (2.1) 

)/Ju 
d-2 {(~I oI-~--1( I .1-.,,1I RIA. (~)I {. x /-rl)/.>,~d (<1J)+~r:J.JA,k (cP) ~ (1"!f'):)o{~' 

'7 

Furthermore, from (3.6)
 

(,11' t 't ) A-.,{ {. (/I-I}t.) /1-.,{ ?'n60c ( -1> 1- ,,-i-<>l)
 . 
for O t:. x) 1 c 00 and so we get 

I"I~" (R,,) ~ (1<I,/>,..,Ir(>J''Y.,,,,.lrPJ) If1n")(1~!(')1-2,,(~I. 
Taking into account the last inequality and (6.11) we have
 

;UoA\h,k ([tt ~5,"". Cj{ep; 5, y] - cP) {,
 

'- (1"',.1 /w1 (cP) +- k )<0/ ~ i( (1))) •( I I / I, 

OOJco 2,... lIt k. l.(. . ~ 'it o( -2I> 
ãli1f, V' I (11 /".f ( )2.14""",1 J '\UR)«~,~ ) Q 0\C1 o o ~'j ';r l.<. 1 '"1-r
 

The function .~(~) defined by u,
 

1t(u.}::I~ iW\.~(~«I~A) 'l.-lo{~ I 
1 

is continuous on R t , satisfies a L'l condi tions· o'f Lemma 5 and 

vanishes at 4.= -1 • Cons equerrt e Ly 

00 ()O 

z.... ~ ~
 
l''" I ~y "4- (tL.) 'á IA. cJÚ.<. '
 

I J ~ t )40. ~ ~ ( )2." t'V -- Lr ( .~) .,... O 
o o -t-+~ '-'j-t"'" 

as 1't. -_ 00 • Thus 

.,tU"J;1, i: (Z:,s/v CJ[r/Jj f, yJ - rj) ) ~ O 

as /'2.. -- 00 and the theorem is proved. 

Lemma 6: 
Suppose 

(6.12) Õ '> >'f-S ~ l'nc\')l (0-1--1) [.( 1-+ rn"t (o -1-9 )
I > I 

and let cP 'E;v/fã, J • Then the following commutation relation holds 

for the o?era tor L.., 13, 'V' 

(6.13) L." IJ'" _ v ) )( Cf[tf~Y -l rP(i) j f,v] (x) '" x s-> -2. l::frLn,~1 ",'t cp (O j '5/y'] (x~ , 

Proof:
 

If Y and [ satisfy (6.12), then d.~ ;r~j't'"Y-2 and)",r-r j'T'·-v,2.
 

satisfy (5 ..1) so that the S2-transform of -t 'f"""2. c:t>tU and of
 

L..)s.v,« (/J (t) are weLl defined.
 
To prove equality (6.13), we consider the right-hand side of (6.13)
 
and substitute t by X.u • Using the homogeneity of the kernel
 

k(\lILj~I'i") we have 
oo 

J.-I-l J' ()( k (x.-I. S):v ) L"" s -« -(. cp U )) eNtI 

D') 

C'><J 

Jk(A)kj s,"V) (LOt)~,y)~,'-<. (j)(X.t-I)) d«
o 

<>o 

1" y - 2 ( ri,) ~' .'
J k(-ftL{j S, Y) «, L, Sy )< lf/()<'4)

'/ ) 

o 

00 

.f+y-2. cPL- .. 
I) 

e.» 
I I 

x Jk(' 1 
I 

IA,
I 
. f

I 
'V) ( )t 'li ) occclA. 

o 
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Replace tzx by t , the last integral gets to 
De> 

,7+ Y - 2. 
LiI)j) Y'J'" f k (x;tjg,Y ) -I: dA; 

o 

and equality (6.13) is proved. 

Let q,Ó satisfy condition (6.12). Then from Theorem 3 and Lemma 6
we see that the sequence {Y[Lh,S,v (jJ;J,vlJ converges in c/t1 / 
to cp • J 1 

Now the results on the inversion of the generalized S2-transform 
(in the sense of (1.7)) can be summarized as follows: 

Theorem 4: 

Suppose o< '> 1'Y'\C'--)( (o, '1-1), cl ~ Cl..) /1 < V"m,'l (Olf-
1) 

/1~ e 
I	 )and let cp E cAL 01. /I and	 f C c;A-{q c; • Then 

. ) - I	 I 

1. <:fL i ; s f; y) 3 l , 1>	 '>Y) - <f I cp > Ç(.-S h. -.....,. Ck-'if _ 
Cl c .-v -I-~ (0, g - 1) ~ ct'::y "'1 $"''--' 

,f:. ~ ?'n'V\c (o 1'-1) {.I\A..,.c>f.. -(;>0 ~ -y~-1J 

ii) 
v(L"l ) '5 :J[f;Y,'SJ	 

~CP> -( f/cp> a.-s 11. = if 
• zt, f -4 ~ }n,n (0/-1-j') (l-i-t (}/( ct c -1 '-f j>=-r 

~ ~ -1- J -r- '}--"-l<,-?< l c -/-"V) o.n..,.o1 i-G '> '/f - :f 'Y = -1I 

Proof: 

We prove only the first parto Under the conditions mentioned above
 

we ha ve L., y s f E.. cAt'• a nd ~[ L f' . Y Ij ] c. (/{(
 
) I Cl .f+ Y - 2.) e;: r 'l~ -y - 2 ., I v-, f ), v/I 

I 

-1 
80 that 

( 

(:1'[ L')YJ~ f) ",g] I (j) '> = <: L~,-yJ'3 ~ ) <.j'[cjJ; S ,v] '> 

-;;: <?)L.,)s .. v~r1/JJf/Y] >. 
Finally, using Theorem 3 we obtain the first part of Theorem 4. 

RemarkJ 

An invora1on theorem for the S2-transform of distributions defined 
by (1.5) can be proved by following the lines of /4, Theorem 3/, 
where as sequence of differential operators a sequence similar to 
(6.2) must be elected. 

7. Examples 

i) Let J ~....,. = -1 • Then 

&). - 4{ 
t. t x 

~ -t 
K (', l, S;v) -ee ! 

-1 

x t. =- X 

We get the classical S2-transform considered by Boas and Widder /2/ . 
c-o 

(7.1)	 <f[cPj'1)1](t.) ... r h2-k-t CP{-o t>Vt
 
2 -i
 o 

If :l '" x > o ,then wi th t~x'd (7.1) gets_ to 

(7.2) CjJ[ep; -1)1 ] (x) = J .e: ':J 
o ~ cp (x. >' ) oI1J 

ii) Let g::: "Y =- :<.- ,O c J '- 1 • Then by formula 2.2.5.19 from /8/ 
we have 

x 1-f -i 1-f 

t ,; x 
(lt --f.) t -1-~iA:fk ()l) i. j .! , 2.-J ) 

...-1 

1; ~)(lo< 

80 that 
C>Q 1- o 

-f-f t J
-1 .z 

(7.3) 'f [<jJ). s, 2-sJ (-r))	 -=...,-:-jJ(2-t) '( ..,-~ 1J (-O oU 
o 

and i f 2: =-)< > O , then with t = )( , j (7 • 3) ge t 8 to!	 00 "I-r 
(7.4) Y'[cP'JJJ.-S] (i) =_1_J rI-"j .. rA(>.j)dy 

• J /1- g o (1-!;J li'.f 'f./ d
1 
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Tperop r. E5-86-834 
Oô liTopHponOHllOM npeo(3p890B8HHH CTHJIbTeCa 
,IJ,J1fl o(5o(5~eHlIhJX I\.lYHIc~J.di 
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rIOIca9blBaeTcfl, t.ITO oÔpaTHbrH onepaTOp ecTb nHHeHHblH ,I~HlP<PepeH

I..(H8J1bHbJtí orrepa'rop õeCKOHetIHOrO noosnxa , 

PaôoTa BMITOnHeHa B TIa6opaTopHH TeOpeTHt.IeCKO~ $H3HKH OHHH. 

Ilpenpmrr Oõsenauenaoro HHCTKTYU AAepHblX HCCnenOBaHHH. Ilyõaa 1986 

'I'rb'ger G. E5-86-834 . 
On the .Iterated Stieltjes Transform of Generalized 
Functions 

The iterated Stieltjes transform is discussed using the 
~ethod Df adjoint mapping. It is proved that the inversion' 
~perator is a linear differential operator of infinite order. 
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pf Theoretica~ Physics, JINR. 

Preprint of the Joint lnstltute for Nuclear Research. Dubna 1986 

, ~ 


