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1. Introductlon 

1.1 The paper Is contir.uation af the work ~one in Refs. 1-4. In 
Ref. 1 the method of constructlng reulizatlon3 (boson represente
tion) for an arbitrery reel semisimple algebr8 g W8S presented. This 
method gives the skew-Hermitean end 3churcen reclizations startlng 
fram 8 decomposi tions g-=n~ dil g~ $ r:~ which i s ~ s i npLe ceneralisetionJ 

of the triangle decompositior.. In the p8pers Ic-4/we h8ve epplied 

this method for the construction re~11z8tions of real algebrés 
gl(n+I,R), sp Cnj R) and so(q,2n-q) • 

1.2 In the paper /5/ (see also Ref. 6), extc~sive fernilies of reali 

zations for the real elgebras u(m,n) were constructed. The method is 
besed on the recurrent for~u18e which give reLlizútions of u(m,n) in 
terms of (2(m+n)-1) - boson pair~ 8nd generators u(~-t,Tl-t). This 
reelizations are not expressed ~s polynornlels in canonicel peirs 
ql J Pi bu t t he 'Neyl algebra W is extendf!d to the local isation2N 
(for details see Ref.5). 

1.] In the present papar, we spply the method of Ref. t to the case 
of real a Lge br-s s u(q,n+l-q) I whí ch a r e t ne r-ea L forms af the compl ex 

,clgebres gl(n+l ,~). We construct recurrent formule e which give rea
li zr-t Lo ns Df u( q, n+ 1-q) in ter"Tls of' (;::n-l) - bo s on pa í r-s end gene
r-e t or-s of t he s ube Lge br-a gl(I.-d':)lRl1)u(q-l,n-q). Her e we use the expli 
c i t forms of the t r-Langl e \lecomposi tion of these uLgebr-as which we 
hsve constructed in pr-ev í ous paper 17/, The resulting realizations 

e r e Schureer; an.l skew-Hermi t een , 

1.4 The erticle is orgenised BS follaws. Sp.cti~r 2 contains note
tions, definitjons and some convent10~s. The results Df the pape r 
are fo~nd in Seco 3. There 8re derived thc new wlde fBMilies Df res
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1izetions. Section 4 contains a discussion of the resulta. 

.. 2. Basie notions 

2.1 The s t andar-d bs.s í c of gl(n+l,,«:) s given by the n2 ,e1ements Ei j í 

whieh are in their n x n - matrix r-epr-e serrta t í on , metriees wi th the 
matrix e1ements (E ) k1 = 6j 1 . The eommutetion re1etion~ hev~ thei j bi k 
form ' 

i,j,k,1=1,2, ••• ,n-+l. (1)[Ei j ,Ekl1= Ó~k Ei 1 - Sli Ekj , 

2.2 In our ertic1e /7/ we have specified exp1icit forro of the auto
morphisms wtieh give the real forms of this algebra. Using these 
eutomorphisms we obtain for the a1gebras u(q,n+1-q) the fol1owing 

bases: 

Xst=(Es t - Eq+t,q+s)' Yst=i(Es t + Eq+t,q+S), 

Xs,q+t=(Es,q+t - Et,q+s)' Ys,q+t=i(Es,q+t + Et,q+s)' 

Xq+s,t=(Eq+s,t - Eq+t,S), Yq+s,t=i(Eq+t,s + Eq+s,i)' 

Xs,~ =(Es,~ + E~,q+s)' ys,~ =i(Es,~ -E~,q+s)' 

Xq+s,~, =(Eq+s,d-. + Ed"s)' Yq+s,oe. =i(Eq+s,~ - EDo,s)' 

(2 )xc1.~ =(E~f:'> - E'3J,)' Y~t3 = i (E""I:\ + E<)~) , 

where s,t=1,2, ••• ,q end ~,~ = 2q+1 ,2q+2, ••• ,n+1. The commutation 
re1ation in these bases we bring in Appendix A. 

2.3 The Wey1 a1gebre W2N is the associetive e1&ebre over ~ with 

i~entity genereted b~ 2N e1ements qi end Pi' i=1 ,2, ••• ,N, which 
satisfy the re,lations 

Pi qj - qj Pi = ~ij 1, i,j = 1,2, ••. ,N. D) 

Acc~rding to the poinceré - Birkhoff theorem, a basis in W2N is gi

ven by the ordered monomiels 

k 1 kN 11 IN 
(4)q1 ••• qN Pl ••• ' PN 

2.~ Let g,g are real Lie algebres. By g, g we denote their comp1e
o ...- ""' o

xifications, furthermore, U(g), U(go) are the enve1oping'slgebras of 

these compLexí.f'Lca't í.ons . 
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Defini tion: A rea1izat.ion of e Lie a Lge br-a e in W2N® U(go)' is a homo
!'1orphisrn 

g --}W2N 0 U( g o ) · ( 5) 

We ShH1} -assume this homomorphism in alI cases to be elreedy unique1y 
extended to 8 homomorphism of the enveloping algebra U(g) of g into 

W2N ®U(go)' 

2.5 Definition: The rea1ization '~is calied Shur-rea1ization if eve
ry centrEll e1ement C of the enve1opin['; 81gebra U(g) is realized by 
1 ~Co where Co is centr~l e1ement of the enveloping é1gebra V(go). 

2.6 For possible epp1ications to representet10n theory we introduce 
in W2N'®U(go) the lnvo1ut1on "+" through the fo11owing re1atlons 

qi
+

; -ql 

+ ( 6a")Pi = Pi 

e nd 

yi- = _y for Yego. ( 6b) 

Definiti.on: Let g be 8 real Lie algebre Bod 1et "+" be the invo1ution 
on W2N'®U(g~) defined above, A re-alization r: of g on W t s2N®U(go)
coLl.cd skew-He rmí.tean, if 

( '( (X» i- = - '«X) (7) 

hoLds for EJ11 X f: g. 

2.7 +1 we define a decomposition of e1gebraFor b=E11+E q+1 ,q
u(Q,2n··q) in t.n í s way: 

[: = n~@g~$n~
 

n~ = RtXE g;[b,X] :: d;X X where ~X > 01 ( 8)
 

g~ = R{X E:g; Ib, X] = O}
 

n~ = IR{X fg; [b,X] = - ~X X where ol.x>O).
 

This decompositions we use as e startlng point for our construction 
(see a1so Ref. 4 Seco 4). 
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3. Construction of realizations 

3.1 Using the commutation relations in elgebre u(q,n+l-q) (see 
Appendix A) we can bring the decomposition (8) into the form 

b 
n+ R{X1i, Y1i, Xl )q+~' Y1,q+i' Xl~' Yl~' Y1,q+1J
 

b
 
go R[Xi j) Yi j) Xi,q+j' Yi,q+j" Xq+i,j' Yq+i,j 

XicJ.' Yi~' Xq+i,~" Yq+i,,,,-' X"'I?>' Yd..~' X11, Y11}, (9) 

n~ R{Xi l' Yu ' Xq+i, l' Yq+i, l' Xq+1,,,,' Yq+1 ,<;I,' Yq+1, 11 

whére i,j=2,1, ••• ,q 8ndo(,~ = 2q+l,2q+2, •••.,n+l.
 

Evidently, the set !Xli'Yli,Xl ,q+i'Y1,q+i,Xl~'Yl~'Yl ,q+l;
 

i=2,3, ••• ,q; ~,I!> =:= 2q+l, 2q+2, ••• ,n+l} is a bas s in n~. We write
í 

the element of this basis as the matrix 

••• , Xl qX12 , X13 ,
 

Xl ,q+2'X1,q+3'···'X1 ,n+l
 

••• , Y1qY12 , Y13 , 

(10)Y1 0+, l'Y1 q+2'· ~ • , Y1 n+1 
,~, , 

We introduce an ordering in the ebov~ basis in which its elements 
are ordered lexicographic811y. The monomials of U(n~) can be then 
written as the matrices 

X Xn2' ••• , nq 

X X 
nq+2 ' ••• ,nn+l nn2 nq ) ( n q+2 X n+l )Y Y ( X12••• X1q X1, q+2 1,n+l x••• , nn2, q 

Y Y ( 11)nq+1 , ••• ,l![n+l 
n2 nq) ( nq+1 nn+l ) 

x ( Y12 • • • Y1q Y1,q+l··· Y1,n+l 

where of course n~, n~ belongs to No, the set of alI non-ne~ative 
integers. 

3.2 Now we are able to apply the general construction described in 
Ref:l .r "Let Cf be an auxiliary representation of the algebra g~$ n~
 
on a vector space V such thet
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b 
~(n_) = O 

Glg~ is fLithful. (12) 

We denote by W the car-rí.e r- Sp[1Ce of t.he í.nduced r-cpr-es ent.e t oní 

')::: Lnd I g , lT). If t v 1 ' ••• )vd } is B ba s í.s in t.he spac e V, tllen tlle 

ve(;tors 

X X n2 , ••• , n 
q 

X X 
n q+2 , · · · ,nn+l 

(13 )® vi11
Y 
2 , ••• , n Y 

q 

Y Y 
n q+1 , ••• , nn+l 

forro a basis in W. 

3.3 We define the creation end annihjl~tion operators ~~, B~ on 
the space W in the following way: 

X X X..., ..... J nn2, n~ n2, q 
-y X X X X ...... , n .... ,~ vi:8 k n q+2 , nn+l\ 0 vi
 

Y Y Y
 

nq+2, n+l 
Y Y y

n2 ' ••• ,nk+1, ••• , nq n2,···,nk,···,nq
 
Y Y
 Y Y 

.... '11,...... , nq+ 1 ' nn+lnq+1' nn+l 

X X X Xn2 , .. .. .. J n ...... nn2, q
 
X X
 

q 
X X .nq+2, ••• , nn+l8 Y Inq+2, ••• , .nn+l - Y@ vi -nkk Y y Y I0 
y y yn2 ' ••• , nk , ••• ,nq n2,· •• ,nk-l, ••• ,nq (14a) 
Y YY Y ...... , ...... ,nq+ 1 ' nn+lnq+1 ' nn+l 

and sirnilarly we define the operators ã~, a~ • Furtherrnore we defi 
~ R ne the op;rators X for X gl(l,C) $u(q-l,n+l-q) by the reletion 

x= 1 ®~(X). (14 b) 

3.4 According to theorem 3.6 of Ref.l, the induced representation 
~ : ind{g,C') can be rewritten using the above defined operators 

(14a-b). and further the sought s~ew-Hermitean realizations are ob

5 
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tained easily by replacing the operators by suituble elgebrBic objects. 

Fordeteils, (see Ref. 1., sections.3.7-3.9). 

a~q
 

a-~p
 

X -7X • (15) 

We get the formulae l'", 
t(Xij)--qjPi - qjPi + qq+iPq+j qq+iPl+j ij 

V(Y )=_ Y X ~ X Y + Y X _ X Y + Y 

_ X X Y Y X X + Y Y + X 

( ij qjPi qjPi qq+iPq+j qq+iPq+j ij 
I' 

(X )= X X X X + Y Y X _ Y X + 
i,q+j qq+iPj - qq+jPi qq+l PjPi qiPj 

+ Y Y - Y Y + X
qq+iPj qq+jPi i,q+j
 

V(Y .)=_ Y X _ Y . X + Y ~ X +
 
L t,q+J qq+iPj qq+JPi qq+1PJPi 

+ X Y + X Y _ Y Y Y + Y 
qq+iPj qq+jPi qq+1 PjPi i,q+j
 

r(x )-_ X X + X X _ Y Y + Y Y +

q+i,j - qjP 9+i qiPq+j qjPq+i qiPq+j 

+ Y Y X _ Y X + X 
qq+1 Pq+1Pq+i qq+iPq+j q+i,j
 

~(Y )-_ Y X _ Y X + X Y + X Y +
 
L q+l,j - qjPq+i qiPqtj qjPq+i qiPq+j 

+ y X X + Y Y + Y 
qq+1 Pq+jPq+i qq+jPq+i q+i,j
 

_ X X Y + Y X Y X X y Y
 
~(Xi~)- -(~ Pi - (q~ qq+l~A )Pi qq+iP~ - qq+iP<j, +. Xi · '1-,
 

(y )_ (Y + Y X) X + X Y + Y X X Y
 
l i~ - - q~ qq+l~~Pi q~ Pi qq+iP~ qq+i~J, + Y1 ~
 

~(X )=_ X X _( Y + Y X) Y
 X X Y Y
 
q+i'd, qJ., Pq+i q.;.. qq+1P~ Pq+i qiPd\ - qi~:Á + Xq+i 'd-,
 

V(Y )- ( Y + Y X) X + X Y + Y X X Y 
L q+i'~ -- q~ qq+1P~ Pq~i q~ Pq+i qiP~ - qtPA + Yq+ i ,'(/., (1 

_ X X + X X Y Y + Y Y + X
r(X~~)- -q~ P~ q~ P~ q~ P~ qd, P,.., ..A f'> J,

.' 

6 I ., 

Y X Y X X + qX p~ +'(Y~~) =-q~p~ - qJ.. PI'h - qq+1 PI\ p...... 1\ \Á. 

+ qXpY + Y Y Y 
.J,. !'> qq+l P'3 P,J,. + Y~~ 

q X X Y Y X X + Y Y ) +
1:'(XlI) = ~(qkPk + qkPk + qq~kPq+k qq+kPq+k

k=2 

n+l
+~-(X X + Y Y)+2 Y Y +X• !---- qJ. PrÃ q~ P~ qq +1Pq+1 11 
.~-2q+l 

_ q Y X X· Y Y X X Y + 
~ (Y11) - JÇ;,qkPk - qkPk + qq+kPq+k - qq+k Pq+k) 

n+l 1 Y Y Y X X X Y Y X 
+ C 2 qq+l (Pd- Pd-, + P~ P~ ) -P<1\ P"" + P~ Po-, ) + Y11 

lÁ =2q+l 

1'(X I2) = q12 

"" _ ~ X X X rY Y X X Y ) Y 
L(X2 1 ) - ~ (T(X2k ) +qkPI 2 )Pk +( L (Y2k)+qkPI2 - qkP12 Pk + 

+ Jl- X Y. X Y
k~(X2q+kPq+k + Y2 , q+kPq+k ) - tcx1I)PI2- tCY 11)P12 + 

X 'X Y 
n+l qq+2(PJ. + P1I.)

- X Y Y Y 
+J, =2~ (- 2 + X2J. P"" +Y2J.'prA ) ~ 2ql+2Pq+ 1 

• J 

,I. Discussion 

In the present paper, we construct~ using lhe genervl method of 
Ref. 1, the explicit forms of boson reelisetions for 81gebras 
u(q,n+l-q), which ere the real forros of the complex algebras gl(n+l ,~). 

These realizations are defined by mean3 of C2n-l) - boson pairs and 
generetors of the subelgebra gl(1 ,~)R~u(q-l ,n-q). Another cless of 
rea11setions has been described by Hbvlícek and Lassner /5/, but 
these are not expressed as polynomials. Our construct1on proves that 
in the case of elgebras u(q,n+l-q) we cen construct the polynomiel 

realisotions too. 

7



AppE'ndix A: 

Using the r-e Le t ons (1) we c ar. compute commutetion r-e La t t oris ill theí 

besis (2). In this óppendix we eive their explicit form: 

[Xi j , Xk1l == JjkXil -5i 1Xk j [Xij,Xkl~] = JjkXid

[X i j ,.Yk1l == SjkYil - áilYk j [xi j , Y1:dJ = SjkYi~ 

[Yi j, yk 1J= -SkXil+ ~-il Xk j [Yij'Ykó-J =-ÓjkXiJ. 

[Yi j 'Xk.~J. = SjkYi o:A. 

[Xij,Xk,q+tl= ÓjkXi,q~l- S~lXi,q+k [Xij,Xq+k~J = - ÓikXq+j'~ 

[Xi j ,Yk,q+l1 = Dj k Yi , Q+ l + Djl Yi ,q+k [Xij,Xq+k,~]= - ÓikYq+j'~ 

[yij,Yk,q+t]=- DjkXi,Q+l- 6j 1Xi , q+k [ yij'Yq+k,d...]=- SikXq+j, <"'I 

[yij·,Xk,q+t]= SjkYt,Q+l- SjlYi , q+k [Yij,Xq+k,~l=+ 0ikYq+j,~ 

[Xij,Xq+k,lJ= - Ói1Xq+k,j + SikXq+t,j [Xi j 'Xó.~ J= O 

[xij,Yq+k,l]= - OilYq+k,j - ÓikY~+~,j [xi j , Y",~ ] = O 

[yi j , Yq+k , l l = + 6ilXq+k,j + di kXq+1 , j [Yij'Yd,I»]= O 

[yi j,Xq+ k,11= - Ói1Yq+k,j + Ói kYq+1 , j [yi j , x .1\f?> ] = O 

[Xi, q+j ,X k , q+t] = O [ Xi ,q+'J 'Xkti.,J= O 

[Xi,q+j,Yk,q+t1 = O [ Xi , q +'J 'Yk cI,]= O 

[Yi,q+j,Yk,q+t 1= O lYi , q+ j , yk ",,1 = O 

(Yi, q+j ,xkd...1= O 

(Xi, q+j' Xq+ k, 1J = SjkXil - ÕikXjl+ [Yi,q+j,Yq+k,11=- djkXi 1

+ Di1Xj k- Új1Xi k - ÔlkXjl- 0j 1X1k - Ói1Xj k 

[Xi'q+j,Yq+k,ll= ÓjkYn - °ikYjl [Yi,q+j,xq+k,ll= ÓjkY11 

- Ói1Yj k+ ÓjlY~k - &ikYjl- dj1Yi k + Ói1Yj k 
.. 

[X 1,q+j,Xq+ k,QI]= J"jkXi~ - S"ikXjo;J" [Xi,q+j'Xd,.eJ = O 

8 

[Xi,q+j'Yq+k'd-] :: ÓjkYid. - JikYjot.. [Xi,q+j'YQI,~l :: O 

[Yi,q+j'Yq+k,c/,] =- f; jkXid,- Ó-lkXjd.,. 

[Y i,q+j,Xq+ k ,d.,1:: bjkYiC\ - SikYj d\ 

[Yi,q+j,y,,-'?>J = 

[Yi,q+j'X<'I~ 1=. 

O 

O 

~'t 

li 
/" 

[Xq+i,j,Xq+k,l]= O 

[xq+i,j,Yq+k,lJ= O 

[Y q+ i,j,Yq+ k,11= O 

[Xq+i,j,XkJ = cJjkXq+i,c:k - 6ikXq+j,~ 

[Xq+i,J'Ykd..J:: ÓjkYq+i,.A. -,SikYq+j,<A. 

[Yq+ i,j'Yk<A1 = S"jkXq+i,u. - clikXq+ j,,,, 

[Yq+1,j,Xk IllJ=+ SjkYq+i'd\ + rikyq+ j,,,,

[Xq+i,j,Xq+k,~l = o [Xq+1,j'X,;f.~] = O [Yq+i,j'Xq+k,cÁ] = O 

[Xq+i,j,Yq+k'oAJ = o [xq+i,j'YJ..'\] = O [Yq+i,j,x.;J,.I)] = O 

[Yq+i,j'Yq+k,Ó\] = o 

[Xi\l..,x j !'>l = Ó'-'I\Xi,q+j 

[Yq+1,j'Y\J.I~.1 = O 

- ] - \-LXi';' ,Xq+ j ,\ - r ijX',(1) ~ + Cv(f\Xi j 

[Xio.'YjAJ=-(~j..'" Yi,q+j 

[Yi~'Yj.I)]= s.; Xi,q+j 

[XiJ"Yq+j,~J = SijYd,i) - E",~Yij 
- ]' ç
lYLÁ,Yq+j.,i':>. = ;'\jX.:J,1) + c..:J-">Xi j 

[ Y1-1,'Xq+ j ,A.l = Ô-i j ~A') - ~'\Yij 

[x111. 'X~Q'l = ~P.J Xi t - J~d.Xil!) [Y1.A' Yf3 tJ= J~p, Xi t - ~r XiP.J 

fx1ve. ' YI!I~1= Õd,~ Yi t + c)ckrYil\ LY1~' X~d'1= ~6 Yi r - ~õ'Yil-'J 

I 
.1 
(.~ 

II 
:t 

.. 

where i,j,k,l=t,2, ••• ,q and ó,,8,(,rj= 2q+t,2q+2, ••• ,n+l. 

[Xq+i,ó,. ,Xq+j,~1 = SI'')Xq+~,j [Xq+i,J.'X!~tJ = ~t';,Xq+i,r - 8~rXq+i,!\ 

[Xq+i,u.,Yq+j,~1=-~ Yq+i,j [Xq+i,J,.'Y~r] = (~,\Yq+i,8' + 1~!,.~Yq+i, P.> 

[Y q+ i''-'''Yq+ j '.0J = s.P..l Xq+1,j [Yq+i,d.,Y.lhrJ =-é~i\Xq+i,K' -Sil-t Xq+i,h 

[Y q+ i ,;j., ,X At ] = (~~ Yq+ 1 ,r - S:r Yq+i, ~ 

Y~p, ,Y r ó = dl!l4' Xd.& + ~G Xr~[X<I.~ ,x t d1= ~I'!.lX",S - d.;.S' X~~ 

[Xl1IflJ ,Y ~'S1= Sdo.~ y~~ - doAr Y~f." 

.t 
I 9 
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Byp)lHK q_ E5-86-772 

Hoa&tii KJlacc peanH3auHII anre6phi u ( q, n + 1 - q) 

B ABHHOH pa6oTe npuMeHHeTCH MeTOA nocTpoeHHH 6oaoHH&Ix peanH· 
38.llHH anre6p u(q, n + 1 - q) , npuse,D;eHHhtii a 111• 3TH peanH3auHH 
OUHCblBaiOTCH peKyppeHTHbiMH !PopMYnaMH, CO,D;ep)f{lUUHMH (2n -1) 00· 
aoHH&IX nap H reuepaTopoB no,D;anre6p&I gl(l, C)R • u(q -1,n-q). 0HH 
aHTH3pMHTOBbl H wypOBCKHe. 

Pa6oTa B&monHeHa B Jla6opaTopHH TeopeTuqecKoH !PH3HKH OIUIM. 

Coo6weHHe 061.eD.HHeiDforo IDICTHtyTa JmepHr.Ix HccnenoBaHHii . .lly6Ha 1986 

I .., 
Burdik C. E5-86-772 

A New Class of Realizations of the Lie Algebra u( q,n + 1 - q) 

The method of Ref. 1 is applied to the construction of boson reali
zations for Lie algebras u(q,n + 1 • q), q = 2,3, •.. , n. These realizations 
are expressed by means by certain recurrent formulae i terms of (2n ·1)
boson pairs and generators of the subalgebra gl(1,C) • u(q • 1, n - q). 
They are skew-Hermitean and Shurean. 

The investigation has been performed at the Laboratory of Theore
tical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1986 


