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1. Introduction

1.1 The paper is contirustion of the work done in Refs. 1-4. 1In
Ref. 1 the method of constructing reulizstions (boson represents-
tion) for en arbitrery real semisimple elgebre g wss presented. This
method gives the skxew-Hermitesn end Schureen reclizations sterting
from @ decompositions g=n3<9g§q;n§ , which is e simple generelisetion
of the triengle decompositior. In the pepers /2'4/we heve spplied
this method for the construction reallzetions of real algebres

gl(n+1,R), sp(n,R) and so(g,2n-q).

1.2 In the paper /5/ (see alsc Ref, 6), extersive families of reali-
zations for the real elgebras u(m,n) were constructed. The method is
besed on the recurrent forrmulse which give retlizations of u(m,n) in
terms of (2{m+n)-1) ~ boson peirs snd generators u(m-1,n-1). This
realizations are not expressed aé polynomials in canonicel peirs

Q3 Py but the ¥eyl algebra Wop is extended to the locelisation

(for details see Ref.5).

1.3 In the present psper, we epply the method of Ref. 1 to the cese
of rcel slgebrss u{q,nt!-q), which gre the resl forms of the comﬁleg
.elgebres gl(n+1,C). We construct recurrert formulee which give rea-
lizetions of u(q,n+1-q) in terms of (Zn-1) - boson pairs and gene-
rators of the subelgebrs gl(l;C)R(Bu(q—l,n—q). Here we use the expli-~
cit forms of the trisngle decomposition of these ulgebras which we
heve constructed in previous peper /7/. The resulting realizetions
are Gchurear: snd skew-Hermitesn.

1.4 The &rticle is orgenised ss follows. Sectisr 2 conteins nota-
tions, definitions and some conventions. The results of the paper
are found in Sec. 3. There ere derived the new wide femilies of res-
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lizetions. Section 4 contains a discussion of the results,

2, Basic notions

2.1 The stendard basic of gl(n+1,€) is given by the n2 elements Eij
which ere in their n x n - matrix representation, metrices with the
metrix elements (Ei,)kl 5ik 551'The commutetion reletions heve the
form

[Eij,Ekil = éjk Ey; - 511 By s 5H3K151,2,00,m0. (M

2,2 1In our srticle /17 we have specified explicit form of the auto-~
morphisms which give the real forms of this elgebra. Using these
automorphisms we obtein for the algebres u(q,n+i-q) the following
bases:

Xgt=(Egy — E )y Y "l(Egy + E )s

qtt,qts

- Et,q+s)’ Yo gt

)y Yqug,t71(E

at+t,q+s

=i(E + E Y

Xs,q+t=(Es,q+t s,q+t t,q+s

+ E

art,s * Eqes, i)

X (Eg 4+ E )y Yo a4 =1(Es,¢\'E¢,q+s)’

)y Yous,q HEBqas,a = Byys

) (2)

= )
Xq+s,¢. <Eq+s,¢ s !

Xgn =(Byq = Eg)y Yyp = 1B 0+ Egy

whePe 8,t=1,2,+¢.,q ©&nd o,H = 2q+1,2q+2,...,n+1. The commutetion
relation in these beses we bring in Appendix A.

2.3 The Weyl slgebra W2N is the associetive elgebra over C with

identity generated by 2N elements q4 and Py i=1,2,...,N, which -

‘

satisfy the relstions

Py 43 = a3 Py = 513 1, 1,3 = 1,2,...,N, (3)
According to the Poinceré ~ Birkhoff theorem, & basis in W,y is gi~
ven by the ordered monomiels
k ky 1 1
N
q 1...qN Py -+ Py (4)

2.4 Let 8,8, Bre resl Lie algebras. By g, go we denote their comple-

xifications, furthermore, U(g), U(g ) are the enveloping elgebras of
these complexifications.

Definition: A realization of a Lie algebrz g in WONQQU(é;).is a homo-

>

morphism

£ oWy QU(E,) - (5)

We shall essume this homomorphism in all cases to be already uniquely
extended to ® homomorphism of the enveloping eslgebra U(g) of g into
Moy ®U(E)

2.5 Definition: The reelization T is celled Shur-realization if eve-
ry central element € of the enveloping =lgebre U(§3 is realised by
1 @Co where CO is centrel element of the enveloping elgebra U(é;).

2.6 For possible spplications to representetion theory we introduce
in WzngU(ég) the involution "+" through the following reletions

q; = -qy

p; = Py (6a)
and

Y= -y for Yeg,. (6b)

Definition: Let g be 8 reasl Lie algebre and let “+" be the involution

on WZN'C‘)U(E%) defined above. A reelizetion Tof g on Wop ®U(E,) is
czlled skew-Hermitean, if

(T = - TX) , o
holds for 1l Xeg.

2.7 TFor b=E”+Eq+1’q+1

we define & decompositior of algebre
u(g,2n-q) in this way: '

b b b
g n @g en.

nlj = R{_Xe g;[b,X] =dy X where O(X>0-} (8)
go = B{x eg;[b,x] = 0}
n? = R{X g3 [b,XJ = -dy X  where o{x>0}.

This decompositions we use as & starting point for our construction
(see also Ref. 4 Sec. 4).



3. Construction of realizations

3.1 Using the commutation relations in slgebra u(gq,n+1-q) (see
Appendix A) we cen bring the decomposition (8) into the form

ny = R{X5, Y4, Xy qrir Yi,q4n0 S Yrao Y1,q+1} )
8o = B{Xy5 Yigo %y qugo Vi, qegr Yart,5r Yart,j o '

Xigr Yiar Xgei,ur Yori,a? Xan > Tan o X110 )}, (9
n_ = R{Xil’ Y11’ Xq+i,!’ Yq+i,1’ xq+1,o\’ Yq+'|,dk’ Yq+1,1.k !

where 1,3%2,3,+..,q 80nd o ,A = 2q+1,2q+2,...,n+1.

Evidently, the set {X Y

1100 Y10%) gr 0 T g ¥ Yoo Te  ge 15
152,3,.44,4; d,B = 2q+1, 2q+2,...,n+l} is 2 basis in HE. We write
the element of this basis as the metrix

X120 X135 weos Xig

Xy, q+20%1, 94300 2 %1 o

Ti2s Ty30 oo0 Tyq

Y1’q+1,Y1 UPTETEN SR I (10)

We introduce an ordering in the above basis in whlch its elements
are ordered lexicographicelly. The monomials of U(n ) can be then
written as the matrices

X

n%, seey TG

X X
W20 e

n n
2 N4 )( Bq+2 n+1 )
B R G R S [ A A

Y b ¢ (1)
n RNy
q+1? ’Tn+1 n, a q+1 L )

x (*112... x1q) (\:1 e )

where of course ni, ni belongs to No, the set of all non-negetive
integers.

3.2 Now we are able to epply the generel construction described 1n
Ref.1. let G be an suxiliery representation of the algebra g Q)n
on a vector space V such that

b
0(n_) =0
Gled is restneul. (12)
We denote by W the carrier space of the induced representstion

= ind(g,5 ). If {v1,...,vd} is a besis in the space V, then the
vectors

X X

n vee n

2 ’ q

X

LUVPTRRRE

ng, ceey ng ® Vi a3
I

LRFRPR

form & basis in W.

-y X

3.3 We define the creation end annihilstion operators &, & on

the spoce W in the following wey:

X X
ny, ooy nq Ny, oo, nq
=Y | X X - X X
2y nQ+2, ey ol @ Vi nQ+2, ooy N ® vy
Y Y Y Y
‘n2,...,nk,...,ng ng,...,nkﬂ,...,nq
Y Y Y Y
Q1 s N nq+!, ey o
X
ny, ceey nﬁ ny, oy ni
X X X X
WY nq+2, ceey MLy Y 'nq+2’ ey B
K @ V1T & Vi
ng,...,ni,...,nY ng,...,ni-l,...,nY
¢ 3 y 3 (142)
nq+1, ceey N nq+!’ ceey L

and similerly we define the operetors eﬁ, aﬁ . Furthermore we defi-
ne the operators X for X gl(1,C) e;u(q— ,nt1~-q) by the reletion

X=109(X). (14b)

3.4 According to theorem 3.6 of Ref.l1, the induced representation
& = ind(g,T ) can be rewritten using the ebove defined operetors
(14e-b). and further the sought skew~Hermitean reslizetions are ob-



X ¥ X Y X X X

tained easily by replacing the operators by suitable slgebraic objects. I Y b4
T(Yga) ==q, P, ~ Q, Py =~ Q4P B, *+a p; *
A TA ATH qt1oa T LN

For details, (see Ref. 1., sections 3.7-3.9).

- . X Y Y Y
8->q . AN +%ﬂ%m + Ya

a->p . )

. : _ To¥ 4 X X Y oy
X=X . (15) T(Xy )= E::(qkpk APy * qekPqsk T QgekPasx) *

We get the formulae

P (X X ) +2q%, Pl * X

IS + i + + p +

rxe 3=-%pX - q¥pl + X X 4 L oY 4 x ‘ A2q*1 s Pu q p* qq*‘ q+! '
13 q pl q Pi qq+ipq+j qq_,,ip,l.,,j ij :

XL 5Y v o, p¥ X ¥
UL 5)7-a3P7 * Q3P * QeiPgsj ~ Ag+iPa+j * Tij Y X X Y
i R A - v (X ) ZZI(qkpk - afpy + Aq+kPqrk ~ 9g+k Pori’ *
- X X_ X X, ¥ _YX_ YX,
X, )= D - DT+ -
CpLqrg)™ YgaiPy 7 dqe3PL ¥ Gge1 P3PL T U4Pj ‘ oY Y Y L X X KoY Y X,y
+ Y3 (B P *RP )-p;p. * p. P, ) "
r X Y ¥ ‘ A=2q+1 q LS P Pa CEN NN
+ . - . + . '
9g+1P5 7 Yq+3P1 T Ky q4j

Y X_ Y X, Y XX T2 T e
EYy,q+3)77%+1P5 7 9q4gPi * Gq#1PPL * : ‘ .

. _ XX | X T x
T(Xpy)= 23;-( T (X)) +qyP2) Py +( T(Lp ) *aupyy P o P *

+

X Y, x Y _ ¥ YY
* Qq41P3 ¥ QqePi T gePyPL * Y

i,9+3

X Y . X _ ¥
ggé(XQQ*kpq+k * Yo qekPqei) ~ Ty dppa TPy

X X XX _ YY Y Y '
ElXqe1,307793Pgrs ¥ UPqeg T I3Pqet * 9Pqsy :
X X Y
Y Y X Y X n+1 Qqe2(Py * R .
QU 41Pq+1Pa+i = Qg+iPg+s * Xgei. s a9 b4 Y -, Y X
. q+1¥q*17q q+i¥q*] q+i,3J 1=§F1( . * Yo Py *YouP, )12a040Pg 4
f
~ Y Y X ¥ X Y
P(Tq41,575793Pgs1 ~ 94Pqey * 93Pqer * GiPqej * 3
Y X X Y Y
* Ag+1PqeiPass * g+iPqrt * Yoei,j - i
1 .
= X X X Y X 1 X X Y Y . /
(X, )= =q7 py - ( +q.,,D )py — - +X
N Ly PL T Ny qr1Ph P17 dgeiBy T Ggeify 1 , 4. Discussion .
.Y, Y X X, X Y, ¥ X Xt ‘ : .
(£3,)% (qd * q+1P, py *+ A Py ¥ 9g+1P, T 9geiRy T T4 | In the present paper, we construct, using the genernl method of
X X ¥ ¥ X Yy ! Ref. 1, the explicit forms of boson reelisstions for elgebras
T(Xq+1.d)=-q$ Pa+i "(QA * Qg+1Py )Pq+1 quA - e, * Xq+1»¢ u(q,n+1-q), which ere the reel forms of the complex slgebras gl(n+l ¢).
‘ h These realizations are defined by meena of (2n-1) - boson pairs and
r(Yq+i,d)=—(Qi + q§+1qf)p§+i + qz p§+i + qqu - q)fpY + Yq+iﬁx fI generetors of the subelgebre gl(1,C) G}u(q—l,n q). Another/class of
realisations has been described by Hevlifek snd Lassner 5 , but
_ X X X X Y Y Y y j these sre not expressed s polynomiels., Our construction proves that
TXn)= -9, Py * QG P T Pt A Py T a0 ¥ in the case of slgebras u(q,n+1-q) we cen construct the polynomiel

. ' realisntions too.
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Appendix A: [Xi,q+j’Yq+k’°‘] = k 1a ‘yik 5 [Xi,q+j’Yd.rs—J =0
' P - £ . R =0
Using the relsticns (1) we car compute commutetion rel=tions iu the [Yi q+j’Yq+k,d\] § 'kxid\ 6ikXJ°\ [Yi:q*’U'Y“Q’]
besis (2). In this spperdix we give their explici:t form: I . iy, . l: 0
< ’_Yi q+J ’Xq+k o\] kyid\ ikYJ A Lyl,qﬂ)’xm
Lyi:]’xlfl] kxil - Cilxkj [X ij? kd\] :]k ia :., X X ]: 0 X e d\] = 5 X .. - S X ..
S , S i [ q+i,3'"atk,l [¥qr1,57 % JkTqH o 1k7q+]d, 4
ina’YkI] Jlel - ilij L)‘ijrykd\]— jkYid\ [X Ly ]= 0 SR ]= 8 Y —»S Y .
S =-§ 1\ q*ti,J’ "qtk,l [*a+1, 3 “ka JkTqti,d 1k"q+J,a
(Y13 %)= -5k Sia%; [0 Yeq] =05u%s « . ) -

- - 5 .
\_Yq+i,j'Yq+k,1]“ 0 [Yqu b k«] kaq+i o« Uikxq+a,0(

Y

(Y, .,%. 1= 8.1
ij* : k - <
[1s3-%ea S [¥art, 5% ) ™ Soetart,u * S1e¥aed,a

[xij,xk q+1]= Sjkx. 1" 5jlxi’q+k [xij,xqﬂm\]: - 51kxq+j,¢

~ _ . = Y . . =0
X 1 5 + b4 [x X ]= - &Y qu+1.a”xq+k,m] ° [Xq*‘i.a’x'*'*’] ° LYqﬂ,J’Xq*k.d]
[13’ k,q+1 Jk i q+1 317 ,q+k 15 %aq+k,a Sik q*+ it v -5 - ¥ ]" o [Y X -l
[Y Y }=- 5..%. - 8% [Y LY ]:- S ox . [(Xqet,5° q+k,‘*] = |¥qrt, 50 %k q+i, 32 %an
1327k, q+1 Jk™i, g+l J1%i,q+k 152 Tqtk,s 1k%q+g, « oy . . ry v ]= o
[Y X ]= 85y 8 1Y (Y, :,% }u S [¥q+1, 50 q+k N [Tqrt, 52 Yan
13”7k, 94 JkTt,a+1” i,q+k L 13774k, 4 ikTq+i, &
’ X, X Koo Xy nl = + & X,
[ ] g S . [ ] [1\1\’ JA,] A6 q+J L iK1 %q+g, N 1;] .US A6
X, ., X = - 8., .+ X - Xy 2%a | = 0 -
N R S et e ] inu\’YjA]z"(V.m Ti,q+3 \_ 147 g+, fb] 1JYM T Castij
Xeoo Yo 117 = 059¥04r 5 = O31¥asq < [x =0 . ) -
%53 q+k,1] (il a+k, J gik a+1,3J 137 7an0 [YM,YM]= San ¥4, 043 LYM»YQ»,j,,»J - *ijxm *+ dunXy
Y. .,Y = 4+ 3..X .+ Y., ..Y = -
[13’ q+k11] “il%q+k, 1k%q+1, 3 [ 1J? "'“] © LYi-vaq+j /’11 513 FON é;)‘fij
Y, .,X =_5 Y .+§. Y . [Y--,X» (-5“:0
[13 q+k,1] 11%q+k, j ikTq+1,j 107 e indk’ 5&] cmxiz{\ “ in {YLA,YGA 5n Xp = a;x\xm
. = = X = 5 Y - Y
[xi,Clﬂ"xkr,qH] ° [Xi,q+j'xko&] © P{ix'y’hg\l Sy Typ 5¢ 10 Fua &5\} us Ysp = dop i'.a
= = i . = . X X =d X - 5 X i
[xin‘I"’j'Yk,Q*’l] ° [Xi,Q"’j'ka] 0 g [Xq+i &’ Xq+3 P,] ‘-d\f';qu»i,a { q+i,w? .”:&"} untgri,p aptgHi, A
= = | Y X Y A 4
[Yl,q+j’Yk,q+1] ° [Yi,q+j’qul—j 0 ] [Xq+i ', ? q+3,,;5-_\ "m q+i,J \_q+i *h? %3"] an q+1,X\ “apTati, B
. ! } ) i
= . = X . Y =5, X Qo X s
[Yi,cm"xko\\ 0 : \_Yq'«i,d\' q+a,f5] @b “g+l, Lqﬁ &’ "*«Y‘] CANEC LS DY CIREE S A
S S [Yq-l-i 1:}%5\] %Gn Tqet,p ‘S:A)p q+i, D
X +9X = 0., Xy X.q+ X
[i,qﬂ’ q+k,l] JkTi1 TikTil [i q+3 Ta+k, 11 k i1 X ,X(;\S]WMXQ\J =35 Xpn Yau o Yps =" watw-\s&é.xm
*+ 051 %5 §41% = 85517 851%™ F11%5k G tp] ~Stas - e ¥
' an 2 K\L]— anta S T GE s
txi’q+:i’yq+k.l-l= 53'1311" 5ikj{:il [Yi,q+a"xq+k.1} Xdkyil ) fa § = 2q+1,2q+2 1
- . - - 1,5,k,1=1,2,.0. and 4,8 ) = 2q+1,2q+2,...,n+1.
511ij+ Sjlzik 511;“;11 sjlYik + gilek l where i,3,k, 22, el 18,8 , , ,
. X =0 !
[xi q+ 5 Fq+k, a\] k54 -§ 1554 [Xi,q+3’ ma] '
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Bypaux Y. E5-86-7172
Hoselii knace peanuzauumit am‘eﬁpm; u(q, n+1 ~q)

B panno#i paboTe nmpuMMeHAETCA METOX MOCTPOeHMA GO3OHHBIX peanu-
3aimmit anre6p u(q, n +1 -q) , nNpUBeneHH:HI B V. 3 peayId3auuy
OINMHCLIBAIOTCA PEeKYypPpPEeHTHLIMHU (bopmynamu, cogepxamumu  (2n -1) Go-
3OHHEIX NAp ¥ renepatopoB momanrebper gl(1, C)R @ u(q -1,n-q). Oun
aHTHIPMHTOBEI H [LYPOBCKHUE.

PaGota BrmonHena B JlaGopaTopuu Teoperuueckod ¢usnxn OUAH.

Coobwense OGbeIMHEHHOr0 HHCTHTYT2 A/epHBIX HccnedoBanwil. y6Ha 1986

Burdfk C. E5-86-772
A New Class of Realizations of the Lie Algebra u(gq,n +1 - q)

The method of Ref. 1 is applied to the construction of boson reali-
zations for Lie algebras u(qn+1 - q), q = 2,3,..., n. These realizations
are expressed by means by certain recurrent formulae iﬁterms of(2n-1)—
boson pairs and generators of the subalgebra gl(l C)*® u(q -1, n - q).
They are skew-Hermitean and Shurean.

The investigation has been performed at the Laboratory of Theore-
tical Physics, JINR.
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