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The core-splines method (CSM)/l-~ is ge~eralized in the 
present work towards the solution of the general. problem for 
bound states of a system of M linear differential equations with 
coefficients depending on the spectral parameter (eigenvalue). 
The recursion scheme for construction of basic splines/ 1 / is 
described in sect.3. The wav€ functions are expressed as linear 
combinations of basic splines,the latter being approximate par
tial solutions of the system. The spectral parameter is àeter7 
mined from the condition for existence of nontrivial solution 
of a (Hx M) linear algebraic system at the last collocation 
point. The nontrivial solution of this system determines (M - 1) 
coefficients of the linear spans, expressing the wave function. 
The last coefficient is determined from an additional bo~ndary 

-condition for the system which ~s, usually, a common normaliza
ti.on condition ror all functions of the system.Computational as
pects of the method are disc.ussed in sect·.4 and an up-to-date 
realization of a concrete algorithm is given ón which computer 
program RüDSüL is based. The last section presents, as ~n exam
pIe, a numerical solution of the Dirac-system for the bound sta
tes of a hydrogen atom. 

i. FüRMULATlüN üF THE PRüBLEM 

Given the real intervals X = [~a' x b] .. Z == [za' zb]' G = [Ya, Yb] 
and matrix H(x, z) == IH AA, (x, z) I AA' ee 1, 2, , ....., M • whose ele
ments are 

nAA'	 (v) dV (o) .
 
(x, z) = },: aAX (x, z)- + a,\,\, (x, z ) ,
 HAA, 

v = 1 dx "
 

where nAA' are some natural numbers and
 
(v) 0,1, 

aAA'(x, z) ç; C (P) V v, p = X x z. 
Consider the solution of the f.ol Lowing differential sys t emt 

H (x, z) y (x, z ) = O, (1) 
{ g(~, y(x, z)) = y (y ç; G, Y:I O)	 (2) 

with respect to the unknown pair
 
(z, y) ç; Z x F ,


p ,n	 (3) 

e~VlliHe~m~t\ RHCMVi' I· 
, 1!Al(JlB~1 BCCJJ~l1032.mdt . 

6'1SJ1~!CrEH ,. 
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where 
_ .Tn.l 

Y =(Yl(X, Z}, •• , YM(X, Z» , YÀ ~ C (Po)' n = ~at,lnÀÀ' I.. 

Fp •n = I <p (x) P (x, z) I ep (x ) = diag ( cP 1(x), ••• , <PM (xj), <P À (x) I;; C n (X o) J, 

P =(P 1(X. Z;}, ••• , PM(x, z) T , PÀ (X, z) ~ C n·tpo). Po = Xo x Z. X 0=- [O, 0<,'] 

(p(x, z ) - is a given core of the so Lu t í.on I li ). Functiona1 
g(z, y(x, z j): Z x C n, l (P o ) ---+ G í s .bounded and real. One assumes 
that upon substitution Y =-yy* , where Y*(x, z ) ~ C n.l (Po), 
(y ~ Ri, y;' O), equation (2) is unique1y solvab1e in G. 

For every z ~ Z e1ements of matrix H obey the fo l Low i.ng quan
tum-mechaníca1 conditions (see, e v g , , /4,51 ): 

(nÀÀ' ) (nÀK)
 
i) aÀÀ'" (x,z) =I ° V x ~ X o and lim aÀÀ' (x, z) > O;
 

(1/) x-s o
 
i i) when x --+ O (or x --+ DO), a ÀÀ' (x, z ) (v = 1, 2, ... , n ÀÀ' - 1 )
 

1 tt),
 
can increase not faster than ---(x ) , where
 
(v) ( I x t<XX'
t~À' ~ O, nÀ -vL nÀ= mÀ~lnÀÀ'; 

iii) when X--+ O, "potentia1s" a~o/ (x, z) can inc-rease infinite
.ly, if they are positive in the vicinity of 0+; if they are 
~egative in the vicinify of 0+, they can increase not faster 

(o) 
than l/x tA..\:' , where t~1' ~ (0, nÀ) . At the same time it is
 
necessary that lim a~1, (x, z ) f. - DO.
 

X-JDO 
Often i t is possib1e to obtain the asymptotic solutions Yo = 

= (YOl '.°'00 YoM)T and Yoo = (YDOl '0"' YooM)T for system (1) ha
'ving 'properties i)-iii). Functions Yo and YDO are solutions of 
systems: 

Ho (z)yo (x, z) = O and H
DO 

(z)Y (x, z) = O, (4)
DO 

where Ho (z) = lim H(x, z) and Hoo (z) = lim H(x , z).

X-J o x--+ DO
 

In particular, when coefficients aÁ~J are ho10morphic in
 
x = O, solutions YoÀ (x, z) (À = L, 2,-... ,M) can be found in the
 
form of a formal series (Frobenius series):
 

YoÀ = x 
s..\ 

(bÀ 1 + bÀ 2 X + ° ° • ) , (5) 

where S À are roots of the corresponding characteristic system 
v(e g , , see / 5/ p.12). In the general case we assume that functi 

ons Yo (x, z ) and Yoo (x, z) give on1y a rough behaviour of so
1utions of svs t em (I) at boundar i.e s of the interva1 X o; e.g., 
the leading ~~ymptotic term YOÀ=X SA in the case of expansion 
(5). In what fo110ws'Yo and Yoo are us~d to specify the core
function p(x, z) whose components have the form 

PÀ (x, z) = YoÀ (x , z) Yoo À (x , z) (À = 1, 2, o. ° ; M) ° (6 ) 

2 

Components of the core-function shou1d obey the following can
ditions: 

PÀ (x, z ) f. O V (x, z) ~ P ' (7)o 

lim p,\(x, z ) O V z ~ Z. (8)X--+oo 

2. THE APPROXlMATE SOLUTIONS 

For a given integer N ~ m + 3 divide the interval X by two
 
meshes:
 

- - -' - - - x - x
bt1N= IX j !x l= xa' xN+ l = xb' xj = x j _ + h, h = -N-.!' j = 2,3, ... ,N I,l 

~N=lxh!xl=xa,xN=xb' xj,,= xj + 0a;a=l when j,= 1,2,oo.,m,N 

" (jl"" L °1 "" 0 ) and a=1,2,oo.,?'-* when .i=m+1,mt-2, ... ,N-1; 

where ?'-* is integer {1 .::; o " .::; m); O « 8 a * < o?'*-l < ••• <o ~hJ' 
Polynomial splines 8 mÀ (x) (À = 1,2, ... ,M) of degree m and 

"de fec t a *, interpolating f uuc t í.ons cPÀ (x ) (À = 1,2, •.• M) on the 
mesh ~N' are defined on the me sh ~N by the fo l.Lowi ng conditi 
ons (see. ref. / 6 1 pp.34, 83):' 

m 
'Ç' (i) i (i) 1- -SmÀ ()x = I ,.:.. a'Àx!a'Àc:;R, x . < x -: X j+ 1 I, j = 1,2•...• N.C'9)

1=0 J, J. J 

j = 1. 2, • •• .rn , N; 7 = 1 ) 

8 mÀ (x jo- ) cPÀ(x ja) (lO)( 
j = m + 1, m + 2, .•• , N - 1 ; a = 1,-2, •••• a *' • 

m-'1*
s-mÀ(x) c C (X), (I J) 

(i) (i) (i) . (i) (i) (' O 1 )
al,À = a 2,À = ..• = um,À • a N- 1. À = a.N,À 1= ••.••• m r , (12) 

n 
AlI splines S mÀ (x) _, in.terpo1ating functions cPÀ (x) E- C (X), 

on the mesh t\ N, form a manifold SNÀ (X). The basic idea of the 
core-splines method / 1- 31 consists in replacing the original 
problem (I), (2) under assumption (3) by an approximate problem 
solved with respect to approxírnat.e unknowns -(z, y(x. z» . The 
approximate prob1em irrcludes eqs. (I), -(2), but the manifo1d 
Fp,n in (3) is repla~ed by the manifo1d 

Fp .n = 18m(x) p(x, Z)/8m(x ) = diag(8 1(x), ••• , smM(x j), S mÀ (x) E- SNÀ (X) J.m
Now the interpolation conditions (lO) are .converted into col10
cation ~onditions for the System (I) (see, e.g., 171 ): 

3 



f(xia,z) - == - - / / == O-	 (13)H(xl-z)(sm(x)p(x, z)
 
I X= Xja
 

j = 1,2, ••• , m, N; a = 1
 

( 
. j = m -+ 1, m+ 2, ••• , N - 1 ; a ~ 1.2•...• o " ) 

SmoothnesB conditions (11) and collocation conditions (13) lead 
to	 the following equations valid for every À = 1,2, •.• , M: 

m . (. j == m + 1, rn + 2, .•• , N - 1 )
 
}:; 1 ! ta ~ i) _ a ~ i ) ) = O
 (14 ) 

i=1l (i-Il)! J.'\ J-1.A 11 = 0,1, ••• ,m-a* . 

~ :& 1,.2•••• , m, N; a = 1 .)M	 m
 
~ h(i) (i)


~ J =	 m + 1, m + 2, ••• , N - 1. (15)i = o i a .ÀÀ' a j.À' = O
(A'= 1 

o: = 1,. 2, ••• , o" 

where 
i ,	 .

h (i) _ ~ P(11 ) -----:..- g. ',' , X 1.-11 ,

ia·' ÀA' 11=0 (i -Il)! Ja··f.l·nÀÀ Ja
 

nÀÀ' 
v!______-_ a (v ) ( 

== ~ 11 ! (v _ Il)! ÀÀ' x . Ja ,z) P Ja·.~v -11À')g ia · .1l • nAÀ' v =11 

d V -11 
P.(v- Il) - (---- PÀ' (x, z j)]


Ja·· ,\' dx v -/1, x = x ja
 

1, if 11 s: m*.	 m, if m S, n ÀÀ' 
p(ll) = 

{	 {
O, if 11 > m*. m * = n ÀÀ" if m > n ÀÀ' • 

For a fixed value of z equalities (12), (14) and (15) form 
a linear system of m= M(m + l)N equations with respect to mun
known coefficients f = {a~i.)À } i = 0.1 •... , m of t he : 

i =	 1. 2•..•• N 

À= 1.2•...• M 

splines SmÀ (x) • Thus, the problem for finding approximate so
lutioqs (1, ~(x, i» reduces to the construction of a n9ntrivial 
solution of system (12), (14), (15). The condition for existence 
of such a solution (generally, nonunique) becomes a condition 
determining the spectral parameter Z. In what follows one of 
the possib~e numerical ways to solve this problem is given. 

4: 

3.	 COMPUTATIONAL SCHEME FOR THE CONSTRUCTION
 
OF THE BA31C SPLINES
 

In	 refs. /1-3/ the simplest case o f system (12), (14), (15) 
is	 considered: construction of the basic spline in the case M = 
= l,m = 2, a:* ,; 1 and n ~2, (Le. when system (1) is r educed 
only to one equation and quadratic splines are used). In the 
present work the CSM /·1- 3/ í s extended to the solution of pr:ob
lem (I), (2) in the general case. Linear system (12), (14), (15) 
is	 solved by a successive expression of tne unknowns 
f 1	 = I a~i)\ 11' = 12m , starting from the mesh-point x a

J.I\ • ••..• 
i =	 1. 2••••• N 

À =	 1. 2••••• M 
through unknowns a(f)l" a ~o~ , ••• , a\O~ • The latter are defined 
by	 solving a linear ~omoieneous sjstem at the last collocation 
point x b and from condi tion (2). 

Let z ~ Z be a fixed value of the spectral parameter. The 
first part of equations (12) with equations (15) together for 
,\ = 1,2, ••• , M .and j = 1,2, ••• ., m (a = 1) lead to the following rela
tion between unknowns I a ~~ ~ I i = 1, 2••••• m 

- (o) À = 1. 2••••• M 
and	 1a 1_

1.'\ À- -I.2•...• M 
M 

AX = - ~ a(o~,y\" (16)
À~'l 1.1\ 1\ 

where 
A =	 I A ff' I f P':: .1 2 lh7. , •• •••• J/l1 

X = (X l' X2 • • •• , X m1 ) T, , YÀ' :: (YA' 1 ' YÀ' 2 "'" YÀ'm 1 ) T , 

are matrices with components A-ef' = h~i)ÀÀ.' , Xf' = a \i),\,,= , YÀ.'f =
 
=.hJ~l\, ; ind~ces,f,P.' a~e .given by th~ f orrnuI aa f=(À-1)m+j,
 
(J -1':2, ••• .rn) ,f =(À -l)m+ 1 (1 = 1,2, •• ~, m) and m1= mM.
 

Step I. Let 

det A i O, (i7) 

then solve the linear system 

AXA* =-YÀ*	 (18) 

with respect to the unknown vector 
T (I)

X,\* = (X À* 1 ' X A* 2. , ••• , XÀ*m1)' XÀ*f' = a 1. ÂÀ * . 

Solution of different in À* systems (18) corresponds to con
struction of M d~fferent approximate partial solutions of sys
tem (1) 

YU* (x , z) = smAA* (x)PÀ (x , z). 

5 



. h f f i f * I (i) lAt the fo 11 ow i.ng step t e coe c í.ent s = aj.ÀÀ* i~o. 1.... , rn .í 

c j= rn+l.rn+2.':...N.l 

À,À*= 1. 2•...• M 

of the sp1ines s mÀ~* (x) on X are detrmined. 

Step 2. From eqs.(t4) we express unk.nowns 

f~_l~) I	 k.1 - la. ÀÀ* I p.. = o. 1•...• rn - u*	 through un nowns 
l. j = m+ 1. m+ 2..... N - 1 

À, À* == 1.2....• M 

la'j(~)l'ÀÀ* I , using the fo11owing recursion relations: 

1, if À = À*, 
a (o ) * _ .

{1. ÀÀ - 0, if À I À*, 

{ (11 ) _ (11 ) m - li m ! - rn - p.. (m) (m ) ( 19) 
Uj.ÀÀ* -ai- l • ÀÀ * +(-1) p..l(m_p..)!,x j (aj.ÀÀ* -a~-l,ÀÀ*). 

. k C,)* t (11) I
To de t e rrmne un nowns 01-. 2 == aj.ÀÀ* I p.. = m-a;!<+ 1. m-u*+ 2•...• m 

j = m + 1. m + 2••••• N - 1 
À, À* = 1.2•...• M 

one shou1d &ubstitute relations (19) into eqs. (15) thus obtai
ning a set of linear systems (every one of dimension m2 = a * M ): 

IB. X· À*= - y· À* I·J J J	 J ::.: m + 1, \ll -+ 2•.••• N - 1. (20) 
À*::; 1. 2, ...• M 

where 

B j = I B j. H' I f, e' == 1.2.....m2 • 

T
 
X j >.,*= (X j À*, l' X j À*..2 ' ••• , X jÀ*• m2 ).'
 

YjÀ* = (YjÀ*,l' YjÀ*. 2"'" Y j À*.m 2 )T, 

are m,triceB with e1ements 

(i) (rn e-rr ") 1, if m, 
B.oo, = h. ÀÀ' +8. t . \À"J.LL Ja • i m Ja.1\- 8 im I O. if 

" m, 

t(m-a;!<) m-a* m! m-i h (i)
ja .•ÀÀ ' =.l (_l)m-i ------x
 
j a. ÀÀ ' 

1 == o i! (m - i)! j 

(i) (i )
 
x j À*. f' a j.À'À* - a j_l,À'À*
 

M m 
(i) (i) 

Yj À*. f l l h j a .ÀÀ' a j-l,X'À*

À~l i==o
 

6 

Indices f,f' are given by the formu1ae 

f ::: (À - 1 )a* + ia	 (j = m + 1, m + 2, ••• , N - 1; a = 1,2, ••• , a'*), 

f'=(À'-l)a;!<+m-i+l (i=m-a;!<+ 1, m-- a*+ 2, .•• ,m). 

In addition, the fol1owing inequa1ities are assumed to hold: 

det Bj "O, j::: m + 1, m + 2, ••• , N - 1.	 (21 ) 

Fina11y, from the second part of the spline-boundary condi

tions (12) the .remaining part of unknowns f;=la~ikli=o.l•...• m
 

(i) • À,À*=1.2•.... M 
is. expre s s ed through unk.nowns la N _ ÀÀ* I. Thus, alI the coef1
 
ficients f~=fi uf'2 u 11 of the spiines IsmÀÀ* (x)IA,À*== 1••.• ,M
 
are determ1ned. '
 

Approximate solutions YÀ (x, z) are expressed in terms of 
just constructed partia1 approximate solutions YÀÀ* {x, z) by 
the re1ation 

M 
- -	 - (o)
YÀ (x , z) == PÀ(x ,	 z ) *l S mÀÀ* (x ), (22)a l•À* 

À = 1 

Splines SrnÀÀ* (x) are anal o gue s of the b as í c spline (se-e reL/l! 
·p.927) in the case of the system of differential equations (1), 
(2). 

Step 3. The approximate soLu t í ons ~\(x, 7,) (À ~1,2, ••• ,M) .sa
tisfy the collocation condition (15) for .i ~ N (x..« x == x ) . 

N bThis 1e~ds to an (MxM) - Jinear homogeneous system 

<I> (z) O == O	 ( 23) 
. (o) {o) (O) T 

for the unk.nown vec tor O = {a 1, 1 ' U 1,2 ,.,•• , a l,M ) • The compo
nents of the functiona1 ma t r í x <1>(2') read 

~ rn (i) _ (i) _ 

4>ÀÀ* =,l .I (x b , z ) a N ÀÀ* (z ) , hN •ÀÀ,
À=l 1=0	 • 

A necessary and sufficient condition for existence of non

trivial approxima te so Iut í.ons YÀ (x , .z) (À = 1.2, ••• , M) is
 
rank <I> (z) = M - 1.
 (24) 

The va1ues of the spectra1 parameter z are determined from con
dition (24). 

Let cond i t í.on (24) be fu1fi11ed for a certain z* G- Z Sub11 

stitute a~oJ :::	 1. Then system (23) has a unique solution O' = 
(o) "\0) (o) T' • . 

=(al.1' al.2 , ••• ,al.M-l' 1) wh i c h idet e rmí.nes funct10nsYÀÀ* 
unique1y. The vec tor O determining the approximate solutions 
YÀ (22) is connected with O' by the equality O ::: a\O~ O'. 

The unknown a ~~J. is dete rmí.nad by condition (2): namely: 

a(O) = g-l [z*, y(x, z*)]y.	 (25)
1.M 

7: 



From the assumption that the inverse function g-l exísts and 
from inequality rf: o it f ol l.ows t.hat the inequality a~~J -I o This is a sufficient cond-ition for equality (24) to hóld. The 
holds too. determinant F(z) is calculated, after the triangle decomposi

'l'he calculationa1 scheme just described leads to the fol10 tion of mat r í.x <1l(z) by the program DECOMP,. as a product of the 
wing staternent' for existence of approximate solutions of prob principal diagonal elements. To avoid computer overflows, this 
lem (1), (2) (a genera1ization of Theorem 1 in ref!l! )~ product is calculated as a sum of logaríthms of the diagonal 

When inequalities (17) and (21) are fu1filled the approx~ma-, 

te solution (i, ;(x, i» exists if and only if there ís a cer
tain z~z for which equality (24) is valido Approximate wave 
functions YÀ(x , z) (À = 1,2, ••• , M) are expre s sed wi th the help 
of the basic splines s mÀÀ* (x ) according to eq , (22). 

'I'he.r e is no g.eneralization o f Theorern 2 (of ref /11 ) about 
proximity between approximate and exact solutions of problem 
(l)~ (2). The rates of convergence of CSM established in a nu
merical way are. given at the end of t~e next section. 

4. COMPUTATIONAL ASPECTS OF THE METHüD 

The computational scheme of CSM in its basic spline variant 
can be realized algor'ithmically in a relatively simple way. 
A FORTRAN-program RODSOL is worked out on the basis of this al 
gorithm whose main features are listed bellow: 

4.1. The basic spline coefficients are determined by solving 
streams of lÍnear systems (18), (20) for a fixed value of the 
spectral parameter z. These systems are solved by the Gauss 
elimination with a partial cqoice of the leading eleme~t /8/ • 

Beforehand every matrix and the r.h.s.-vector of systems (l8), 
(20) are divided by a scale factor equal to the maximal, in ab
solute value, element of the matrix. The triangle decomposition 
of the matrices is realized by the program DECOMP /8/' and then 
the program SOLVE /8/ is used to solve sys tems (18), (20) • 

4.2.	 In the basic variant spline coefficients {a<;\l i= i.e ,m 
À= l,2, ,M 

are determined by solving systems (18). In this case one uses 
the boundary í.nforma t Lon for system (I), entering on l y into the· 
main part of the asymptotic solutions for x~ O (i.e. the cores 
of the solutions). There is another possibility of determining 
a\i~ in the cases when the solution of system (1) for x ~ ,O can 
be found as series (5). Then the values of coefficients a~~I 
can be calculated directly from the coefficients bÀi of se~ies . 
(5). " 

4.3. The approximate eigenvalues z are solutions of the equa
tion 

F (z) == det <1l (z) = O.	 (26) 

li
 

..
 

\\ 
II 

I
 

elements. 
The calculation of eigenvalues as roots of eq.(26) goes 

~hrough the following procedures: 
4.3.1. For big enough values pf xb and N one checks the sign 

of F(z) on a given "fine" mesh ir the interval Z: 

zo=.z ~, Zi = Zo + i h z(i = 1, 2, •••• i*; i*2 1). h z = const, ~, 0

is a mesh step. After finishing this procedure a subinterval 
Z i* = (zi* _ 1 ' z i* J containing a root of eq , (26) is found; 

4.3.2. A more precise value~of the root is obtained by the 
dichotorny: • 
z i*. o = Z i* • 

h o
 
Z r-. j = zi*,j_l - ~sign[F(zi* J'-1 )F(zi* J' Y] (j = 1.2••••• j).


2 J • •
 

This procedure ends when the counter j reaches a given number 
I ~ 1 or wh~n inequality IF(Zi*,j* )[.<;;; T zl is satisfied (j* ~ 
f: 11.2••••• r l . TZl =const.~O isagivensmallnumber); 

4.3.3. This app'roxima t í.on of the root Zi*,j (or Z i*, J" ) 
is further precised by the autoregularized Newton iteration pro
cess /9/ : 

Zo = Zi*.T (or Zo = Zi*. J" ) , 

F '(z k) F(zk) 
Zk+ 1 Z - (k = 0,1••••• ir; k ~ O), 

k ~,2rz) + ( 
. r 'k k 

1 -------------, 
€k = 2"hl F ' \ Zk) + 4j{o I F"(zk)F(zk)j - F'2(Zk)]'+ (L ' 

'"'o=€o«(o + F,2(Zo))!IF'(Zo)F(Zo)l, (o' €L = consto ~ O. 

This process ends by achieving a given number of iterations k 
or by satisfying inequalities [F(z k* )[, .~ T z2 or 100 [z k*+ 1 

- zk* l/f zk* I _< T z3' (T z2' T z3 are 
bers ) . 

4.4. For a qualitative estimate of 
= Zk* the cri teria MD(z *) and X2 (z*) 

- h

I Xjk= Xj + (k - 1) k I j = 1~ 2,... ,-N _.
 

given small positive num

thus found solution i* 
are used . On the mesh 

the defects of the collo
k = 1.2••.•• k; k 2..2 

8	 9 
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catio~ 70nditions f(Xjk,i*) (13) are calcula~ed, and one forms 
quant1t1es: 

MD(z*) = mas -I f(x. ,z*) I •	 (27) 
j,k J k 

-2- N k 2 .... ... 
X	 (z *) = [2. I f (x ,Z * )lI (k N) . j	 (28)

j=l k=l k 

These criteria are used to compare solutions of problem (1), 
(2) obtained at different values of x~ and N. 

In table 1 convergence rates of the method establíshed by 
numerical experience on the basis of the program RODSOL are gi
ven. 

Tabl:e 1. 

The x-at.ee of conuerqence of the method as a function of the 
~ epl.ine mesh-step in the case M,.., L 

n m a* .[)	 convergen
~ 

cerate 

2 1/2 0(h2 ) 

I ,2 3 3/4 O(h 3) 
4 1 O(h 4) 

-
4 1 1/2 0{h 2) 

4 6 2 Ô 2 = 1/ 2 , a1 = 1 0(h 3) 

.6 3 () 3 = 1/3, a1 = 1., a2 ,.., 2/3 0(h2 ) 

5.	 APPLICATION OF CSM HITH QUADRATIC SPLINES
 
FOR SOLVING THE SYSTEM OF TWO EQUATIONS
 

By the core-splines method the problem for calculation of 
spin-dependent bound states of quarkonium system wàs solved/ 10 / . 

Here we consider, as an example J a solution of the Dirac system 
for the bound states of a hydrogen atom /./ 

d r	 7]
(- dx- + -) y1 (x, z) + (+ li - Z - -) v2 (x, z) ,.., O, }x	 X. 

(29) 
7] d T

-(11 + Z + -) y (x, z) + (~ + - ) Y2 (x, z) =O, 
X 1 dx x 

10 

00 2 2J [y 1 (x, z) + Y2 (x, z)] dx = 1 , (30) 
o 

where 7] = consto > O is the strength o f the Coulomb force, T = 
. 1 

w(J + 2) 

+1.	 for states with parity (-1) J + 1/2

il 0= 

-1	 for states with parity (_I)J-1I2 

'I J = -1, i-,... ; li is .the reduced mass, z is the energy of the 

system in c. m, s . (-11 < z <11). System (29) corresponds to a par

I ticular case of system (I) wi th M = 2, o 11 c 0 22 "'" 1 , == o 21 = O.0 12 
The core functions of the problem (29) have the form 

Y01	 (x) = Y02 (x) =x s , s = V;2 _7]2 (77 (31)< J	 +;), 
y001 (x, z) = Y002 (x, z) = e -K x, K "'" V li 2 - Z 2 •	 (32 ) 

Solutions of the Dirac system are known in the analytic form: 

Il(n *+ s)	 (33) 
zn* J =--------- (n * "'" O, 1 ,2, ... )
 

V(n * + s )2 + 7]2
 

" y * \ (x, z) = X 8 P*\ (x) e -:..~ x (À = 1, 2) ,	 (34)
(n ) 1\ n 1\ 

where 5' n*À (x) are polynomials of degree 0* 

Having in mind that 

1.1. + Z + : f; O x .(; X O (11, z, .". > O) , 

one can make the substitutionI 
.1	 1 d r 

Yl (x, z) = -------(-"- + -) Y2 (x, z ) 

I 1.1. + Z + 7]/ x dx x 

11 which reduces system (29) to a" single second order equation: 

L	 '7] d 
I I~ +-----

i 
j

I dx 2 [ 7]+ (1.1. +~) x] x dx
 
(35)
 

2 27]z 2 r." ) I}

l 
- [ K - -- + (s + r - --- Y2 (x, z) .. O. 

x 7] + (11 + z) x x 2 

1 
11 
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The core functions of Y2 are identical to those given by eqs. 
(31), (32). .. 

The Dirac problem wí.th u = 1, 'rI= 1/2 , J:::: 1/2, (rJ = -L, r =-'1, s 
= ,j3 12 in both variants (29) and (35) was solved by the core 'I 

sp1ines method with m=2, a*= 1 and 8 = 1/2 • The approxima-te I
 

eigenva1ues zn* found at different values of the basic p_arame

ters x b and N as wel1 as the values of cri teria MD and )(2 ire
 
presented in table 2. Exact 'func t i.ons y 1 and Y2 and relative 
errors of the corresponding approximate functjons are plotted 
in the Figure. 

I"' 

Tabl.e 2. 

Exact and approximat~ value~ of some first eigenvalues of
Dirac system. 

equa-.-2. 
~!v1D~n" tion~':X'S N·fYf 

2
0 

=0.866 025 403 8
- - -- -
I---t 

3.8 10-6 . 1.9 10-14
 (29 )100
 0.866 025 403 O 
8.6 10-6
 9.8 10-12
 200
 (29)20.O 0.866 02'5 400 3
 

6.5 10-6
 5.7 10-12
 (29 )300
 0.866 025 419 9
 
1.2 10-23
 3.4 10-10
 100
 0.•866 025 403 8
 05 ) 

21. =0.965 925 826 3
- - - - -
2.2 10-5
 4.4 10-11
 (29 )100
 0.965 925 817 3
 

2.6 10-14
 5.3 10-7
 (29 )40. 200
1
 0.9bS 925 827 3
 
(29 )6.5 10-11
 2.7 10-5
300
 0.965 925 802 6
 

1.{) 10-23
 (5)3.1 20-11
100
 0.965 925 826 3
 

--- 2z=0.985 ~2~_ 0~4 8
 - -
f----- -------~ ------.......- 

1-.2 10-4
 (29 )100
 LI lp720.985 122 808 9
 
2
 2.9 10-3
60
 200
 7.7 10-7
 (29 )0.9B5 121 294 2
 

3. O lO-65.8 1-0- 3 (29 )300
 0.985 122 787 3
 
2. ~ 10-24. 05 )1.9 10-11
 100
 0.985 121 054 8
 

-e~_=.9. 991 740 120 7
- - -- -
3.8 10-2 . 6.6 10-5
100
 (29 )0.991 735 855 9
 

2.0 10-6
100
 4.4 10-3
 (5)0.991 736 2186
 

200
 9.6 10-3
 4.2 10-6
 (29 )0.991 739 822 9
 
200
 2.4 10-3
3
 4.8 10-7
 (5)8~. 0.991 740 204 5
 
300
 2.6 10-3
 3.0 10-7
 (29 )0.991 739 982 6
 

300
 1.2 10-3
 1.2 10-7
0.99.1 740 5166
 05 ) 

.\ 

I
 
I
 

~ 

. 
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Fig.l. Exact wave functions of·the ground state of the 
Dirac system and the logarithms of relative errors of 
the corresponding approximate functions. 
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AneKcaHAPOB n., APeHcKa H., KapaA*OB A. ES-86-713 
HeTOA CTeP*HeBWX cnnaHHOB AnR peweHHR KBaHTOBOMeXaHH4eCKHX 
CMCTeM A~epeH~HanbHWX ypaaHeHHH AnR CBR3aHHWX COCTORHHH 

npHBOAHTCR o6o6~eHHe MeTOAa CTep*HeBWX cnnaHHOB ADR peweHHR nonHOH 3aAa4H 
H8' CBR3aHHWe COCTORHHR AnR CHCTeM H3 H nHHeHHWX AH~epeH~ManbHWX ypaBHeHHH 
c K03~H~HeHTaMH, aaBHCR~HMH OT cneKTpanbHoro napaMeTpa. OnHcaHa peKypcHBHaR 
aw~cnHTenbHaR cxeMa nocTpoeHHR 6aaMcHwx cnnaHHoa. BonHoawe ~yHK~HH awpa•a
~TCR KaK nHHeHHWe KOM6MHa~HH OT 6a3MCHWX cnnaHHOB, RBnR~HXCR npH6nH*eHHWMH 
48CTHWMH peweHHRMH CHCTeMW. CneKTpanbHWH napaMeTp onpeAenReTCR H3 ycnOBHR 
C~eCTBOBaHMR HeTpMBHanbHOro peweHHR nHHeHHOH anre6paM4eCKOH CHCTeMW pa3Mep
HOCTb~ 7HxH/ B noCneAHeM KOnnOKa~HOHHOM yane. HeTpHBHanbHOe peweHHe 3TOH CHC 
TeMW onpeAenReT /H - J/ KO~M~HeHTOB nHHeHHWX o6ono4eK, awpa•a~HX BOnHOBWe 
~YHK~HH. nocneAHHH K03~H~HeHT onpeAenReTCR H3 AOnOnHHTenbHOrO Kpaeaoro /HOP 
MHpoB04HOrO/ ycnOBHR AnR CHCTeMW. 06CY*Aa~TCR BW4HCnHTenbHWe acneKTW MeTOAa 
~ ero KOHKpeTHaR anropHTMH4eCKaR peanH3a~HR, HCnOnb30BaHHaR B KOMnb~TepHOH 
nporpaMMe RODSOL. B Ka4ecTae npHMepa npHBOAHTCR. 4HcneHHOe peweHHe cHcTeMw 
AHPaKa Anft CBR3aHHWX COCTORHHH aTOMa BOAOPOAa. 

Pa6oTa awnonHeHa a na6opaTopHH TeopeTH4eCKOH ~H3HKH OHRH. 

Coo6UleHHe 06l.uuole&Boro HHCTIIT)'Ta Jlll.epllhiX Hccneli.OBaHHii • .llyliBa 1986 

Afeksandrov L., Drenska H., Karadjov D. 
The Core-Splines Method for Solution of Quantum-Mechanical 
Systems of Differential Equations for Bound States 

ES-86-713 

A generalization of the core-splines method is given in the case of .solu
tion of the general bound-states problem for a system of H linear dlfferen
tlal equations with·coefflcients depending on the spectral parameter. The 
recursion scheme for construction of basic splines Is described. The wave 
functions are expressed as linear combinations of basic splines, which are 
ap~roximate partial solutions of. the system. The spectral parameter (the 
eigenvalue) is determined from the. condition for existence of a nontrivial 
solution of a (HxH) linear algebraic system at the last collocation point. 

:The nontrivial solutions of this system determine (H - 1) coefficients of 
the linear spans, expressing the wave functions. The last unknown coeffici-

1ent Is determined from a boundary (or normalization) condition for the sys
'tem. The computational aspects of the method are discussed, In particular, 
:its concrete algorithmic realization used in the program RODSOL. The numeri
!Gal solution of the Dirac-system for the bound states of a hydrogen atom is 
'given as an example. · 

The investigation has been performed at the Labdratory of Theoretical 
~Physics, JINR. . 
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