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The question of the existence of three dimensional (D=)) 

stable localized distributions (solitons) of the N-componerit unit 
.-. ",,>/V 2. 3 

vector j, L '\~ =" 1, is important when one investigates He 
Q=f 

superfluid .phaae s [1J, models of magnet ics [2J, and extended models of 

elementary particles [),4]- . There are much more possibilities for 

the existence of stable )D solitons in models possessing topological 

charges (e.g., when N=).4) [51 . But up to now topological soliton~ 

have not been Qbtained in the important case D=). Na) [1,6]. 

We stress that the presence of the topological charge (Jt does 

not yet guarantee the soliton existence, and in the case of its , 

existence it does not guarantee its st"ability. For example, in the 

continuous model with the Hamiltonian density: 

J{= 1 (djy~E = JR d3 
;x ) 2 OXIn ~ (1) 

j = (ji. > jz J j3) ~ :rz = 1 ~ m = 1> 2, 3" . 
localized distributions with an arbitrary GIl corresponding to the 

energy ~ minima cannot exist; it can be easily demonstrated by 

scaling transformations [7] . Further we note that in the ieotropic 

Heisenberg model with the same density;r , the presence of the 

integral of motion [2] 

53 = J{1. - ~3) d 3 
;x 

(2 ) 

does not guarantee the eoliton existence and stability (see [8J 
and papers cited therein), because some part of the invariant ~ 

can be carried away by outgoing waves at the soliton destruction. , 

Now we consider a spin system with the Hamiltonian density 

.(n~elUirlnJri~n KHCTfn'YT I'1 
II~fJiWX ~u.C.'H·:,l1()niuKll 

.. - 6lttSlU'!OTEKA
.~_._-



J{=1I;xar )z+~(O:l~)2J OI g >0 f1I =0.1 2. 3 • ())
.I)-..J ~.12C (12"" .F QX ~ m 

Making the sca1ing transformat ion ?(X> - S(aX), we see that 

stab1e )D solitons can exist in this mode1 ()) 

Now we pass from the continuous mode1 ()) to a discrete system 

of spins 10cated at cubic 1attice sites, we labe1 the sites with the 
integer numbers nm for the X m axes corre sponding1y , Let the dis
tance (l between the neighbour sites be unity. Substituting deriva

tives by finite differences, we get [8J the spin system with the 

interaction energy being ca1cu1ated by summing over alI 1attice 

,,!tes M (n-) 3 3 

E=L[(3a(+2ff)-~(CnL ~~- +CnnL ~+2ê + 
M Irt=( - em In=( - lIc (4) 

3 

+[ndL 3ff:!e::te:,)) Cn.=O.!)(X+6p. C =-0.5'P-. C d=-R. 
K~m;1 ) F' nn r) n .r. 
/«111 

Here Cn " ~It.' Cnd are the coefficients 'characterizing interac

tions of ~ with the nearest neighbours in axis directions, with 

the next-to-nearest neighbours in the sarne directions and with the 

nearest neighbours in the )1x xK plane diagonal directions correEm 

ponding1y; ~ ia the unit vector in the positive direotion of the 

jrm exis. Note that numerica1 re1a~ion of these coefficienta 

corresponds to a fast interaction 1ntensity decrease w1th the dia

tance between 1attice sites ând the nearest-neighbour (n) interacti

ons are ferromagnet,ic ones (FM), but nn and nd interactions are of 

antiferromagnetic (AFM) type. So one can regard the system (4) as e 

mode1 of a magnetic with the competing FM and AFM 1nteractions. 

When alI the spins are para11e1 to each other, the energy E equa1s 

zero, i t corresponds to the abso1ute energy min1mum in the Qi. O 

sector. The existence of so11tons wi th E> O in the sarne sector 

cannot be exc1uded. 

For continuous d1stributions at Da), Na) the intrinsic topo10

2 

gica1 charge Ot is the Hopf index 11 (1,5]. We have e1aborated 

a method to compute the ana10gous 1attice quantity, i.e.,the topo-

Log Lc aL charge I-t of spin contigurations defined at the cub1c 

1attice (see a detai1ed descript10n in Lã] ); this method makes it 

possib1e to compute the charge fI[ even in the case of sharp vari

at10ns of 3i at d1stances of the order of an e1ementary 1attice 1ink. 

To obtain a topo10gica1 soliton on the )D 1attice we assign ~ 

initia1 1att1ce spin configuration with the wanted topo10g1ca1 chazge 

fll (in the paper we investigate on1y the ~.1 sector). Then we 

change spins at alI 1attice sites successfu11y to minimize the fn
teraction energy of the spin under consideration with neighbour aite 

spins (see Eq. (4)). Such a successfu1 updating of alI 1attice spins 

is ca11ed an iteration. In the course of such a minimization (obvi

ous1y, monoton+c one) of the energy ~ the 1attice configuration 

charge ~ can change ita va1ue (un1ike the continuous d~8tribu

tions) but under certain conditions it can be conserved up to the 

formation of the solitop spin distribution corresponding to the 

energy E minimum at a given /-I( va Iue. 

We use the fo110wing boundary conditions: .5=.e;={~o,f) out

side the finite 1attice region uaed in computer experiments. To 

raise the computer experiment efficiency we made computations using 

on1y a quarter of the 1attice region containing a 10ca1ized spin 

distribution. It is 10cated inside a dihedra1 ang1e between the (Jx2 

and 0J~ planes containing the symmetry axis 02. At alI sites of 

- ....the 0Z axis we assign :5 = ej! (X=.lj, fi c :1'"2' 2: a.:q). The 1at

tice quarter sizes are as fo11019's:. L = 14. Li" 15, L~a 19. Wex 

consider two variants of spin configuration symmetries with respect 

to the 900 rotation around the OZ axis: 

A) 1>x--J~, ~ _-1xY -' ~2. ~ ~~, 

B) SX --6!1' j -lJ ~x 
~ 

ji!.- j~. 

,~ 



At f:ir8t 'lle cho se t he symrret r-y A, and the initial distribution symmetry witíl respect to the OX';j plane (see1!'ig. 2a). When .f:::VX~ll. 

was t aken in the form (K = O. J): increases, the spin distribution picture tends to the axially sym

jx = 2 (N.t NLt+ Nz N3 ) ., .:5-7' ~..2 (~ N~ - ~ N'I ) -' metric one (Fig. 2b). The comparison oí the results at j ; 1,5 

Aj< 2..z .lx· and j3 = 10 demonstrates that at p = 0, i. e , , in the lattice 3D
j~ = N z 

+/v,- -N -N N ":::: __l '-i? 7 (5)
3 Lt 1 2.J l /+'l.2. l- ~-<"~JJ 

'2 S ~ ferromagnetic Heisenberg model there are no soliton solutions. 801i
N = i~ z2= '"'Ç' .<

'« 1 + Z 2. .) ~.;rl, ~i = k n i . tons arise only if there are interactions with not only nearest 
l= I 

J neighbours, for example the n n. - and nd - interactions, here V/e 
One can easily estimate the soliton size in the continuous mode} 

have demonstrated this fact for the case of competing FM and AFM 
(J): R~"'-'f}3Ol.-i~ Comput a t í ona have been made at ex =2 and 

spin interactions. when c; > 0, Cnl'l< O. Cnd< O. 
two different j3 'Ia lues: f 1,5 and j5 c 10. Final results of theI: 

configuration (5) evolution at these two jS differ qualitatively. 
The 801iton so Lut í.on found above i8 not unique even at /-li = 1. 

At fi "" 1 ,5 the va l ue fI( = 1 survives during exactly 199 it~rations, 
The second localized solution has been obtained [9] assuming the 

beginning from the 200-th i teration I-Ie =' O..The energy f: dependence 
symmetry B and using the initial data (5), k = 0,24· This soliton 

on the iteration number is presented in Fig, 1. Beginning from the 
possesses the symmetry with respect to the íJ~Jf plane: when one 

200-th iteration the spin system under investigation rapidly evolves 
make s the change Z - -Z in the O::r~ plane. then S,:{'- J ' 1.?- :Si!xto the uniform distribution (eL'l, 3; = ei!:. ). Such a charge íIt norr
5:J -- 6:1 . The Oz axis is the second order axis for this soliton. 

conservat ion is the consequence of the fact that at f '" 1,5 we have 
Its energy E;. = 686 does not differ strongly from ~ 

an estimate }(sof ~ i, and hence this case differs essentially 
Making the transformation jx - j:.{ , ~ ---,)o-.1J" S2 -~ ~~ of 

from the continuous one. 
the first soliton quartel' and completing this quartel' to the full 

At ~= 10 the discreteness of the spin system is less essential, 
configuration 'by assuming the aymmetry A , we get the third soliton 

because in this case R ! is '120/3 ~ 2,6 times larger than atso
solution with E3=~ This soliton has the fourth order ax s OZ.íj3 = 1,5. The charge lIe = 1 conserves its value during the whole 
Tr..e charge fie of this soliton e qua Ls to -1; ao to obtain the 

experiment (2650 iterations), as a result the integral of energy 
third soliton with ~ a 1 it is sufficient to exchange spins in 

tends to a constant value E = é~ = 679 (the relat1ve E variation 
every pair of the lattice sites located symmetrically with respect .per one iteration ia less than 2,5' 10-5 ) , and so does a mean value
 
to the OX'j plane,


i t becomes <1~ ':> 0,827. The apins of the soliton dis<::S~>
 

tribution obtained are plotted in Figa. 2a, 2b. In Fig. 2a the ~x
 

and ~~ component s of the spins located at the OXz. plane si tes 

J 
The author is grateful to Profs. M.G. Mescheryakov, V.K. Fedya

are represented ( the crosses correspond to S~ ~ 0, the dots mean nin, V.G Makhankov and E.P. Zhidkov for their interest in this in

jJ< ~). In Fig. 2b the .:1x and :J component s of the spins located
y vestigation and to B.A. Ivanov, M.L. Laursen, N.V. Makhaldiani, 

at the middle OXlj plane sites are plotted (the crosses mean J.l'~O' M. Muller-Preussker for usetul discussions and comments. 

the dots signify j~< O). This soliton configuration has not any 
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Boromo6cKIDi l1.Jl. 
TpexMepHhie TononorWieCKHe conHTOHhi B perneToqHoH 
MO)J.enu MarHeTHKa c KOHKYPHPYIOJ.UiiMH B3aHMO)J,eHCTBHHMH 

E5-86-687 

l13yqarorcH rononoruqecKHe conHTOHhi BeKTOpHoro nonH S(X) ,sa sa= 
= l ,a = 1,2,3 Ha rpexMepHoH Ky6uqecKoi1 pernerKe. l1cnonhayeTCH 

MeTO)J, llOCJie)J,OBaTeJihHOH JIOKaJibHOH MHHHMH3ai.J;HH $yHKI.J;HOHaJia 
3HeprHH E. B HCCJie)J,yeMOH MO)J,eJIH HMeiOT MeCTO KOHKypupyiOI.U;He 
$eppoMarHHTHhie H aHTH$eppoMarHHTHbie B3aHMO)J,eHCTBHH CnHHOB, 
pacnono)f(eHHhix B yanax perneTKH. 06Hapy)f(eHo, qro perneroqHhiH 
TononoruqecKIDi aapH)J. (HH)J.eKc Xon<Pa He) B npou;ecce MHHHMn3ai.J;HH 
E MO)f(eT H3MeHHTbCH, O)J,HaKO B cnyqae ero coxpaHeHHH npH He ,; 0 3BO
J110I.J;HH HaqanhHbiX pacnpe)J,eJieHHH 3aKaHqusaeTCH $opMHp0BaHHeM 
CTa6HJibHbiX COJIHTOHOB. HaH)J,eHO HeCKOJibKO COJIHTOHHbiX pacnpe)J.e-
JieHHH. 

Pa6oTa BhmonHeHa B Jla6oparopuu BhJqucmneJibHOH TexHHKH 
H aBTOMaruaau;nu Ol1Hl1. 

npenpHHT 06nCUHHCHHOro HHCTHryra li)J.CpHbiX HCCnC)lOBaHHH. Jly6Ha 1986 

Bogolubsky I.L. 
Three-Dimensional Topological Solitons in the Lattice 
Model of a Magnetic with Competing Interactions 

E5-86-687 

Topological solitons of the vector field s(i), s s = l, a =1,2,3 
defined on the three-dimensional lattice are investigafeJ. The method 
of successful local minimization of the energy E functional is used. In 
the model under investigation there are competing ferromagnetic and 
antiferromagnetic interactions of spin, localized in the cubic lattice sites. 
It has been obtained that the lattice topological charge (Hopf index He) 
may change its value during the minimization process,but in the case 
of its conservation at He f 0, the evolution of initial spin distributions 
results in formation of stable solitons. Several soliton distributions have 
been found. 

The investigation has been performed at the Laboratory of Compu
ting Techniques and Automation, JINR. 
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