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1. Introduction 

To nominate sum rules for Green functions, for instance, for Bose 
fields on the basis of dispersion relations 

00JJ ( !li.) cL (jt.
Â F (Cf.) 

O (/ _õ"l. .,c 
the explanation of correct asymptotic relations between the 
behavãouz- of .J (õ2.) for ()4_ 00 and the bebaviour of'.6 for 
-'42. _00 is needed in the distributional case. Mathematically 
this problem consista in studying Abelian and Tauberian theorems 
for ,the Stieltjes tranaform of generalized functiona. 
The Stieltjes transform /12/ of ordinary functions f(t) with 

(1+t)-J' f(t) ~ ~ (0,00) ~€ R , is defined by 

00 

l-f(t) 
tf) (z).'1[f] (z) v [f] ;J dt. 

(z+t )8 
O 

Here we cons1der only the case J' > O • This has been extended to 
generalized functions in different ways. The reBulting ~heories 

differ in the test function spaces which they employ and conse
quently différ in the classes' of generalized functions for which 
they define Stieltjes transform. 
Abel1an theorems are ealled theorems which conrtect the asymptotic 
behav10ur of a function or a generalized func~ion in the neighbour
hood of infinity or of zero with the asymptotic behaviour of lts 
Fourier tranaform or other integral transform at inftnity ar at 
zero or at some other point. Theorems inverse to Abelian are called 
Tauber1an onea. 
Karamata /4/ derives such theorems for the Stieltjes transform af 
ordinary functions. Th1e theory has been developed further by 
StadtmUller /10/ and other peoples. For' Stieltjes transform of 
generalized functions in the sense given by Benedetto /1/, Pandey 
/8/ and Pathak /9/ Abelian theorems were described by Lavoine and 
~isra /6,7/, Carmichael and Milton /2/ and Takaci /12/. A Tauberian 
theorem in the case ~ = 1 was given by Krasnikov and Tshetyrkin 
/5/ where the Tauberian condition consiste in, the assumption that 
f(t) ia a non-negative measure. Another approach for non-negative 
measures was 1nveatigated by Pilipovi~ and Stancovié /11/. 

''-J.ellfjíi~lHl~n ImCTBTYT \ 
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In the present note we describe an Abelian and Tauberian theorem 
for the Stieltjes transform of generalized functions in the 
approach given by Erd~lyi /3/. The Tauberian condition is more 
general than in the case /5/ and /11/. 

2. Asymptotical behaviour of distributions 

Before we can discuss Abelian and Tauberian theorems, we need a 
sui-table definition for the asymptotic behaviour of generalized 
runc t í.ons',: A very us ef'ul' method to describe the 8symptotic 
behaviour of a distribution is the so-called quasiasymptotics /131 
given by Zavialov. 

Definition 2.1: 

Let f(t) € S~ and Y (k) be a regular varying function. We 
say that the distribution f(t) has a quaaiasymptotics at infinity 
with respect to ~(k) if there eziaGa the limit 

f(kt) 
Um -- = F ( t) I< O in S~ •
 

k _00 'Y (k)
 

The positive and continuous on R+ = (0,00) function v(k) is 
regular v~rying if for any a > O there exists the limit 

li 'V (ak ) 
m - 

k-;-oo -y (k ) = OCa) I< O 

and the convergence is uniform with respect to any compact set of 
numbers a in R+. 

It is not difficul t to see tha t O(a) = a'l' for some. real ã , 
and theI,l we call the. function Y(k) regular varying of order Õ 
In this case iri definition 2.1 ~(t) = O 8 + ( t ) in S~ where1


eQ (t) is the canonical kernel of fractional differentiation
 
r 

t 4"-1 
e (t)  Õ ? O

rC-a-)'
 
8/t)
 [ e' . õ+1 ( t ) r« O
 
,
 

e (t) is the Heviside step f'unc t í.on, 

2 

3. Stieltjes transform of generalized functions 

The way presented by Erd~lyi /3/ to generalize conventional 
Stieltjes transform to distributions which may be called the method 
of adjoints is based on the following idea. Erdélyi employs a test 
function apace M~,~ which ia mapped by the Stieltjes transform 

into another test function space Ma,b continuoualy. The adjoint 

mapping then defines the Stieltjes tranaform ~[f] of elementa 

of the dual of Ma,b. The transform thua defined is no longer a 

numerical-valued function but a distribution, an element frf M~,~ 

For conventional functions with suitable integrability properties 
the double integral 

00 00 

JJ 
f(X)~ (t)'
 

dx dt
 
(x+t).S'
 

00
 

can be evaluated in two different ways showing that 

(~ff] ,cP> ;; Zf, 5P{C/>]> and this relation is the basia for 

application af the method of adjoints to stiéltjes transformo 
For i'nfinite'ly differentiable comp l ex-vaIued functions rp (t) on 
R+ and a, b E. R Erdélyi defines 

1-a+k(1+t)a-b/La b k(ep} = sup t f 1> (k)(t)\ 
, , tE. R+ ().1) 

Thé test functian space Ma,b ia given by 

OO 

Ma,b = { cP E. C (R+) : /':«, b,k( cp) < 00 for alI k é Z+ J 
with the topology generated by the seminorms (3.1). Ma, b i8 a
 

complete countable multinormed barreled apace. Erdélyi haa proved
 
the following statement:
 

Theorem 3.3 /3/ :
 

The Stieltjes transform mapa M~ 'f continuously into Ma,b if
 

~'F ,a,b satisfy the following conditiona : 

:J 



d- >0 , (3<..:;
 

a ~ 1 , a ~ 1+o: - ,f and a .<. 1 if ,;Jl = 9 ().2 )
 

b-?1-f, b4 1;+- (3 - jJ and b » 1- S' i f
 p = ° 
The proof follow8 from the estimate 

"i 
#- a~ b , k( :f[r/JJ ) ~ C /- cf.. , f ,0(1)) 

true under condition8 (3.2) where C dependa on k,a,b,ot.,P. 

Now let f E: M~, b • For each cp é. M oi. 't' we have 'd/CC/>] E. Ma, b 

so that 

< <JJ{f] ,cP> = <. f, tj)L{J;] > ().3) 

defines the Stiel tjes transform Z/rfJ é M~ 'fl of f. 

In this approach the so-called real inversion theorem for the 

Stie1tjes transform i8 aIs o true in the distributiona1 case. Define 

for n E. Z+ and x > ° the differential operator L byn 

(_1)n r (2) n nLn Ln,)' ,x (º--) 2n+s -1 (-ª-)
dx x dx

n! r (n+j' -1 ) 

This opera tor commutes wi th the Stie1tj ef;J operator ~ as follows 

1 
x.9- 'J [L (/:J(t)) (x ) = Lx Cf[ t~ -1 cp (t)) (x ) ().4 ) 

t 

Erdélyi proved that for tj:J é Me<. 'r Ij[LnePJ - cP and 

Ln ~tC/)J - if: as n --- 00 where the convergence takes p1ace 

in the topo10gy of the space M under additional conditions.
<X'f3 

The, exact resu1 t gives 

Theorem 3.2 /31 : 

For fE.M' b ' <tEM ts yie1ds
a, 'h 

J 

'I 

<Ln <.J[ rJ ,4> > = < f t fJ'[ L cp J > <f,r/» 
n 

with 

,., 

·X > 1- 5' ' oi) a and oC > 1 if a = 1 , b) 1-J' 
(). 5)(ó <. 1 ., (3 ~ b and f3 c 1 - J if b = 1-5' 

A cruc~al point in the proof is the inequality 

rrj.'f3,k( "t-:»: -q;) ~ 
, n 0.. 6 ) 

, E " ~ 
"" n (rd. 'r ,k+1(1J) + t--~'f ,k(\fJ) ) 

wi th E n - ° if n - 00 • 

Suppoae now once for a L'l fixed E , o c é. <. 1 , é >1 - J) and fix 
..J<:J.. = 1-é , f3 =jJ -1+f
 

a = 2-g - E , b = é •
 

'The set of parameters a, b , IX , f thus chosed satisfy the condi tions 

() • 2) and (3 • 5) • 
To get an Abelian and Tauberian theorem, we,bBsides,need the 

additional 

Lemma 3.3 : 

is dense in the space Ma,boTh€ set A:: {;ft-:' 'z,. E. M (j. '[3 } 

Proof: 

Consider f E. M'(}..,. and 8UPPOSe <. f, <:p{ 2t J /' = ° for every 
'1. f'rf, F -1 A..
TE.M_1 • If ,'t'é.M a b ,then we have t I.f/(t) E: M.-J,~ 

~ ,(3, 'rV\. 

(n ~ 1-~
and < f, ~[tJ'-1 cj)(t)] /" = o. Because Ln t '2f(t) Mo(,f' 

then for alI n we have 

< f, YJ [L t 1- S' t.9 -.1 'ctJ (t) ] > = <f , CJ[ L CP] > = ° 
n 

By theorem 3.2 <. f, ~[L tPJ >- converges to < f, cp > . if 

n 

n -
n runa to infini ty so that <. f, e » = ° for every 4Jt.Ma, b 

and f = ° in M~,b. Thia meana that the set A is dense in the 

epace Ma,b. 

5 



4. The main theorem where B(i,j) is the usual Beta function ao that 

Theorem 4.1 : f (x) = C t e -'Y +2 _ c (x ) in M~ t('>[gJ o J 

Let f f. M~, b and Y (k ) be a regular varying f'unctd on of order 

ã'> -1+é • The f'o l Lowf.ng ata tement s are e quâva Lerrt e Properf.y (4.1) follows ~rom the existence of the quaaiaaymptotics 

i) f has a quasiasymptotics at infinity with respect to ~ (k) • and inequality (3.6) by careful estimates. Real1Yt 

Lt ) <:f Cf] has a quas í aaympto t í.ca at infini ty wi th respect to- 1 " f (kt ) ] I I
' ~ L ~[f] (kx) t <j)(x» =.( -- , :f-L '+'] (t) >n

k 1-.S' Y (k ) -y (k ) L n '+' 
k1- 9 v (k ) and 1 

Becauee of the existence qf the quasiasymptotic8 the set 
(4.1 JLn ti r fJ (kx ) k ~ Jk oi k1-: Y (k ) B = { f (kt) 

k 'li k o J 
'Y (k) 

ie bounded in unifo:r-mly for k ~ k independent ofM~,b o 
la weakly bounded in M~tb. Since the space Ma,b i8 barrelled,n €. Z+ 

the set B is aIs o atrongly bounded in M~,b 60 that 

Proof: 

I 1- 9 1 < L Y' [ f J (kx), rp (x) >I~ nWe have k -y (k ) 
(4.2) 

lim --.( f'{k t }, <P(t» = < g(tr,tP(t) >
 
k-oo -y (k ) ~ C !latbtp ( <f[L cP] )


n 

for (j:J E M b' If '1+(:. rJí...J ~ then Yrz,]€ Ma,b so that 
a t, lJ" 'I' for some p. From inequality 0.6) we have 

1 '
 
~ g(t), <.J[z,it) > 1im :;-ncr < f (k t ) , '1f.-z,] (t) >
 

k-~ fL a , b t P ( ~[Ln q;J ) 

lim 1.( Yr ' ( f- a , b t P ( tjt c; cP] - cf; ) + )<- a •b , P (1;) ,k _ 00 k 1-.í' Y (k ) [f ] (kx), ?r (x)> 
{ é p {){ a t b t p+1 (cp) + p/a, b t P (cf;)} .., /'a •b •p UI)) 

and by definltion 3.3 yields 

1 Ep u. a b p+1 (cf)) + (p E. p + 1);ú- b «P ) (4.3)
I ,., / a, ,p

1im k 1- J'~ < ':f[ f J (kx ), 1t- (x ) > = <~(g] (x ) , 2t- (x ) > 
k_oo 

Combining inequalities (4.3) and (4.2) we have 

for eve-ry2rE Md ,0 . This means that the quasiasymptotics of 

l.j'[fJ a t infinity with respect to k1- ..P "y (k ) exists. Remark \ k 1- 9 ~ (k ) <Ln Y'[f J (kx ) , <p (x ) > I ~ 
since g( t) = C e;r +{( t ) and 

~ C1 /: a t b t P (1)) + C2 r a , b t p+1 UP) 

:J 
:]vJ Ce J (x ) = B(ã tJ -;r) 6)5'+1-.5' (x) o <: õ.( J 

(, '\ 7 
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d
l:

'\ 
uniform1y for k ~ k for a11 n t.. Z+' where constants C1 and c2o To show that our c ond í t í.on '(4.1) is more general than the Tauberian11 
depend only on f and p. condition by which f(t) is a non-negative measure, at first we 

give a description of non-negative elements of M' with the help 

of Stieltjes transformo This is a straightforward verification ofOn the other hand we start with 
,l the c1aaaical ones given by Widder /14/. Remember that f(t) is a 

1 lO • non-negative element of M' if for every non-negative function11m "1-g <-:Itf] (kx),1'-(x» = <:EL": J (x),'"Ir(x»

k....-.oo k -y (k ) g
 CP(t) ~ O, 4>~M yielda < f,</J >~O • 

{

80 that we have 

1 Lemma 4.2 : 
1im -- <. f(kt), ~[1](t» <g(t)', fJ/rlr)'(tr>
 

k_{)O 'V (k )
 The distribution f E.. M~, b Ls a non-negattve element if and -onLy if 

L 8"t f] are non-negative elements of Ma,b for every nEZ+. n 
By 1emma 3.3 this means that the llmit 

Proof: 
lim -- f(kt) Suppose f~ O • Then <f, cp> -? O for alI (j; (t)~ O .from M b. 

1 

a,k_oo Y(k) 
Be~ause of equality (3.4), 

exista on adense set of elements of the space Ma,b. If we show 
1 Jthat the set I ~LncPJ (x ) = x - Ln,x :f e t J' - 1 rp (t)] (x ) 

= f(kt) C>OB {_1_ k~ko J xn t n+S - 1 
Y (k ) " (2n+j> ) cp (t) dtJn!r'(n+,y-1) 

O 
(x+t)2n+J
 

i"s bounded in M~Jb uniforrnly for k ~ k o ' then the quEl-siasympto


t'lcs exista py the theorem of uniform convergence. From (4.1 r we have so that :f[L rp J (x) ~ O for alI n only il cP (t) ~ O • 
n 

for ev-ery (j) é Ma, b Now we have 

I r- ; < Ln 'f[ f 1 (kx}, cp (x ) >I ~ cUp ) <- Ln c.j'f f] ,cP> = -: f, YJ[ L cp J> ~ Ok "Y (k ) n 

for every n if fj)(t) ~ O 
for k ~ k'o uniformly independent of n é, Z+ • Since 

On the other hand we start wi th <. L Y[.- f] (x), 4J (x ) > -* O for alIn
1


--) <L ~[f] (kx}, <jJ(x)> -,- <f'{k t ) , ~[L /f'I] (t»
 
1 cp E Ma, b' ep(x) ~ O and n e Z+ • By theorem ).2 this means 

n 'Y(k) n'i" 
O~ <:: L = (f, I.f[L 4> J > converges to <f, cb > ~ On <.Jr f 1 ,CP> 

j
n 

and using theorem 3.2 yields so that -: f, CP> ~ O for alI tP(x) ~ O from M b. The lemmaa, 
ia proved. 

\ "';kr < fCkt),cP(tl>\ ~ CUP) 
Now we can prove that our Tauberian condition (4.1) ia more general 

for every cP€. M b • This completes the proof of the theorem. than the condition by wh1ch f(t) ia a non-negative measure. 
a, 

1 
:1 

I)B 



Theorem 4.3 :
 
Let f C M' b and y(k) be a regular varying function of order
 

a, 
7f ~ -1+6 • Suppose that P[f] has a quasiasymptotics at infinfty 

with respect to k1-~ 'v(k) and suppose further that f(t) is a 

non-negative eLemerrt ; 
Then the condition (4.1') is valido 

Proof: 
We have f E- M~,b ' . <::P[f]E. M~, P' . For cpt. Ma,b yield 

L <p-c Mj. and Cf,.. L tf~] e Ma' b so that 
n l,f=> L nY , 

1 1 (f)
-._-,- <~[f J (kx ) ,L cp (x ) = .- .( f(kt), .J[,- L Ih 1 (t»>

) n 'V (k ) n'V..J ; ! 

ia well defined and the limit for k ~OO exists for every n. 

rJ... - E ).9 -2+2EConsider '+"0 = x (1 +x E: Moi.,p. • Because 
00 

x-E {1+x)9 -2+2E 

fL-A-](t) = J j> dx >0, t>O 
% O (x+t) 

and f(t) i8 non-neeative, we have 

l 1_ g1 <Cj\_f'] (kx), L cP (x ) >lnk v Oc ) l I 

l"_l_ < f(kt), ~[L $1 (t-) >~I "Y (k) n t 

l
 1 . <:f '-ii- L 4:>J (t)
 
= -- <. f(kt), ["'-l(t) . ·n > 

ry (k) '--:fC<fi,} t ) 'rUI 

~ L (t)j I 1 Iro~ sup [n cp J _ <f (k t }, Jrri. J(t) >- (4.4) 
{ t ~ R+ 1-rtbI(t) "V(k ) tv: 

Since '-:f[i-;oJ( t) ia continuous, monotonical decreasing for t > O and 

so ( l-J'-E) jJ[clo}( t ) = O t , t - +0 ,
 

~-f107( t ) = O( t ), t - 1-00 ,
 
(t) -1+( 

we càn estimate the first term of (4.4) by 

10 

~:P[ L .-h] (t)lIsup :....-----,;~~'Y____;_~
 
t' E:. R+ Y'rcjtJ7(t)'
 

t.f'-l+~ (1+t)2-P-2E !y-;.L (t)[ 
~p l B~] 

tf:R+ tj-I+t: (1+t)2-J'-2€ \ !f [(PoJ(t) I 

~. C1 t~u~+ It J' - l + E (1+1I)2-.f -2E \f[LncP] (t)[ 

C1 /- a, b , O .( Cft-; cp ] ) 

Using inequality (4.3) leads to 

CJ[ Lv 4J] (t ) sup 
t G. R+ Yftj)t) 

{ C2 )( a, b, O (~) + C2 f a, b, 1 (~) (4.5) 

Because of the existence of the quasiasymptoticB of ~[f] the 
s~cond term of (4.4) 

-: f(kt), SifrAJ(t»
'Y.(k) 

.. <~ f J (kx r, CPo (x ) > ~ C( cPo ) (4.6) 

is uniformly bounded for k~ k • Consequently, from inequalitieso 
(4.4), (4.5) and (4.6) it follows that 

Ik1-; V(k).{ Ln Y{rJ (kX).<jl(X»1 

I .~ )<Çf(r] (kx).Ln4>(x) '> I 

~ c{ fa,b,o (f) +.t- a,b,l (~)} 
for every ~t Ma b whe~e the constant C depends only on f and 

<Po • This proves'the theorem. 

11 
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Tperepr. ES-86-678 

OAHa A6enesa H Tay6eposa TeopeMa MR npeOOpa30BllBHR 

Ormn.TeCa o606LQeHIIhIX tPyRKQHit 

C HCno.m.soB8HHeM TeXHHKH KB83HaCHMllTOTHKH· OnHCbIBalOTCJI 

acHMnTOTH'lecKHe COOTliOWeHIIR MR npeo6pa30BaHHJ1 Ormn.Teea 0606· 
LQeHHhIX 1j)yH:J(U.Hii. YcnoBHe Tay6epOBa TUna, KOTopoe cq:.oPMYmtpOBaHO 
B A8HHOH pa6OTe, SBJIReI"CR 60nee 06~ no CpaBHeIUIlQ C npe.!UIono~· 
HQeM 0 TOM, rno npoOOpa3 CTQJIhTeca ecn. nOJIO)l(HT~ Mepa. 

Pa60Ta BbInOJIHeHa B JIa6opaTopHH TeoPeTH'lecKOH tPH3HKH OHJUl. 

Coo6weHJIe QCh.e.IumeRHOl'Q IQlCnnyra JlAepHloIX IICCJJeAOBIHIIi. lb'6Ba ·1986 

TrogerG. E5-86-678 

An Abelian and Tauberian Theorem for the Stieltjes 
Transform of Generalized Functions 

Using the technique of quasiasymptotics, we describe the asympto
tic relations for the Stie1tjes transform of generalized functions. The Tau· 
berian condition given here is more general than the assumption by wbich 
the Stieltjes original is a non-negative measure. 

The investigation has been performed at the Laboratory of Theore
tical Physics,JINR 
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