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1. Introduction 

1.1 Canonicel (boson) reeliZútions of Lie 8lgp.br~s are used for stu

dying physicel systems with symmetries ir. the fremework of tpe ceno
nicel forrnelism /1/. They are especielly useful in connection with 
the method of collective variebles, e.g. i~ r.uclear physics /2/. 

Moreover, they pley a role in purely mLthem~tic81 investigetions 

(e.g" in connection with the models for su(]) in terms of so(n,2) 
and so (2n) elgebras /3/). 

1.2 In our recent papeI' /4/, the methqd of cJnstructing realizations 

for an erbi trery real semí s Lno Le a Lge br-a g \'.'8S presented. It W8S 

shown t he t any induced representetion caro be rewri tten as the SO-CEl

lled boson representation. The construction st~rts fram a decompo

si tion g = n~ $g~ $n~ of g, which is 8 s í mo Le ge ns r-eLí zetion of the 
triangle decomposition /5/; it employs substentielly induced repre
sentations /6/of g wi th respect to 8 sui t8ble representation Ç) of 

tr.e subélgebrc g~IDn~ . It wt:S pr.oved in Ref, 4 thet the method gi 
ves re81iz8ti0ns which posses tW0 properties permitting their ap'pli 
cetion in the representatiDn theory. They E-e 5~ew-Herm1te8n end 

Shureen. 

1 .3 In the pepers /7-S/we hsve eppli~d this method for the Lie alge

bras gl(n+1 ,~) 8nd sp(n,R). In the case of th€ 8lgebres gl(n+l,R) we 

heve constructed reéurrent formulee which give reoliz&tio~s of 

gl(n+1,R) in terms of r(n+l-r). C8nonicbl ?Eiro onu generators of 
the subalgebre gl(r,R)$gl(n+1-r,R) for r=l ,2, ••• ,n. For the sp(n,R) 

we heve obteined recurrent formu18e ir. tpr~s of r(2n - ~r +. ~) ceno

r,ice.l peirs and gener8tors of the sut,[llp'ebre fl,J(r,R)Ef}sp(n-r,R),. 

1.4 In the present papeI', wc apply the rnethod of Ref. 4 to the case 

1~~nàHrUHW~ P,HCn~YT 
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of algebres so(q,2n-q) which Ere the real forms of thc complex algeb
res so(~n,~). For the construction we use the explícit forms of the 
triangle decompositions of this real olgebras which we hEve construc
ted in the papel' /9/. We obt~in reCt~rent formul~:e which give reali 
zations of so(q,2n-q) in ter~s of 2n-1 cenonicsl pBirs and generetors 
of the subalg~br8 gl(1,nl$so(q-l ,2n-q-1). The· res~lting reelizations 
8re Schurean and skew-Her~itien. The celculatinn ccn be easily edept 
for the algebres so(q,2~+1-q) too. 

1.5 The oape r- Ls or-ganí.s ed os .follows. AlI necessery pr-e r-equi s tesí 

Bre listed in Sect. 2. The Srct. 3 conteins the main results. Here 
the new wide families of realiz8tions are derived. In the lest sec
tion the results are discussed, and in particular, 8 detsiled compa
rison with the re81iz8ti~ns which were derived in p8pers /10,11/. 

2. Preliminaries 

2.1 The Weyl Blgebr~ W2N i5 the associe tive algebra over with iden
tity generated by 2N eIements Pi' qi where i=1 ,2, ... ,N, which satis
fy the relations 

[ Pi ' q.l = f .. [Pi' PjJ =[ qi' qjl = O (1)
JJ 1.,J 

for any i,j = 1,2, .•. ,N.
 

2.2' Let g, go are ·real Lie algebras. By g, go wa denote their comple


xifications, furthermore, U(g), U(go) are the envelooing algebrss of
 

these.complexifications.
 

Definition: A realization of aLie algebra g i8 e homomorphism ~ 

(2)'7: : g---7W2N~U(go) 

2.3 The homomorphism 'L extends naturally to the homomorphic mepping 
(denoted by the same symbol L ) of the envelopinb algebra U(g) into 

W2Ne U(go) . 

Definition: Let Z(g) be the centre of U(g). A realizetion'~ is called 

Schurean or Schur-reeli7.stion if alI central elements C eZ(g) are 
realised by 1 ~Co where the C~s are central elements of the envelo

ping algebra U(go). 

2.4 In· view of possible applications to the representation theory we 
introduce the involution "+" in W2N by means of the following rela

tions 

2 

+
qi = -qi
 

+
 
Pi Pi for i=1,2, ••• ,N. ()a) 

Similarly, the involution "+n on U(go) is defined by 

y+ = -y for Yé' go • oi» 

These involutions define natureIly an involutiôn on W U(go) : 2N 

\-, + \- + + 
f..3j rrj~gj) = LO<jlfj6!)gj' ()c) 

j j 

where Tlj E: W and gj f:. U(i'a) .2N 

De:finition: Let g be a real Lie algebra and let n+" be the involu

tion on W2N0 U(ia) descri bed above , A realization t: of g on
 

W2N~U(go) is called skew-Hermitean, if for alI elements XEg the
 
following relation~ hold 

(1:'(X))+ = -L'(X). (4) 

2.5 Th~ algebra so(2n,~) is the n(2n-1) - dimensioneI complex Lie 
algebra with the standsrd basia Liji .i,j= !1, t2, ••• , t n the ele
menta of which obey: 

Li j = -L_j,_i (5 ) 

and the commutation reletions 

[Lij'~lJ = e5jkLil - dil~j - új,-lLi,-k + di,_kL_l,j . (6) 

2.6 In our papel' /9/ we have apec1Zied ~ explicit form of the auto
~nrphisms which give the real forma of this algebra.Using these 8uto

morphisms we obtain for the algebres so(q,2n-q) the following bases: 

Ls t 

Xd.~ = (Ld. ~ - L Aot. )
 

Yr:f\1!> = i( L~~ + L6O.,)
 

YEM = (LsÚ\ + Ls , - ~ ) (7)
 

YSo( = i(LSoI,.- Ls,_~)'
 

where s,t = t1, t2, •.. , tq and ~,~ = !(q+1), t(q+2), ••• , tn. 

3 
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The	 commutation re18ti~ns in this besis are introduced in Appendix A. 

2.7 For b=L11 we define 8 decomposition of elgebra so(q,2n-q) in 

this way: 

_ b b b 
g -	 », <I1go<Iln_ 

b 
n+ lRtXE;-g; Cb,XJ=~XX where d.X>O 1
 

b
 
go	 lIrtXE:g; [b,X]= o} ( 8) 

n_ b	 IR {X é g, [b, X] = - r:Ax X where o.X :> O} • 

This decompositions we use a3 a sterting point for our construction 
(see also Ref. 4 Seco 4). 

3. Construction of realizations 

3.1 Using the commutation relations (see Appendix A) we cen bring 
the decomposition (8) into the form: 

n~	 = R[L1i , X,~, Yl~} 

b (9)go R {L11,Li j ,Xd,~ ,Y~~ , Xial. ' Yi<A j 
n ~	 = R [ Li l' XcÁl' Yr).,' } , 

where again i,j= !2, :3, ••• , :q and~ ,~= !(q+l), !(q+2), ••• , !n. 

The ralation (5) implies that the basia in n~ forma the following 

(2n-2)-elementá: 

L12 ' L13' • o., L1q
 

L1,-2, L -3' ••• , L1,_q
 
"
 (10),Xl ,q+1 .x, ,q+2' •• 0' X1,n


IY1,q+ 1 ' Y1 ,q+2 ' •• o, Y1, n
 

We introduce an ordering in the above besis in which its elements ere 
~	 ~ 

ordered lexicographicelly. The monomiels of U(n+) can be then written
 

as the IDetrices
 

4 

Ln2, 
Ln3, 

L•• o,nq 
L L L n_ 2 , n_ 3 , o. o ,n_q 

X X X 
n:::J.+l ,nq+2,··· ,nn 

L L _r. n2 U q ) 
- \L, 2' o• o, L1q 

L L 
t, n_ 2 n_ q )

X \L, ,-2' o. o,L 1 ,_q 

y Y Y ( 11) 

. n q+1 ,nq+2 , · · · ,nn h x. 'I y 

( 
n +1 n) ( n +1 n
Xl;q+l'···'Xl~n \Y,;q+l'0 •• 'Yl~ 

) 
• 

where of course nf, n~ n~ belongs to No ' the set of all non-ne
getive integerso 

3.2 Now we are able to epply the general construction described in 
Ref. 4. Let u be an auxiliary repre.sentation of .the algebra g~~ n~ 
on a vector space V such that 

(j'(n~) = O 

~(g~) is faithfullo	 ( 12) 

We	 denote by W the cerrier space of the induced representetions:	 ind (g,cr'"). If s e basis in the space V, t.hen theív1,.oo,vd 
vectors 

n2
L, o•• , nq

L 

L Ln_2, •• o, n_ql ® vi	 ( 13) 

X X 
nq+1,···, nn 

nY
q+1 'o •• , u

Y 
n 

X3.3	 We define the creetion and annihilation operators ã; a on
fÁ

the	 space W in the following way: 

L L L	 L..., n... , n n2,	 qn2,	 q 
L	 LL	 L ooo, n_n_2, qãXI n_2, •• o, n_q 

1 ,v i= 
~	 X X X 

~ 

X Xnq+1 ' o• o,ne;<, +1 , • o• , nn xl ® v. 

(14a)nq+1 , ••• ,n", ,. o• ,nn 

V	 YY	 Y ••• J n..., n nq+1' nnq+11 n 

,5 



L L The representetion of the remeining generetors we obtein using theL	 L..., n ..., nn2 1 -q n2,	 q ;f commutation ru1es (see Appendix A). 
L L..., nn_2 ' -q 

a X xX I X
d\ nq+1 ' ••• , n~ , ••• , nn 

Y Y 
••• J nnq+1 ' n 

Dnd simi1erly we define 

® _Xv i -nIA 

the operators e~, 8~,ai ' ai end 8_ i , e_i 

L	 L 
••• J nn_ 2, -q 3;5 Now the skew-Hermitean rea1izat1ons sought are obtained eosily 

x+1 ' ••• , n~ 
x-I , •.• , nnXI ® v.

1. by rep1ecing the operators in the above exrressions by suiteb1e 81n q
gebrbic objects.Y ..., nY I (14a)nq+1 ' n 

a~q 

a~p-Y Y -L L -L L	 ( 16)}
for any cf,. = (q+l), ••• ,n; i=2,3, ••• ,q. For any = (q+l),(q+2), ••• , r}(X) --7 X 

we put 
For detei1s, see Ref. 4 (Sect. 3.7-3.9). They are given by the formu

ãX = ãX ãY = -ãY eX = _aX and a Y = -8
Y 1ae

-do. 0..'	 -d\ CÍ\ -o{ ol, -ot. ~ n 
L L L L X X -+ Y YFurthermore we define the operators 

~ 

X for any X € g~ by the re1ation	 "reL1 1) = t (qk Pk + q-k P-k) + L q,j, p'"\ q,j, Pd.. + L 11 + (n-l) 

~2	 ~=~1 x= 1 ~10(X) • C14b)
 
_ L L L L
 

~(Lij)- -qj Pi + q-i P_j +3.4	 According to theorem 3.6 of Ref. 4 the induced representetion Li j 

~= ind(g,C» can be rewritten usin~ the ebove defined operators 
~(X )= _qX pX + qX pX Y Y + Y Y + X	 (17)- ql!. Po.,	 q<f., P~ d,,1).(14a-b). We get the formu1ee	 o\.~ ~ <j" lA.fI.:, 

_ Y X Y X + X Y + qX pY + Y P,q n	 t ( Yti, ':l ) - -qt3 Po- - ~ p", q/') P<1. J,. "> \1,L L	 Y Y 
~ = L (ãL 

8 .. õL 
8 ) -+ L (ãX eX + e", e~ ) -+(L 11) k k -k-k d.. q L11 X L L Xk=2 vC, =q+l	 ~(X. )= -q Pi + 2q . P + Xi~1.cA IA -1. rJ..
 

_ -L L -L L
 
~ (Li .) - -e. a. + e . e . + L. .	 Y L L YJ J 1. -1. -J 1.J	 ~(Yi )= -q p. + 2q . p + Yi~ 

o, d.. 1. -1 o.. "\ 
9(X .)= _ãX eX + ãX eX - ãY e Y + 8Y a Y 

I)I,~ "J.. iA /') P; \l\ '1.. 6 + Xc<t!J	 where i,j= ~2, :3, •.• , ~q; <4,~ = :(q+l),~:.Cq+2), ••• , :n and further 
( 15) 

-Y	 X 8Y X + ãX Y Y
 
d.. t', I) lJ.. rA fi) Ólf!> L(L12 ) q2
'j(Yd,p.,)= -a~ e", - a e + ãX a + Y	 L

q _ -X L -L X ..,., L ~ L L L LL + L L +r(Xi~)- -a'1.. ai + 2a -i 8~ + Xi~ L(~l ) - L(L11)P2 + L-- q-2 P-k Pk + Pk -~k P-k -~,-k
 
k=2
 

~(Yi ) = -ãY a L + 2a L e Y
 
+ Yi~) CÍ\	 <J... i -i J., 

n 
where i, j= ~2, ~3, ••• , !:q a nd ~,.'?l = : (q+ 1) , ••• , ~n ond further X + Y L ( X X Y Y )+L (X2~ Pó-, (Y2~) PÓ\ - q -2 Pó. P~ + P P )

<J. d. 
~=q+1 

~ (L12 ) = a~ 
~ -L L L r-' L L -+	 The element b=L11 has the same meaning 8S the element b from Ref.4.~ (~1) = - ~ (L11)a~ + k- 8 _ 2 a_ k 8 k + \)(~k)ak + G""(~,_k)e_k 

Therefore, we can app1y theorem 4.3 of th8t paper to the realizations 
n (17) thus	 obteining the fo11owing proposition.1
\--. X Y aX Y~L (eX + Y+ L-()(X2~) B~ -fj(Y2ck)8o.	 eu,. )-2 <J... '" a<l,c:(,=q+l Proposition. r are Schur-rea1izations of so(q,2n-q) in the 

W2N~U(gl( 1 ,R) $ soe q-l ,2n-q-l » • 

6 7 
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4.	 Discussion 

Explicit forms of realizations for so(n,2) have been constructed by 
Le Blenc and Rowe /3/ u~ing the method of coherent stete represente
tion. These realizations are defined by means of n canonicsl pairs 
and generators of & 3~belgebr8 so(n)$so(2). Another cleas of reali 
zations has been.describe,l by Havlicek 8nd Exner /10/; in their pa
per, realizations ar $o(m,n) in terms of (m+n-2) - cenonicsl pairs 
end generators of so(m-1 ,n-1) $gl(l ,R). Also realization given in 
presented paper are similar to those given explicitly in the papers 
mentioned, but we cannot give explicitly the relation which trensfer 
these realizations one enother. 

AppendixlA., 
Using the reletions (6) we cen compute commutetion relotions in the 
besis (7). In this appendix we give their explicit form: 

[Li.j,LklJ= J;kLil - Óil~j - &;,-lLi,-k + ~,-kL_l,j 

[Lij,XkJ= SjkX~ - ~,-k X_j,d- JLi j, XoI.~l = O 

.[Lij,Yk"J= 5j kYi + 6i , - k Y_j , [L1 j, Y~p,J = O 

-Xi.... , X. II.l = - o: _. X," + S. _. X _ J1 -2 ( ó.. f> + S _/).L JóJ 1, J """ 1, J ~, r.J V\ OI, ') Li,_j
11\ 

[Xio<' .Y~l= - Si,_j Yd,P' + Ji,_j YiJ,,-t> 

[yio(,Yj Ó]= - di,_j X~~ + Si,-jXot..,-" -2( ~f) - s.:,-~) Li,_j 

[Xw.,x13t1= ( JJ.I!> + O:,-p.» - (~ó' + 6ot,,_Q') Xi~Xi r 

[Xid-.,Y'38']= (d<1\/') + S~,_fl:» Yir + <ÓQl.r+ Ó_(Á'~ ) Y117> 

[ Y~ , YP.lõ'] = - (J.:t) - ÓoI-, - ~) Xi{i - (Ó<J.d' - do" - ~) Xi ~ 

[Yi~,x~~J= (Jcl.~ - d~,-f» - (~,r- S~,-O') Yif~Yi t 

[X~f!>'X ról=~d' X~Ó -~SXd'~ - ~~, - á X~,-d' + 00(, -r X_ 

[xot.&' Y6's}Je,~ Yd..6 -~.rYõ'~ - (;p:,,-ó Yr},'-Ô' + ~,-5' X_ Ó, P.> 

[Yd.t),~~d1=-5/!)~ XcA[+SoAd xQ'6 + Jr?>,-S xc'.,-r- J".;,,-d' X_ s,«. 

where i,j,k,1="!',"!2, ••• ,:!:q and 1)(''?>'Q,d= :"(Q+l),:!:(q+2), ••• ,:!:n. 

8 

PI 

i 

i 
I References 

. ! 1: Barut A., Raczke R., Theory of Group Representations and Applice

tions, PWN, Warsaw, 1977 

I. 2. Moshinsky M.) J.Meth.Phys., 1984, v.25, p.5 

.~ ;~ 
3. Le	 Blenc R., Rowe D.J., J.Phys.A: Math.Ger-. 1986, v.19) p.1111 

4.	 Burdik C., J.Phys.A: ~eth.Gen. 1986, v.18, p.3101 
Zhelobenko D.P. end Stern A.S., Representations of Lie Groups5.11 
(in Russian)) Nauke, Moscow, 1983, p.83 
Dixmier J.) AIgebres Envellopentes) Gouth~er-Villers: paris, 

,I 
t 
I 

6, 

1974) ch V. 

7.	 Burdik C., J.Phys. A: Math.Gen. 1986, v.19, p.2465. 

8.	 Burdik C., Czech.J.Phys.B. (to be pub1ished) 
Burdik C., Direct Evaluetion of tl'e Iwasawa end Triangle Decom9. 
positions for the Real Forms of Lle AIgebrbs so(2n,C), JINR pre

print, E5-86-451, Dubna, 1986 
Exner P., Havlicek M., Ann.Inst.H.Poincere, 1975, v.23, p.33510, 

'I Received by Publishing Department 
on October' 4, 1986. 

9. ! 
! 



Eypp;HK l.J. ES-86-662 
HoBbiil KJJacc peaJJH3aL\m'1 anre6p J1H so (q, 2n-q) 

B paHHofr pa6oTe rrpHMeHHeTCll Me Top;/ 
1 I rrocrpoeHHll 6o30HHbiX 

peaJJH3aWIH anre6p J1H SO (q, 2n-q). 3TH peaJIH3aL\HH OITHCbiBa!OTCH 

peKyppeHTHbiMH ,PopMYJia~rn, cop;eplKalll,HMH (2n-2) 6o30HHbiX nap H reue
paTopoB nop;anre6pbi gl (I, R)E!lso (q-1, 2n-q-l). 0HH aHTH3pMHTOBbl 
H mypoBCKHe. 

Pa6oTa BbiiTOJIHeHa B J1a6opaTopHH TeopeTH'IeCKOH ¢H3HKH OlL'Il1. 

Coo6weHHe OfuemrneHHoro HHCTHTyra l!JlepHbiX HccnenosaHHii. Jly6Ha 1986 
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A New Class of Re3liza:ions cf ~he Lie 
~Jgcbra so(q,2n-q) 

Tf:t- c:·-.t~1o:.'d of r.~~f./l/ i:~ :rrplicd to t.\t cuLst·1-u(;_j c,:· 
-s:Hl r-2:1lizat.~ons for Lie c1lgc'btas so(q,:>;-:··q), ~~:::/_~·~, .. ,'·. 
h':1e:t·e T::-,3lizatio'1s are ~~xpressed by m·.:.1ns nf c~rtain tecurre11t 
;u~1:H.l.l:-lt=~ ia terms C'f (?n-.z·:~ -boson paits anL: generatCJrs ~..,·- the 
3ll~:dt-_:2l:rd ;,;}_(l,R)ID<:'C\q-l, 2n--q--i). Tltt:_y' :ire :,k.e\·.:-H.enoite0.:~ and 
Schur·ean. 

The inveEtigation has been performed al Lht.: LabtjraLor:1· 
f Theoretical Physics, JINR. 

(0rnP1U:1i-.·3ti·.1n of the Joint ln~titute for i'·h~~kar Rc:earcn D0bna 192t 
~-~- --------· ·--~ 

>·~ 
"l' 




