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1. Introduction

1.1 Cenonicel (boson) reslizotions of Lie @lgebr:s are used for stu-
dying physicel systems with symmetries in the frzmework of the ceno-

nicel formelism an

. They are especielly useful in connection with
the methcd of collective variasbles, e.g. in nuclear physics .
Moreover, they pley 2 role in purely m: themcticel investigetions
(e.g+, in connection with the models for su(3) in terms of so(n,2)

/3/y.
/4/

and so (2n) slgebras

1.2 In our recent peper , the method of constructing reelizetions
for en erbitrery resl semisimnle algebrs g wes presented. It wes
shown thet any induced representstion cen be rewritten s the so-ca-
1led boson represeritetion. The construction sterts from e decompo-
sition g = nfqgggGBnE of g, which is & simnle generelizetion of the
triangle decomposition ; it employs substsntislly induced repre-
sentstions 6 of g with respect to & suitable representetion G of
tre subslgebre gg(png . It wes proved in Ref. 4 thet the method gi-
ves reeglizetions which posses twe properties permitting their eppli-
cetion in the representation theory. They z-e skew-Hermiteen end
Shureen. )

1.3 In the pspers /7_8/we heve zpplied this method for the Lie alge-
bras gl(n+1,R) end sp(n,R). In the cese of the algebras gl(n+1,R) we
have constructed recurrent formulee which give reelizetiors of
gl(n+1,R) in terms of r(n+i-r). Cenonicel peirs ond generators of
the subslgebre gl(r,R)@®gl(n+i-r,R) for r=1,2,...,n. For the sp(n,R)
we heve obteined recurrent formulze in terms of r(2n - %r + I) cano-~

ricel peirs and generetors of the subolgebre =l(r,R)@sp(n-r,R).

1.4 In the present peper, wc apply the method of Ref. 4 to the case
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" of algebras so(q,2n-q) which ere the reazl forms of the complex algeb-
ras so(2n,€). For the construction we use the explicit forms of the
triangle decompositions of this reel algebres which we hsve construc-
ted in the paper /9/. We obtein recurrent formulse which give resli-
zotions of so(g,2n-q) in terms of 2n-1 ceronicel peirs and gererstors
of the subalgebrs gl(1,R)® so{g-1,2n-q-1). The. resulting reelizations
are Schurean and skew-Herxitien. The celeulstion ccn be easily =dept
for the algebres so(q,2r+1-q) too.

1.5 The veper is orgenised s follows. All necessery prerequisites
are listed in Sect. Z. The Sect. 3 conteins the main results. Here
the new wide families of reelizatiors ere derived. In the last sec-
tion the results are discussed, &nd in perticulasr, & detailed compa-
rison with the realizztions which were derived in papers /10’1‘/‘

2. Preliminaries

2.1 The Weyl slgebre W2N is the associstive slgebra over with iden-
tity generated by 2N elements Py Q4 where i=1,2,...,N, which satis-
fy the relations

[pss a5] =&i,j .o [Pi’ va-] =[qi, qﬂ =0 (1)

for any i,j = 1,2,...,N.

2.2 Let g, g, are real Lie algebras. By éﬁ g; wa denote their comple-
xificetions, furthermore, U(g), U(é;) are the enveloning algebras of
these complexificetions.

Definition: A realization of & Lie slgebrs g is & homomorphism T

T By eU(d)) . ()

2.3 The homomorphism T extends natureslly to the homomorphic mepping
(denoted by the same symbol ") of the enveloping elgebrs U(8) into

W2N®U(go) .

Definition: Let Z(3) be the centre of U(g). A realization T is celled
Schurean or Schur-reslization if all central elements C e€Z(g) ere
realised by 1@00 where the Cés are central elements of the envelo-
ping algebra U(é;).

2.4 In view of possible applications to the representation theory we
intrdﬁuce the involution "+" in W2N by means of the following rela-
tions

+ -—
Q3 T "

T+
Py = p; for i=1,2,...,N. (32)

Similerly, the involution "+" on U(é;) is defined by
+

Y = -Y for Ye,go . . (3b)

These involutions define naturelly en involution on WZN U(g):
o
+ _ — _ 4 +
J J

~
where %EWZN and gjeU(go).

Definition: Let g be & real Lie algebre end let "+" be the involu-
tion °n~w2N® U(é’o) described above. A realization T of g on
W2N®U(go) is called skew-Hermiteen, if for 21l elements Xeg the
following reletions hold

+ -
(T(X)) = -7T(X). (4)

2.5 The algebra so(2n,C) is the n(2n-1) - dimensionel complex Lie
algebtra with the standerd basis Lij;.i,j= 1, #2,..., #n  the ele-
ments of which obey:

Lij = -L-j,-i (5)
and the commutation relstions
[Lij’Lk1] = Oylyy - iDLy - &5 aly g * 51,-1&—1,3' . (6)

2.6 In our peper /g/we have specified an explicit form of the auto-
morphisms which give the real forms of this algebra.lUsing thease auto-
morphisms we obtein for the algebrss so(q,2n-q) the following bases:

Lst

Xaa = (Ld\'b- L/?w()

Z¢e = i(L¢§ + Lb«)

Y&ﬁ = (Lsd + Ls,—m) D)
Y =

s = o= Ty L),

where s,t = +1, +2,..., +q and o ,n = 1(q*1), +(q+2),..., +n.



The commutetion reletions in this bessis are introduced in Appendix A.

2.7 For b=L11 we define e decomposition of elgebra so(q,2n-q) in
this way:

g = n)@go@ns

n) = R{xeg; [b,X] =y X where ‘*x’o}
g2=lR'{Xeg; [b,f(J= 0} (8)
n? =R {xee, [b,x]=-oﬁxx where ax>o}_.

This decompositions we use as & sterting point for our construction
(see also Ref. 4 Sec. 4).

3. Construction of reaslizations

3.1 Using the commutation relations (see Appendix A) we cen bring
the decomposition (8) into the form:

oo
nd = R{Lli, X0 Y1a )

b _

g2 = R {L”,Lij,xM Faa s Xy YM} (9)
b

n’ = R[Lil, X Y |

where again 1,j= +2, +3,..., tq @and g,4= +(q*1), *(q*2),..., #n.
The relation (5) implies that the basis in ﬁf forms the following
(2n-2)-elements: .

’L]2, Lygs  eeer Lyg .
Ly, 2, Ly 30 == Iy
X

?

1, g+ Xy qr2ret s ¥ g (10)

IY1,q+1,Y1,q+2,..., Yl,n

We 1ntroduce an ordering in the ebove basis in which its elements ere
ordered lexicographically. The monomiels of U(n ) can be then written
as the matrices

L L
A T
L L
N2y N3y «eesnly L L L L
X x| =22 ) x(g 5,1 d
nq+1,nq+2,...,nn 12? ’1q 1,-2! *,=q
Y ¥ (11)
nq+1’nq+2""’nn LS X y Y
n n n n
Xq+\ Xn) Yq+1 Yn)‘
gt oo™ nf\ 1, g1 0 i
L X Y

where of course ny, ng, ny, belongs to No , the set of all non-ne-

gative integers.

3.2 Now we are able to epply the general construction described in
Ref. 4. Let G be &n asuxiliary representation of the algebra ggq;nE
on a vector space V such thet

gn® =0
G(gg) is faithfull. (12)

We denote by W the carrier space of the induced representation

= ind (g,07). If Vise+s,Vy is @ basis in the space V, then the
vectors

ng, ...y n

L
Ry, eesy M

[Tl

a @Vi . (13)

Bogqreces B

Y
Ngpqseess B

[l -]

3.3 We define the crestion 2nd ennihilation operators %f , ai on
the space W in the following way:

L

L L

x| %, ceey ni‘q _ | P2 s Poq

% & Vi© & i,

X X X X nX+1 n*
nqﬂ’...,nd\ yeesanp nq+1"”’o\ peeeylly (14a)

Y v Y

Bgerr  c+er Py Bgeir "n




L L
n oo n
23 ? -q
L L
n_5, cany n_q
X X
a X =
& an,..',ni(,...,ni Qvy DA
Y Y
UM veey n,

X
)

L
oo n
’ q
L
ey n_q
nx—l,...,nﬁ & Y
ooy ng (148)

and similerly we define the operstors éf, si,a;L, a% end 5%1, eEi

for any « = (q+1),...,n; i=2,3,...,q. For any = (q+1),(g*2),...,

we put

I SIS SN X
8Tx T B B, T By, 8l

Furthermore we define the operators % for eny X egg by the relation

=1 @5(x) .

and a_, = -2

Y Y

* AT

(14b)

3.4 According to theorem 3.6 of Ref. 4 the induced representetion

= ind(g, 5 ) can be rewritten using

(142-b). We get the formulee

q n
§CLyq)= Y GBpep s oap el s Z(a;‘ aX
k=2

« =q+1

_ =L L -L _L
3(L1j)— 85 ey + 8 a_y + Lij

y= ~X X X X Y Y
?(X“A) b Bt By 8n By By
- =Y X _ =Y X =X .Y
g(Ydﬁ)— 8, 85 8, &8s * 83 8y
S 8/ -L X
Gyq)= =87 By v 28 Ly At Xyy

- =Y L L Y
9(Y1¢)- 8, 8y + 29_1 3& + Y1¢

anBp + X

the egbove defined operators

Y
L5
(15)

where i,j= %2, #3,..., tq and A= t(q*1),..., tn ond further

Qo) = a3

4oy = - ?(Ln)eg + kt—gI-Jz aly

n .
X Y =L X X Y Y
ix5§;$ﬂ?2m)“« Wpleq - 8o(e g * g eg)

oy + G(I‘Zk)ai' + G(L?,-k)agk *

The representation of the remaining generetors we obtein using the
commutetion rules (see Appendix A).

3.5 Now the skew-Hermiteen reslizations sought sre obteined eesily
by replecing the operstors in the above expressions by suiteble el-
gebreic objects.
8 —> q
e ——>p - (16)
G{X) —>X

For deteils, see Ref. 4 (Sect. 3.7-3.9). They sre given by the formu-
lee

(L= Eﬁ:(qk Py * q " p_k) + }:: + i pi + Lyy + (n=1)
k=2 A=g*1

7Ly )= -qg‘ pi‘ + ol pEj * Ly

(X )= _qi Rf + qi Pf - qi RZ + qi pZ * Xy an

Uy )= _qz pX - qi pZ + qi RI + gi pz + T

_ _X L L X
T(Xg, )= -q, py * 2a; p *+ X

* -1 * ia
Y.L L Y
T )= ma Py * 24l Bt Yy

where 1,j= +2, #3,..., %q; 4 = +(q+1),+(q+2},..., +n end further

L
T = q

q
. L L L, L L
T(Lyy) = = TULy P ;q-z Pl P * P Lo * P Lo e
K= i

n
X X X YY
+ > ()(20\);)0“+ (Yzo‘)po\ q__2( > By pakpc‘) .
A=q+1

The element b=L]1 has the seme meaning &s the element b from Ref.4.
Therefore, we can epply theorem 4.3 of thet psper to the realizations
(17) thus obteining the following proposition.

Proposition. 77 are Schur-realizations of so(q,2n-q) in the
Wy ®U(gl(1,R)@ so(q-1,2n-q-1)).



4. Discussion

Explicit forms of realizations for so(n,2) have been constructed by
using the method of coherent stete represente-
tion. These realizations zre defined by means of n cenonical pairs

and generators of & subalgebre so(n)@so(2). Another class of resli-

/
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zations hes been describe:d by Havlilek and Exner

and generators of so(m-1,n~-1)® gl(1,R). Also realization given in

presented paper are similar to those given explicitly in the pepers
mentioned, but we cennot give explicitly the reletion which trensfer

these realizations one enother.

Appendix,A.

Using the relestions (6) we cer compute commutstion relestions in the

basis (7). In this appendix we give their explicit form:

LLi.j’Lk1]= (S—‘kLil - SllLkJ 3,—1L1 -« * 6/1,-1<L -1,3

iJ’XP;F S.k ik 1 , kK X-gﬁx [ ij? XQ&] =0
‘LLij’Yk.—x\: gjkYi * 5'1,—1{ 1 LLij, Yo\f‘v] =0
I_Xm'xaa] 1,—3 Xa ¥ Si,-jxo(,-ﬂ “2(Ogp + é_ ,-n ) Ly -y
[Xio(’ ,qu]: T 05 Yan * Si,-j Ty =p
[Yio('ij/:]: - 51 ,-3 Xan * 8 v=3%4, -0 ‘2(‘5;@, “‘g;,—/b) Li, -5

[ Xagl= (Gn* G- Xip = Gyt &mp) Xia
[xio\,yeg‘] (Gan* & o) Yy + (Gpt 6"’\’6‘) Y
[fuotag|® =Gy = 6apon ) Fig = Gy ‘50\ o) Xin
[fiarXop)™ Qo™ a0 Yipm Gy
D Xy dap K ~Ss¥po = 9,80 g X,
[Xous’yd“ﬂ: 18 & Tyn = 86,-8 Y- 0* - X518

T »3{5\5}'5@51 Xa8 * s Xpn* 34,-8 Xy-p” S-p *- &1

o\ -p) Yie

where i,j,k,1=+1,+2,...,+q &nd \x,s,y,é_= +(q+1),+(q+2),...,+n.

; in their pa-
per, realizations ot so(wm,n) in terms of (m+n-2) - canonicel peairs

My —
e T e v v

References

—

CIFSESNE

Berut A., Reczke R., Theory of Group Representations end Applice-
tions, PWN, Warsaw, 1977

Moshinsky M., J.Meth.Phys., 1984, v.25, p.5

le Blenc R., Rowe D.J., J.Phys.A: Meth.Ger. 1986, v.19, p.111!
Burdtk G., J.Phys.A: Meth.Gen. 1986, v.18, p.3101

Zhelobenko D.P. end Stern A.S., Represertations of Lie Groups

(in Russien), Nauks, Moscow, 1983, p.83

Dixmier J., Algebres Envellopzntes, Gouthier-Villers: Parls,
1974, ch V. P

Burd{k &., J.Phys. A: Math.Gen. 1986, v.19, p.2465.

Burdik &., Czech.J.Phys.B. (to be published)

Burdfk &., Direct Evsluetion of the Iwasswa &nd Triengle Decom-
positions for the Real Forms of Lie Algebras so(2n,C), JINR pre-
print, E5-86-451, Dubna, 1986

10, Exner P., Hevl{&ek M., Ann.Inst.H.Poincere, 1975, v.23, p.335

Received by Publishing Department
on October: 4, 1986.




Bypmux 4. E5-86-662
HoBmiii Kytacc peanusauuit anre6p Jlu so(q,2n-q)

B naHHOH paboTe npuMeHAeTcs MeTon/l/ MOCTPOEHHA ©030HHBIX
peanusauui anre6p JlM so(q,2n-q). 3TH peanH3auHH OIHCHIBAKTCH
pPeKyppeHTHbIMH $opMynaMu, cogepxamimMu (2n-2) 6030HHBX map M reHe—
paTopor nopanrebpb gl(1,R)®so(q-1, 2n-q-1). OHH AHTH3DPMHTOBH
H WYypPOBCKHE.

Pabora BbmoJjHeHa B JlaBopaTopuu TeopeTHueckod dH3ukn OHIH.

CoobweHre OGbeIMHEHHOTO MHCTHTYTa AlepHbix HccnenoBaHui. JlyGHa 1986

Jurdik g. E5-80-662
A4 New lass of Realizations of the Lie
.
AV .

c iw applied to tihe coustyuciion of

n ie algebtas sofq ), Ao

1 re expressed by means of certain recurrent
foimuiae 1n term - boson palrs and generaters of the
subalgebra aLl(1,R)Bsola~}, 2n-q-1). They are skew-Hermites: and

Schurean.

The investigation has been performed at the Laboratory
lof Theoretical Physics, JINR.
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