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I, INTRODUCTION

Bagic ideas of the theory of nonlinear waves were developed with
the study of related probdlems in £luid mechanics,however,almost any
part of physics is associated in some way with the wave motion,.

In the proceés of development of the theory of nonlinear wavesg
there were discovered certain "repregentative" nonlineer wave equa-
tions that were, in a sense, universal. Thus, for example, the °
Korteveg - de Vries equation (KdV),originally introduced in connec=
tion with the study of waves on watér, combines weak noniinearity
and dispersion and, as such, represents a general physical process,
Almost all of these representative equations have solutions of the
type of solitary waves., Their interaction gives rise.to pure nonli-
near effects. .

After the remarkable paper of Gardner, Greene, Kruskal and
Miura /1{ who were the first to describe the method of solving the
K4V equation using the inverse scattering theory, the interest to
solitons increased.

A soliton ig usually defined to be a solitary traveling wave
with the additional property of persisting through an interdaction
with another soliton., After they pass through one another, they
emerge in the same shape and velocity, having suffered no more than
perhaps a phase shift.

Zakharov and Shabat have shown that there are also other simi-
lar equations and employed /2,3/ the method of the inverse problem
for the Dirac operator to the nonlinear Schr8dinger equation (NLS)
with cubic nonlinearity. Nonlinear evolution equations integrable by
an inverse transformation form infinite-dimensional Hamiltonian sys-
tems., Complete integraebility in the language of the Hamiltonian sys-
tems has the following interpretation: The tranasformation of the
initial values to scattering values being the basis of the inverse
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scgttering method appears to be a nonlinear canonical transformation
to the action-angle variables., This significant interpretation wag
initially proposed by Zakharov and Faddeev for the KdV equation.
The most interesting application of this approach is linked to the
problem of quantization of nonlinear equations.

Afterwards there has been done much research, in fact theare
appepred a new direction in the theory of nonlinear differential equa-
tions using diverse mathematical techniques.

In the present paper we focus our asttention mainly onto the
questions of stability of solitary waves.

Studies of stability at en intuitive level were carried out in
many physical works, Some of them contain interesting ideas. The
stability, as it is understood in physics, of a solitary wave
P, (x, t) is investigated via the quest for a solution to the ini-
tial equation in the form u(x, t) = q?c(x, t) + elwt (x). 1£, in
the linear approximation with respect to ¢ the values of W
are real or if they are from the upper half-plane, then ¢  (x, t)
is said to be stable., Thus the Liapunov theory of stability in the
linear approximation is in. a naive way extended to infinite~dimen-
sional spaces. :

A In the mathematical literature there has bteen done a lot of
research on the strict analog of the Liapunov theory in Banach spa-
ces /see eg. 5/: These works contain various sufficient conditions
that, upon being fulfilled, allow us to decide the question of
stability (instability) of a nonlinear problem through the stability
(instability) of its linear approximation. Besides, studying the sta-
bility in the linear approximation, it is necessary to consider the
contribution of the continuous spectrum of the linearized differen-~
tial operator, However, for many importent equations of mathemati-
cal physics the above-mentioned sufficient conditions are not ful-
filled, For instance, the solution of the linearized KdV equation is
unstable /. Nevertheless, as has been shown by Benjamin, who was
the first to suggest exact mathematical approach in the study of the
stability of solitary waves /7,8 , the solution of the nonlinear
problem is stable. The second example is the following. Chen and
Kaup /9/, using the lineer approximation theory, obtained the insta-
bility result of a single-=soliton solution of the Benjamin—Ono equa-
tion. Anyway, Benet et al. 0{ applying Benjamin's method, have
rigorously proved the stabllity of the shape of a single-soliton
solution of the Benjamin-Ono equation. The paper contains an ana-
lysis of Chen and Kaup's error. In both cases the question of stabi-

lity requires exect mathematical methods and to all the investiga-
tion at an intuitive level it is inevitable to give an heuristic
explanation.

Therefore, we think it to be natural and essential, not only
for pure mathematics but alse for applications, to perform rigorous
research in the nonlinear differential equations of theoretical
physice in exact mathematical mammer. In other words, conforming to
the classical Hademard concept , it is necessary to investigate
the questions of existence of solutions of the initial value problem,
uniqueness of solutions and continuous dependence of solutions upon
the initial data. An exact investigation of the stability of solitary
waves is always connected with the specific metric.

We present now some special rewults of these investigations.

II. The KAV AND NEJAMIN-BONA-MANONY (BBM) EQUATIONS

Up U+ URL o Ug = 0, u(x, 0) = g(x), x€R, t20 (1)
(Kav)

Wy + Uy o+ Wy~ Uy = 0y u(x, 0) = g{x), x €¢ R, t ¥ O (2)
(BBM)

degcribe weakly dispersive processes in nonlinear media.

In /11 Bona and Smith have proved the existence and uniqueness
of a globel solution of initial value problem and the continuous
dependence on the initial conditions in the Sobolev space H® with
the usual norm

8

T HED:

where £ € Ly, () = alt/ax) 1s the generalizeda derivative,
1@ J £ s. They used the method of pseudoparabolic regularization
adding -8u,, toEq (1) After a substitution of.variables
the regularized Equation (1) reduces to Equation (2). Theorems corres-
ponding to (2) can be easily deduced from the fixed point principle.
The regularity theory for Equation (1) is obtained by teking the
1imit € — 0. In such a way, comparatively easy, not resorting to
any complicated mathematical methods, we obtained quite general
result for the KAV equation.

The first complete proof of the existence theorem for the K4V

+
lf(j) (X) l 2dx’
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equation with periodic initial conditions was given by Temam /12/.
He used the method of parabolic regularization, i.e. he added

to Eq. (1) and then took the 1limit for & — 0. This method

gu
/13-15/

was further developed in o Actually, there is proven the
existence of a unique local (global) solutior of the KAV in the
case when the initial data belonged to H®, 3/2<s < 2 (2 € g),
in them. The same result follows from Kato's theory of quasilinear
abstract evolution equations /16’17/, besides, there algo follows
for s > 3/2 +the continuous dependence on the initial datae in H
from there. We mention the work /18/ for the non-integer values of
g, and /19/ for the proof of the existence of a global solution for
certain classes of discontinuous initial conditions. Benjamin gave
& dexterous proof of the stability "of the shape" of the solitary
waves

@(Z)
P(z)

where ¢ > 0, z = x = (1 +¢)te d;(z) and 1I’(z) are the solutions
of Eqs. (1) and (2) respectively,

The stability of the shape is defined as the stability with
respect to the given on the gpace H1 pseudometric

a(, @ =dnt e (" +yp-g)|l,. (5)
YE€R )

3c.sech? ( %-01/22), (3)
3¢. sech? (01/22/2(1 + °>1/2).' 4)

The question of stability in the metric (5) for Egs. (1) and (2)
is natgral as it reflects the translational invariance of the solu-
tions of Eqs. (1) and (2).

I1I. THE NLS EQUATION
with the power-type nonlinearity

iux+un-u(e.—‘u|2p) =O,a€R,x€R,tZO (6)
appears in various problems, models many phenomena such ag the beha-
viour of non-~ideal Boze-gas with & weak particle interaction, the
spreading of the heat impulse 1ln solids, the Langmuir waves in plasma,
ete. /see eg.1,2,20—31/‘

The interest in NILS has risen after it became clear that it
was universal and fundamental equation in the same sense as the KdV
equatiqp and that in the case of a cubic nonlinearity i1t could be
integrated by the method of the inverse problem /2/. Equation (6)
has the two-parameter set of solutions

. 25,
Px, t) = r(x - 2wt)e™®™ ¥ (e = w9, N

where
ry) = ((p+ 1) (a+ x ))/2P(cosnpyVa + = ) ~VP, (8)

B+ o > 0and o, w € R. Particularly, for > = 0 we have
the standing wave solution and for p = 1, a = 0, & = § 2 we/gg}

Zakharov-Shabat's single-soliton solution. Casenave and Lions
call the stability of a standing wave in the pseudometric

WP = o © -7 ea- ¢, 0l ©

the orbital stability, what reflects the translational and rotatio-
nal invariance of the solutions of Equation (6) and, particularly,
in the real-valued case, the stability of the shape. It is easy to
show the instability of q? (x, t) in a more complex metric eg

d(u, ) = uCP-uH1-

In the paper /32/, via the use of the concentration-compactness

" principle introduced by ILions in /33/, the authors prove the orbi-

tal stability of a stationary solution (standing wave) for multi-
~dimensional NLS equation with a more general nonlinearity. The
boundary dividing stable and unstable solutions in one-dimensional

. case /34/ is the nonlinearity U( |} ul ).u, where the nonlinear func-

tion U( jul ) has the power-type growth 2p = 4. Let us mention that
the first who pointed out this fact was Makhankov /29+26s 35/,

It 1g well-imovn 736738/ tnat the initial value problem for
Eq. (6) under the assumptions 0 £ 2p< 4, u(x, 0) = g(x) € u' (R)
hes a unique global solution (in a generalized-functions space)
ulx, t), with u(* , t) € ¢( [0, o, H'(R))s '

In 39,40 , developing the ideas propounded by Benjamin
we have proved the following

/7,8/
’

THEOREM. For any € > O there exists & > O such that if
u(x, t) is a solution of Eq. (6) with 0 < 2p £ 3, u(x, 0) =
=g(x) € H(R) and a(u, @) |, .o < & , then d(u, ) < &
for 211t € [0, ®) /d(u, @ ) and ¢ are given by the formu-
las (9) and (7) respectively/.

A fundamental rdle in the proof have played the three func-
tionels



+00 ~
+
. - 2
Q=i uxudx, P = lu I ax,
-© o0
$0

2
E = (( lugl + aful? -ju j2(p + 1))Ap + 1))dx,
-

which are time~invariant whenever the solutions of Eq. (6) belong
to ¢ ([0, @), H1(R)). The difficult part of the proof is concer-
ned with estimating an effective lower bound for the second varia-
tion of the functional M = E + (X + W2)P ~ 2 wQ, what we achie-
ved via suitable choice of the spectral problems. We remark, that
though in the spectral decomposition of the KAV and BBM equations
it was sufficient to consider only the contribution of the discrete
spectrum, in this case we have had to take into account the posi-
tive contribution of the continuous spectrum, too. It seems likely
that a more subtle evaluation of the contribution of the conti-
nuous gpectrum in the spectral analysis would give the possibility
of the second proof (using spectral theory) of Cazenave and Lions's
result in one dimension.

The stability of the solitary wave (7) hes been rigorously
proved by Zhidkov 741/ for the case p = 1,

Begside the NLS equation, in description of waves in media with
a weak dispersion governed by cubic nonlinearity one can encounter
also the modified Korteveg-de Vries equation (mKdV) /see also /42/ /

o = 0 ulx, 0) = g(x), x € R, t 20 (10)

uy + [ (ulzux +u
which, as it is noted by Zakharov in /27/, has a universal nature,
too.

Complex-valued E}uation (10) was studied by Zakharov /27/,
Fornberg and Whitham 43/, Makhankov /25,26,35/ and others., Let us
mention that for the real-valued u(x, t) Wadati /44/ have solved
Eq. (10) by the inverse scattering method. Repeating the arguments
given in /21, § 8-10/ the complex-valued analog of Eq. (10) can
algo be solved by the inverse-problem method.

In 45/ the existence of unique global solution
u(x, t) € ¢ ([0, @), H® ) of the initial value problem for Egq.(10)
with initial data u(x, 0) = g(x) € H®(R), s Z 0, using the theoxry
of guasilinear evolution equations 16, 17/, is established. The
game work /i.e, /4Sécontains the proof of the orbital stability of
a solitary wave using the spectral theory. Let us note again that

in this case, in order to obtain the needed estimate, one has to
take into account +the positive contribution of the continuous
spectrum.

Numerical solution of the BEM equation with step-type initial
conditions was investigated in /46/
given in

The KdV equation with the initial data having different limits
at + o was originally studied in /48, 49/. where, upon agsuming the
existence of a global solution, the authors, making use of Whitham's
approximation method, have found its asymptote at t —» + .

With the same asgsumption, i.e. the existence of a solution of the
initial value problem for the KAV and mKdV equations with the
step-type initial data, the authors of /50’51/, using the inverse
scattering method, have found an asymptotical solution at t —» + .

We use X°, 8 2 1, to denote the set of functions f£(x), defined
on the real axis R, with the following property: For every function

and the existence theorem is

£(x) there is+a constant ¢, such that 400
oo 8
}ﬂrmi = j'(f - cpmen(x)) 2ax + ;1 [t %) (x| 2ax <@ (11)
-0o = — oo

-Linear set X7, s 2 1, normed by (11), forms the Banach space
of absolutely continuous, on each finite interval, functions f(x)
such that

lim £f(x) = - lim
X—>» + X—b» - @©

£(x) = cgo
Moreover, there holds the estimate
‘cfl £ iu% R l:f(x)l £ const. “lf'“s' ‘ (12)

that implies

£2 - o2 € (R,

On the assumption that the initial data belong to IS, s 2 3,
one can, with the help of the pseudoparabolic regularization
method /52/, show the existence, uniqueness and continuous dependen-
ce on the initial data of a global solution of the real-valued
mKdV equation

uy - u2ux + U = 0, u(x, 0) = g(x), x € R, t Z 0. (13)



Further, one can prove the stability of the shape of the solita-
ry-wave solution of Eq, (13) that belongs to X° for 8ll t 2 0.
Here we understand the stability of the shape/pertaining to the
inequality (12) /as the stability with respect to the pmeudometric

§€glu(x. ) - - €, Ml .

The K4V equation in higher-dimensional real spaces or in
more general higher-dimensional complex spaces, as well as the
multi-dimensional analog of NLS equation, BBM equation, and othexr uni-
versal equations of mathematical physics, such as the XKlein-Gordon
/see eg. 30,35, 53/, are beyond the scope of this sur-

d(un ?) = in-f

equation, etc.
vey. Let us just cite, very briefly, some works for completenessz.
The existence and stability of the multi-dimensional NLS equa~
tion is studied for example in /23, 28, 36'38'55/, the same problem
for the Klein-Gordon equation is studied in/55'58/, either of them

end others can be found in / and still other problems in /59/.

IV. CONCLUSIONS

Summing up, one could say that the problem of finding the soli-
ton solutions and the problem of analyzing their stability have, in
principle, been solved. Yet, the development of the theory is at
its very beginnings.
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I'perym M., Kupues K.II., ¥ugxos E.II. E5~86-63
3apaua Kous ¥ yCTOHUHBOCTE pemeHWH BHOA YEIOUHEeHHbIX BOJIH
HEeKOTODbIX HeJIMHeliHHX ypaBHeHWH MaTeMaTHueCKOH OH3HKu

JaHHB! 0630p MOCBAMEH HCCJIEOOBAHHKW YCTOHYHMBOCTH yeaH-—
HeHHBIX BOJIH HEKOTODhIX HeJlMHHeHHbX ypaBHeHHH MaTeMaTHYeCKOH
du3ukH, PaccMoTpeHsl BOHPOCH CYWEeCTBOBAHHA H €OHHCTBEHHOCTH
pemeHHsi 3amayd Kows B HeKOTODPHX GYHKIHOHAIBHBIX MPOCTPAHCT-—
Bax.

PaBoTa BoinonHeHa B Jla6opaTOPHH BHIUHCIIHTEJIBHOH TEeXHHKH
U aBToMaTHsauuu OUAU.

Mpenpunt O6bEAHHEHHOrO0 MHCTHTYTa ANEpHBIX HCcnegoBaHHid. llybHa 1986

S oS
= S MpuHMMaeTCA NoanmMcka Ha NpPenpuHTE M coobueHna 06begnHeHHOFO MHCTUTYTA
5 e o} AREPHBIX MCCNEAOBAHUM .
:-u CU YcTaHoBnena chnegyouwan CTOMMOCTb NOANMCKM Ha 12 mecAueB Ha mapanuA OUAU,
Sy g BKAOYAA NEPEeCHNKY, NO OTAESbHLIM TEMaTUYECKMM KaTEeropuaM:
o 5 MHAEKC TEMATHKA Llewa noanmckm
= = Ha rop
m (&) 1. IKCNEepUMEHTANbLHAA PUINKA BLICOKMX IHEP MMM 10 p. 80 won.
¢ s 2. TeopeTuueckan QUAINKa BLHICOKMX IHEPrun 17 p. 80 won.
3 > 3. IKCnepUMEHTanbHAA HeNTPOHHAA OU3MKa 4 p. 80 wkon.
e} E 'R TeopetTnueckana HUIUKA HUIKMX IHEPruM 8 p. 80 kon.
m 8“ 5. MatemaTuka 4 p. 80 kon.
(&) g 6. ApnepHan CNEKTPOCKOMMA 4 PagUOXUMMA 4 p. 80 kon.
o, o 7. Pnauka TAMENHX MOHOR 2 p. 85 wkon.
E [ 8. Kpuorenuka 2 p. 85 won.
§ (= 9. Yckoputenu 7 p. 80 kon.
) [ i0. ABTOMaTM3AUMA OBPaGOTKI IKCNEPUMEHTANbHBIX .

Cm) RaHHBIX , 7 p. 80 xon.
— 1 RUitstar Mswomt inm aisrasiay sy te Toaas r . 0n .
= = . - eRLaA MaToMDTIOY I TON z L. 20 e,
§ o 12. Xumuna 1 p. 70 kon.

[
< ') 13. TexHHMKa DUIMUECKOrO IKCNEPUMEHTA 8 p. 80 won.
3: m 14, WccnefgoBanmusa TBepasx Ten M MupKoc Tel

D ALEPHHMU METOQA MM 1 p. 70 kon.
% = 15, IKCNEPUMEHTANbHAR DM3MKA AAEPHMX Peaxuywi
) = NPKU HAIKNX IHEPIUAX 1 p. 50 won.
§ 3 16. flosume TPMA 1 PU3UKAE 3aUnTH 1 p. 90 won,
E 8 17. TeopuA KOHAEHCHMPOBAHHOFO COCTOAHUA 6 p. 80 won.
(=¥ 18. Mcnonssosanue pe3ynbTaToB U MeTO[OB
(] SS GyHAAMEHTANBHEX DHINUUECKUX MCCNEefoBaHUi 2 p. 35 xon.
g 8 cmexHbx OBNACTAX HayKu M TEeXHUKK

19. Buodusnuka 1 p. 20 xon.

% § Noanncka moxet Bute odopmnena ¢ Mmoboro mecAua Texywero ropa.
E \D Mo ecem Bonpocam opopMNeHUA NOANMVMCKM cneayeT obpawaTtecA B M3faTENbCKMIA
= > otaen OMAM no appecy: 101000 Mockea, [nasnoutamnTt, n/m 79,
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An Initial Value Problem and the Stability of Solitary-Wave
Solutions for Nonlinear Equations in Mathematical Physics

A review of selected results on the stability of soli-
ton solutions of several one-dimensional universal nonline-
ar equations of mathematical physics is given. The questi-
ons of existence and uniqueness of solutions of initial
value problem in some functional spaces are discussed, too.

The investigation has been performed at the Laboratory
of Computing Techniques and Automation, JINR.

Preprint of the Joint Institute for Nuclecar Rescarch. Dubna 1986




