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This paper I s a continuation ofthe first part under the 
same t t l.e, hereafter refered to as 111. Sections, 'theorems andí 

formu1ae are numbered consecutive1y, starting with Section 3. 
References /1-19/ are 1isted at t he end. of /1/ • 

3. JOINT DISTRIBUTION OF NONCOMPATIBLE OBSERVABLES 

In the present section we concentrate ourse1ves to the main 
aim of this paper. We sha11 study the prob~em of existence of 
noncompat í b Le a-observab1es. He give the new r e sults which 'are 
va1id a1so for measure s on ~ wi th infini te va1ues, and which 
gener al i ae the known resu1 ts 'for s t ate s , We note t he methods 
deve l.oped in 16-11. 19, 20/ar e not app1icab1e for our case. 

The existence of a joint distribution c10se1y depends on 
the concept of a commutator. Let ~ be an OML~ For a finite 
subset F=la 
ran /21/ 

1 , ••• , anl of ~ 1et us put , fo l Lowi ng to L. Be

1 . n j i 
com F : V 1\ a i (3.) ) 

i1,ui n = O 1=1 

where a ? : =a.l.a 1 :=a.The e1ement com F is ca11ed the commutator 
of a f í n í t e set Fc f. For two-e1ement set F = la. b] a com F has 
been de fíned by Marsden / 22 /.We reca11 that Lndepanden t Ly of /211 
the commutator of : F . has been used in 171 to show that the so
ca11ed question observab1es qa , ••• , qa have a joint distribu

1 n 
tion in a state m iff m(comF) =1 (here qa s a ~(R1) - a -obserí 

vab1e with qa(IOl) = al., qa (11 n = a ). The e1ements coml.F and 
in/ 2 1/com F are ca11ed as the upper and the lower commutator , 

respective1y, of F. It is clear that a 1' ••• , a I;; f are mutua11y 
• . 'I n compa t i b l e f f com F = 1 ,where F = I al•...• an'.í 

Now, for any M, M C f, put 

com M = 1\ I com F: F is a finite suhset of M r , , (3.2) 

if the .e1ement on the right-hand side of (3.2) exists inf. 
Definitorically we put com ü = L' The commutator of M, comM,' has 
been firstly introduced in 161 fo~ the study of joint distribu
t i.oris , ~'-~~~._...--

1t~~iirtê1ni~M tmCl~"1'yr t 
~frn ~"'t~e.llOBi1U~~ l l' <" 

6~Sn"jCTEK p;.' • .......- ..- 
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= Ih ~ ~ : b-ca J (here an orthocomp1ementation " , " is defined 
in/ 9 /.WeThe fo110wing natian has been defined say that as	 b' = b.t 1\ a o' b < a o) . 

a subset M of ~ is partially compatible with respect to a, It is known 17, 81 that ~ (R 1)_ U -observables Xl, •• '" X n have
 
a ~~,if (i) a~hfor àny hc;M; (ii) {h/.a: b ç;MI s a set
í a joint dístribution in a state m (finite measu r e , t oo ) iff 
of mutua11y compatib1e e1ements af ~. It is knawn/11/ that ii 
a = com M exists, then M is partially compatible with r e s pec t i	 (3.5)

m(a (E 1 •••• ,E » = O , nto	 a. 
Let {a : s 'ê Si be an indexed set -oie1ements of ~. The e1e for any E , ••• , E ~ ~(R1). This is equiv~lent to the next con

ment a C; ~ Ls said to be countably obtain~ple over {as: s ~ S1~10,8: n1di tion /7. 19.201 
if a = "1\ a ,and if there is a countable sub s e t S oC S ,;vith I 

8 <;;s B . n	 2 n 
a= 1\ as. From(/10/prop ..2.3] it follows that íf there is at J m(	 1\ Xj(E E ) ) = z. m( 1\ xj(E jk.)-) • (3.-6)j 1U J2s ~so j=l' k1 ... k n= 1 j=1 J mos t coun t ab l e subse t NeM of a quantum logic f Y!hich gene-
r ates the minimal sub Lóg i c ~ O of f containing M, then com M for any E j1 n E j2 = ,0, E j1, E j2 ~ %(R 1), i =1 , ..~, n • 
exists and is countably obtainable over {com F: F is a finite For measures'with infinite va1ues this equiva1ence has been 
subset of MI. proved on1y in particular C~~~q!12~(3.5) for measures with
 

Th~ foilowing resuIr. due t0 W.Puguntké/23~is Df partj~ular
 carr e r s , and (3.6) on1y on a a -continuous l og i c , In the beí 

interest for the present study: There í.s an OH·L ~ and M C ~ low the equivalence of (3.5) wi~h (3.6) and with the existenee 
for which -che commutator of M does not exists in f. J of a joint distribution in measures attaining even infini~e 

Let x i be an (1 i -obse.rvab Le of f, i = 1, ••• , n , Define values will be proved. 
In the following we shall suppose that (f 1 ;. • ., (j n arej i1 n independept Boolean sub- a -alge9ras of a Boolean algebra aV ) ,	 (3.3)a(E l' .•. , E n)	 1\ Xi (E i 

a nd x 1 i s a n ai - a - ob s e rV:'lb I e o f a log i c f, i = J, ••• , n . 
j1 ... j ==0 i==l
 

n 1101 n
 A dec ompos i tion of J in a logic í> is a sys t em [a i1c f. such 
where E i ~(fi' = 1, ••• , n . Then, due to ,for M == U ~(x.). that ail. a j whenever i -f. i, \( ai = 1. 

93(R1)-a-observab1e, 
i == 1 1 

1where Xi is a i = I, ••. , n$oo. The commu
.Lemma 3.2. Let h i : ~ i ... (f i be a o -homomorphism of a Boolean 

tator com M exists in a quantum Log i c ~ and it is eountably sub- a -algebra ~j) i o f Cf i , i = 1, ••• , n . Then x l' ••• , X fi have
obtainab1e over {com.F: F finite subse t of MI , arid , moreover, com M a joint d í stri bu c í on in a measure m iff xl oh!" lO., X n o·h n have 
is count'ab Ly ob t a i.nab l.e over {a(E 1 , .... ,E ) .: E i ~ g)(R

1
) , i = a joint d í s t r i bu t i on for' any -homomornhisrn tri and any Boolean(Tn 

Gi\ (j .= I, ..•• ,nl. If there í s a =com( U ~(Xt)),we call a as the sub- a -algebra ,1.) I of i' 1 = J, ••• , n , o t~ T' o 
eommutator of a -pbservables !x : t ç T,l. .t Q.E.D.Proof. It is evident.The fol1owing result has been proved in 1121 

1)_ Lenuna 3.3. Let x l' ••• , X n have a joint dis tribution in a rneaTheorem 3 ..1. Let x l' ••• , X n be g) (R a -obse rvab les of 
a quantum logie ~ and let m be a measure on ~. Let us denote su r e m, Then 

n n K k k n 
a O = com( . U ~ (x i) ) r f m( . 1\ X i (E i ),A. 1\ a (E 1 , ... , E n) = m( /\ x i (E i» • (3 .-7) 

1 = 1 1=1 k=l	 i=l 

for an~ E i' E ki E (í i' í = I, ••• , n, k = T, ••• , K, where Ki	 (3.4)m( a o) = O , 
may be an integer ar + 00 • 

then there is a joint distribution in m. If at least one xi 
~ It is the same as that of Lennna 2.2 in 1121 Q.E.D.

is o-finite with. respect to m, then the joint distribution 
is uníqo.e. 

Theorem 3.4. Let at least one of x1"",x n be a-finiteli x 1 , .... , x have a joint distribution in m and at leas t 
with respect to m. lf the eommutator, ao' of xl' ••• ' Xn existsone xi is a-finite with respect to m, then (3.4) holds. 
and if it is countably obtainable,then xl'.'.' X n have a jointMoreover, -maps x 1'0: E 4 x.(E)l\a , E ç ~(R1), are mutual1y

I . o «)

compatible a -observables Df a quantum logic J.. (0, a o): = 

3 

2 



distributíon in m iff 
,;. 

. (3.8)ro(a J.) = O • 
O 

Proof. From IS,10/i t follows that if ao is countably obtai
, n 

nable over [com Ft F finite sub se t of '~l~ (xi)l, then ao is coun
tably obtainable over (a(E!"", Enj : E i C;; (f i' i = 1, ••• , n I (l 

and vice versa. 
Let xli;"" X fi have a joint distribution in m, and let xl 

be a -finite with r e spect; to m. Using (3.7) we may ~stá.blish 

that if m(x 1 (E» < 00 for some E ,;; (11' t hen m(x 1(E) A ao) = O.The re-: 
fore, if lE k l;=:t=(11 is a countable decompos í t í.on of 1 with 
m(x l(E k >-.1 ~ then

k»<oo, 
J. .L 00 J. 

m(a o ) =m(a Ol\x 1( k':
00 

l EJ) l m(a 1\ x 1( E k » = O ,
 
k = 1 o
 

when we use the property of the partial compatibility of ao' 
Let now (3.8) hold. Then putting m: = m I f(O,a o) 

n n n 
- 1\ m(1\ x i (E 1'» = m ( ,1\ x i (E 1') /\ ao) = m( . x io (E i» ,

i=l 1=1 1=1 

where is an ai -a-observable of ~(O, ao)'x io(E):=xi(E)1\a o 
i= 1, ••• , n, which are mutually compatible. Appealing to Theo
rem 2.2 of 111 we see that X!"'" x n have a j oint d í s t r íbut í.on 
in mo Q.E.D. 

We note that if x t is an (t t - a -observable of quantum logic 
f, t ~ T, where l(1 t : t GTl is a system of 'a -independent Boolean 
sub- a -;.algebras of a Boolean a -algebra a, and f [x t: t G T l í 

have a countable obtainable commutator ao,then Theorem 3.4 is 
valid for (x : tGTI,too.t 

Lemma3.5. Let Xl"'" Xn have a joint distribution in m
 
and let Xl' s ay , be a -finite with respect to mo TheI1
 

(3.9)(ir m(al. (El, ...,E » =0,n

for any E" G (1 ., i = 1, 0'0, n ; 
1 1 

(3. 10)(ii) m(coml.F) = O , 

for any finite subset F C .Ü ~(x). 
i = 1 i 

ProQf. Any fini te ~ 1= F C ü ~(x i) generates a fini te decom
i= 1
 

position, Ki,of 1 i.n each (1i.in the following manner. lf in F
 
there is no elements of (1i' then we put K i = (O ,11 o lf ain F =
 

j j
1 
= (E~l , ••• ,Eitl,then we put K

i
= IE 1 1\0" 1\ E : :js,;;IO,ll, s = 

4 

= 1, ••• , k l. Let (F'j lj=l be a coun t ab l,e decompos í-t í on of 1 in G't 
with m(x l(F j ) } < j >-..1. Denote by ~1 the minimal sub- a -a100, 

gebr a of (11 containing IF j n A.: A Q Kb j ~ 1}, and, for 2 ~ i s; n , 
we pu t ~i=a(Ki)oThen ii:=xil~i is a ~i-a-observable of f 
and, due to Lemma 3.2, they have a joint distributio~in m. 
Sí.nce vthe subset m.= {com. a: a is a finite subset of i,kl 1~ (Xi) I 

of f has at most countably many elements, there ís a commu
tator ao of Xl"" ,in' and, moreover, ao is countably ob-
t a í.nab l.e , Because Xl is a-finite with respect to m, appealing 
Theorem 3.4 we have m(a~) =00 Since F r;;:m and ao < com F,we 
obtain (3.10). 

To prove (3.9) i t is sufficient to put F = I x1(E 1)' ••• , 

X n(E n) L Q. E • D• 
The next teçhnical lemmas will be useful in the following. 

lf F = (c 1"'" c i I C f, f is an OML, then we put com(c1"'" c i ) : = 
= com F. 

Lemma 3.6. Le t f be an OML. 1 f a l' ••• , a k are mutually ortho
gona1 elements of f. then, for any b1, ••• ,b n 

k k { 
V a,) 1\ comJ.(a r ..., ak , b l' "', b ) = V (a i 1\ comJ.(á 

1
, b1,0.0, b ».;

i=l 1 n i=l n 

(3 11)o 

Proof. Lemma 2.1 of 18/ implie& that 

b 1 , ·0. , b }com(a 1,·0.,·ak
, n 

d d J. d 
V' (a 1 1\ b. V o.. a k 1\ b V (a 1V... V a k) 1\ b },
 

d ç DO
 

d d 1 dn o 
whe re D = I o. ,1.\, b : = b 1 1\ oo. 1\ b n ' d r. (d r- '''' d n) r;; D o 

Calculate 

k 
a : = ( i~ 1 a i) 1\ com- (a l' "" ák , b l' "', b n ) = 

k J.' dJ. J. dJ. dJ. 
= (vai) A 1\ «a 1 V b ) 1\ "01\ (a k V b ) 1\ (a 1 V '00 Va k V b ) • 

i = 1 d ç DO 

Since, for aI I i,. j = 1, ••• , n and each d r;; DO, a i .- aJ.j V b 
di

,
J...L d.1 • /1/a i _ (a 1 V o.oVa k Vb ),then, accord í.ng to[ Lemma 6.10] , we 

may apply the distributive law. Hence, 

k J. d1. J. dJ. 
a = V (a A 1\ (a 1 Vb )l\ oool\(a kVb » 

i= 1 i d r;;Dn 

k J. d 1. k J. })
V (aiA 1\ (ai vb » = V (ai 1\ com (ai ,b 1.... , b o
 

i= 1 d~ DD i = 1
 
n 

Q.E.D. 
5 



Leinrna 3.7. Let f be an OML. If for F ~ I a, bi' ••• ' boI we 
have m(comJ.F)=O then 

m(a) = I. m(a/\ bd) =m(a,/\ com F). -(3.12) 
d~ D

U 

Proof. m(a) = m(a" com F) + m(a /\ comJ.F) = m{a/\ com F) =m( V a/\ b ), 
,
 
when we use the notatiúns from Lemma 3.6.
 

Lennna 3. 8. Let ~ be an OHL. 1.et F = la1 , ••• , 

C ~, where a 1 , ••• , a k are mutua11y orthogona1 

mtcom" F) =0 ,then 

k D k 

m« V a i) /\ /\ b j) I m(ai /\ 
i=1 j=l i=1 

Proo f , Using [/8/,Lenuna 2.1] and 
obtain' 

k R k 

o 
/\ b j ) . 

j=1 

d~Dn 
Q.E.D. 

<~l', 
a k' b 1 , ••• , b n IC 
e1ements. lf " 

(3.13) 

m« V a .) /\ /\ b .) = m« V /\ a.) /\ /\ b . /\ com F) 
i = 1 1 j=1 J i=1 1 j=l) 

k n	 d d 
o ••= m« V a i) /\ . /\ b . /\ V «a 1 /\ b ) V v(a k 1\ b ) V ( 

i= 1 J = 1 J d G DO 

J. d k o 
V (a 1 v .•. V a k ) 1\ b » = m ( V (a i /\ /\ b j» . 

i = 1 j= 1 Q.E.D. 

The fo110wing notions are needed for the main resu1t of 
this sec t í on , Let f be an OML. A non-empty subset ~ C f sí 

sa í.d to"be a p-'idea1/22, 3 / if	 (i) if a,b~1, then a v b ~ ~; 
(ii) i f b ~ ~ , a <' h , then a ~	 ~; (Li ) b ~~ imp1ies(b VaJ.)/\ a~~í 

for a I I a <; ~. If instead o f (i) there ho1ds (i) if la ol;'=l C 1, 
then ~ a n ~ 5, then ~ is c a l.Led a (J - p -ideal of f. If h is 

n=1
J a-homomorphism of a quantum 10gic f into a quantum logic 
~ l' then Ker h is ,a a- p-·ideal of f. Wesay that a .....b iff 
(a.v b) /\ (a/\b) J. (;;~ , a, h ç~. Then a relation ",..," is the 
relation of anequivalence on f, and it ho1ds (i) if a ... h, then 
aJ. .,....lf; (ii) a 2 _b 2 imp.ly. alVb1'" 3 2 Vb 2 • Denote hya 1_b1 , 

f/,1 the factor OML definei viaJ.~/~= l[a](r" a ç fI, where [a]~:= 
= lhe;:; f: b ... a I, and [a]~: ={a ]4' [a]~Vlb].~: =.[a. \Ih] 1 . Tne 
maph: f-+f/~ which assigns [a]attS any a çf: is a homouiorphism 
of f onto f/.1. / 

Fina..l1y, we present a theorem which generalizes alI kn~,Mn 
conditions concerning the existence of a joint distribution 
in a measure iuto two main aspects; (i) measures ~ay attaín 
the infinite values, too (ii) the couditions do not depend an 
the existence of 'the commutator of a given system Ix t: t ç TI 
of ~-observables. 

6 

the d i.s t r i bu t í.ve 1aw we can 

o 

;,. 

Theorem 3.9. Let x t: (1 t ~. ~ be a a -observabl,e of a quantum 
logic f , t ~ T, where I C!t: t ~ T I is a system of a -independent 
Boo1ean sub- o-a1geb-ras of a Boo Laan a -algebra (1. Let at Leas t 
one- a -observable, x to s ay , be a -fini te wi t h respect to a mea

sure m. Then the following conditions are equiva1ent 
(i) Ix t : t~TI have a joint distribution in m: 

( i i) m(comJ. (!x t ( A t ): t ç a I)) == O , (3 • 14) 

for any Atçéft' tça,and any fínite .0 ~ a CT'; 

( i i i) m(comJ. F) = O ,	 (3 • 15 ) 

for	 any fini te sub s e t F of u! ~ (x ): t ç: TI; 

2 
(3.1fl)(iv) m( /\ x t (A 1t V A 2t» =	 L m( /\ Xt(A. t»' 

t ç a 1 tti;;a i t=l 
t ç a 

for any A 1 t = O, , A 2t (; (1 t ' t ç; a .and any fi ni te ~ I: a C T ; r; A2 t Alt 

(v) m( 0- x ( V A » = :f m( /\ xt(A k t»' (3.17)
t k t t 'ea k == 1 k t::::: 1 t (;a 

00 t ç a 
for any IA kt 1k- l céf , A, /\ A . = O , i I: j
f3 f, a C T' - t í t )t 

(vi) There ex i s t s a Boo Le an a -algehra 
momorph i sm h of the minima1 sub l og í c f o 
~(x t) onto :J) sueh t ha t m(a) == O for a l I 

(v There is a quantum l og i c	 f 1 f, 101 and a a-homomorpí	 í ) 

h í sm h of ~ O orit o ~ 1 such that Ih o x t: t ç TI are mutua1ly cora
patible a -observables of fI and m(a) =0 for ,alI a (; Ker h ; 

(v i i i ) There s a (un i que ) measure /.l on II ct t such thatí 

. 

J.l ( /\ A t ) = m( /\ xt(A t» 
t ~a t G a 

for any A t ç: a1' t ç a and 

Proof. We shall prove 
(ii) => (iii) => (iv) => (v) 
=> (v i i i) => (i). 

t 

, t r;;.a ,and any finite 

~ t $ f:: 101, and a o -ho
of f containing a I I 
a ç. Ker h; 

t ÇT. 

• (3.18) 

any fini te 11 f, a C T. 

the	 following imp1ications: (i)=> 
=> (i), and (i) => (vi) => (vii) => 

(i)=>(ii). Let a non-empty finite subset acT be given~ lf
 
t o ç a ,then we appea1 Lennna 3.5 and (3.9). lf to~ a , we change
 
a to aU h I and use a monotonicity of m.
 o

(ii)=>(iii). Let a finite F' CUI~(xt):t~Tlbe 'given. Then 
there is a fini te subset a C T wi th diveres indices t 1,··"t o· 
Analogically as in the proof of Lemma 3.5, for each r = l) ••• ,n, 
F generates a fini te decomposi tion Ki = {A1,... , A ~ ~ C (1 t. 

11 

7 



;.. 

of 1. Theorem 2.2 of /8/ yie1ds com F = com( i~ lKt) and a repeated	 In the previous step we used Lemma 3.7 and (3.12). Ihis imp1ies 
m(x 1(Ey)l\a~)=o for any v>-.ll, and, consequent1y, m(ao) '=app1ication of (3.11) gives us 

k 1 = 1 m (x lCE )" aLo) = 00 Theorem 3.4 entai1s that x·l' .... , X 
n l' n y=l v	 n 

O :s m(com- F) = m ( 1/\ com" ( u K i» = m« V x t (A i »1\ com" (U Ki»' == have a joint distribution in m _so, in particular, (3.17) ho Lds , 1=1 it=l 1 1 i=1 
k 1 1 L 1 n 

o !, 1 m(x t (A i ) /\ com (lx t (A i ) I u u K i» .5
11= 1 1 1 1 i=2 

k1 n 

.$ . ~ m(comL(tx (A~ )J u u K)~,o,":S 
11=1 t 1 1 n=2
 

,k 1 kn
 
. L 1 n
 

.$ . ~ o.. o ~ m(com (x t (A i ), X t (A i ») = O. o •• , 

11= 1 1 n= 1 . 1 1 n n 

(iii)=> (iv). Let now a non-empty set a = {t 1, ••• , t n l C T be 
g í.ven , Let A lt i /\ A 2t 1 = O, A lt i , A 2t ~ ati' i = 1, ••• , n • De

i 

f i ne a k = x t 1(Akt 1)' k = 1, 2, b j = X t . ( J\ 1t o V A 2 t.), j = 2 ~ ••• , n • 
J J J 

Repeated appea1ing Lemma 3.8 we see that (3.16) is true. 
(iv) =>(v)'. To prove (3.17) we 1imitourse1ves to the fo1

Lowí.ng case. L~ a non-iemp t y subset a = {t 1' ••• ' t n I cT be gi
ven , Let tA ki J k=l Ca~, A ki,l\ A kj =0 whenever k I: j • be given 
for any i = 1, ••• , n. There are two possib1e cases (i) to ç a, 
then we' put t 1 =to; (ii) t o ~ a, then without Lo s s of genera1ity 
we can change a to a ultol and we a1so put t 1= t ' There iso 
a c ount ab Le decomposition {E v l';=1 C.CI t 10 f 1 with m(x ,t 1(E y » < 00 

v ~ 1. Define :B1 as the minima1 Boolean sub- a -a1gebra of at 
•• {A L I A ,1c on t a í.ní.ng E v /\ kl, E v /\ A 1: v, k >1 ,where i = V00 

i =Ak1·, • - k= 1 
= 1, ••• , no, and 1et :B i' i = 2, ••• , n. be the Boolean sub- a -a1
gebras of (j ti generated by {A Lt, A ki : k ~ 1 I. 

A_mapping i i: = xil:B i is a ~ i - a -observab1e of f, i = 1, ••• , n, 
and Xl is a-finite with respect to m, It is c1ear thatx 1, ••• , 
X n have a countab1y obtainab1e commutator à o over {com F:Ffi

n 
nite subset of .U :R(i .) hbecause the 1ast se t has at most coun

1 = 1 1 

tab1y many e1ements. 
L)	 

00 

We c l a im to show m(a =O.Let a = /\ coinFk.lt is evident 
o o k=l 

that if. F and a are two finite sub se t of f with F C G, then 
coma <comF. Therefore, we c an choose Fk to be nondecreasing 
and containing Xl' (E) for any fixed v> 1. Indeed, put a k = 

k . y 00' -00 

= . U FI U {i1(Ey)l, then a o = /\ com Fk > /\ com G k> a o • 
1=1 k~l k=l 

Using the continuity of m from above and the proper.ties of 

): 
(v)=>(i). Let0=1aCT ,a finite, be given.l-lithout Lo s s of 

generality we may assume t ha.t to ~ a o The property (v) and the 
Carathéodory method of measure extension app1ied to Boo1ean 
algebras /17, 181 guarantees that there is a (un í que ) measure /la 

on II at such that 
t~a 

/l ( f\ A ) = m t r; x (A », forany A ro , t ~'a o
t t ta t ~a t t~a t 

(i)=> (vi). Let ~o be the minima1 sub Log i c of a Log i,c f 
containing M = U :R (x )0 Define 

t E T t 

00 J. (3.19).1 = {a ~. ~o: a <.V com Fi ' li'i finite subset of M , i ~ 11 1, 
1= 1 

From/ U I it f o l.Lotcs that .1 is a a - p-idea1 of f o . Theorem 5 
of 1221 says that the f ac t o'r Log í,c fo1.1 is a Boo1ean a -a1gebra. 
Let us put :B=-~O/.1. A map h : íO~:B defined by h(a)=[a].1 
is a a -Iiomomo rph i.snr of ~O onto :B. 

Now we c 1aim to show t.ha t m(a)= Q. whenever h (a) =·0. In other 
words m(a)=.O whenevera ~.1. From the definition of 'it fo110ws 
that there is a sequence, {Fi It:l' of finite subsets of M 

00 .l. 
such that a < V com F, o Let us put ar' = F. U [ x t (Ei)l, i ~ 1...

i= 1 1 • 1 o 
where {E ' I~ 1 í s a decompos i tion of 1 in éi\wi th m(x t (E·» < 001 1= . o o 1 . 
For any a i, there is a fini te sub s e t a 'i of T such that for any 
b c;. ai there is t E'a with xt(A)=b for os.ome A r.;.(ft. Put a = 

'=. ti a i and a= ~U a.. 'We order the e1ements of a as f o Ll.ows 
1 = 1 1= -1 1 

a= Jtl17.t2..... I. .. 
Let ~i be the m1n1ma1 Boolean sub- a -a1gebra of ff ti gene

rated by ff ti n ao Then X'i :=X ti 1:B i is a :Bi - a -observab1e of ~ , 

aud {x~ 1~=1 have a countab1y obtainab1e commutator ao. 1:B i: i >-.11 
í s a system of a -independent Boo1ean sub- ao -<al geb r as of a Boo
1ean a -a1gebra (t Since at 1east one of {xi I~= 1 ' is L a-fini te 
wi th respec t to m , Lemma 3.2 and Theorem 3.4 say m(ao) =-0.

1 An easy ca1cu1ation shows 

\l 
00 00L L L 

a < V com F. < V com a . < a o ' 
i= 1 1 i=l 1 

the commutators we obtain 
so that t m (a ) = O.

m(xl(E y) f\ ao) = lim m(xi(E y) f\ com F k) = lim m(x1(E y» = m(x1(E y»' 
k	 k 
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Et ,17ests to show that g3 is not a degenerate Boolean a 
algebra. In the OPPOS1te cas~ O = 1 in ~ and, therefore, 
h(O)=h(llWO t ha t , ni(l)= O which is a cont r ad í.c t i.on , 

(vi)=>(vii). ,Let (vi) ho Ld , Defining f\ :=93 and taking 
the a·-homomorphism.h from (vi) the cond i.t i on (v í ) is proved.í 

(vii) =>(viii)." Let (vii) ho l.d , Define a measure mon ~1 
as follows: ffi·(h(a,»=m(a). He show that m is def í.ned well. Let 
h (a) = h (b ) . Then h (a Vb)= h (a /\ b ) and h «a V b )/\ (a /\ b).1) == O. 
Therefore .m«a Vb)/\ (a/\ b )" ):=- O. Using the orthomadular law we 
have m(a V b) r=-m (a /\ b) + m«a V b)/\ (a/\ b l) = m (a /\ b ). 50 
t hat , m(a )= m (b). 

Clearly, m(0)=0. Let now I h (a
j 
)\;': l be orthogonal elements 

in f t : In ~ O we define b 1 = a 1 ' b n = a n f\. (V a. l ,n ~ 2. Then 
• 11=1 1 

lb l'7t "" 1 are o r thogona l elements andh(b ) = h(a n ) . An easyn n
check shows . 

fi ( V h (a ) = m(V h (b n» == m(h (V b }) = m (V b ) = 
11= 1 11 11= 1 

~ 00 

== 1 m (bn) = 1 m(h (b l1 
n= 1 ·n= .1 

Sí nce at least ane 
a-finite with respect 

11= 1 n n= 1 n 

» == 
00 

L m(11 {a n »). 
n= 1 

a -observable of ~ 1 from I h o X t : t ~ T lis 
to m, then Theorern 2.2 of '1'/ entails 'tha t 

there is a un que measure 11 on 11 éf .t sueh thatí 

, t ç; T 

f.L ( /\ A t) = fi ( /\ h o x (A ». 
t G-a t ~ a t t 

for _any A E (:f t and any fini te Ó=la C T. Us i ng the defini tion 
t 

of m we prove (3.18). 
(viií)=>(i). This implication is evidente 
Theorem is completely proved. Q.E.D. 

Remark I. As an example of a particular interest for the 
present st~dy might serve the implication (vii)=>(i) when in 
its proof we do not apply Theorem 2.2. 

So let (vii) hold. First of all we show that fi is a Boolean 
a-algebra. For b E S? O' denote by K (b) the set of alI a ~ f o 
such that h (a)~ h (b). If b:--= X t (A). \rlhere t ET and A ~ (f t .are ar
bitrary, then K(b) is a sublogic of f o cont,qjní'ng U\j\(xt):t ETl. 
50" x (A)4;-+ a for each a E f o. Le t na,w b E flo , then the same argu

t 
ment shows K (b) = f o. Hence, h (a)_ h (b) fôr any a. b ç; f o. tn other 
words, ~1 is a Boolean a -algebra. 

It is known that Ker h is a a - p -ideal of fo . The factor
 
logic ~o /Ker h is a -isornorphic with .5:0 [24. p.4tJ. hence,

fo IKer h is a B'oolean a -algebra. Qne resul t of Marsden/2 21
 

shows that: in this case Ker h contains as a subset the ri - P 

la 

ideal ~ from (3 ~ 19). Hence , m(a )-=0 for any a '='~. in parti 
cular, m(comJ.'F)=O .for any finite sub se t F of u~:R (x ) : t €TI.t 
Appealing the cOl1dition (ii) of the last t~eorem, this is equi
valent wi th (i). . Q.E ",D. 

Remark 2. (a) The implication (v)=>(i) has been proved by 

I Gudder'~r :B(R 1) -a -observables and s t at.es, . 
(b ) The implication (Lv) =>(v) was proved by Pu Imanovâ /111~ 

for states and a -observables defined on Borel a-algebras of
ti topological spaces equipped with a tight topology and using 

I results of compac t approximations on these spaces;25~ 
• E 

(c) The implicati~n (ii)=>(iv) has been proved in fil for 
states and a-observables, where the maih tool of the proof 
has been the following simple observation: of ti$... Si i E·ll.2•... J 

and -00 < I. ti == l Si < 00. then ti == 'Si for any i. However when 
at least ion e df ti-{si ) is +00, then this is not t rue , in general ô 

(d) A very elementary proof of (ii)=>(i) for:B{R1) -a-ob
servab Lee and states was present in 119/. It is based em tbe pro
perties of the distribution function F(t l' , ••• , t ): = m (?\ x.«-oo. 

n Í= 1 1 

t i ~).t i ER,?-, i == I, ••• , n. This approach ~s not app l c ab Le for geí 

neral cases. 
(e) The equivalence between (i) and (vi) has been est'ab

lished in 1111 for a system of ~ (R1) -- a' -observables and s t ates , 
Finally, in the rest 

llaries Df Theorem 3.9. 

Proposition_3.IO. Let 
If (i) of Theorem 3.9 is 
b ~ f o í.s a a-additive 

of this sectíon we deal with some coro

the assumptions of Theorem 3.9 hold. 
va l i.d , for any a ~ fl{) , m (b): = In (a/xb ), 
a-finite measure on ~o. 

I 

Proof , If m(a)= O. the propos í t i on is evidente Let m ta ) O , 

and~b=i~lbi ,lb i le ~o , bi.l b j ifi#·j. Due to (vi), 
there is a Boolean a -algebra. :B and a -homomorphism h from 
fo onto ~. Therefore m(h(a »:= m(a) is a a -finite measure on :B. 

Then 
00 

m (.V b. ) ==: m ( a A 
a 1=1 1 

00 

= fi (V (h (a /\ b. » = 
1 =1 1 

00 . 00 

V b i) = fi (h (a /\ .V b i » 
i=l 1=·1 

00 00 

1 m'(h(a 1\ b. »= I. m (b.).
i = 1 1 i= 1 a· 1 

Q.E.D. 

Remark 3. If a ~fo and 0< m(a)<oo , then IDa(b)/m(a) , b c;. fOI 
as a conditional probability on ~o may be tréated\ 
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Proposition 3.11. Let the assumptions of Theorem 3.9 hold. 
Then lx i: t <;T} have a j oint distribution in a measure m iff, 
for any a GU{ g{(Xt}:tETt,the function m (b): = m(a /\b) , .b E'~. 

í 2s additive on f o• that is, ma (b 1 V b ) =ama (b1) + m a(b2) when
ever b l' b2 ç....fo and b 1.1 b 2 • Moreover , mais always (7-addi tive 
a-finite measure on ~o' and ma(bVe)=m«al\.b) 'V(hI\e)),b,e E'~o' 

Proof. One part Df the proposition follows from Propositi- 
on 3. 10. 

To prove the second part we claim to show that (iv) of Theo
rem 3.9 ho l.d s , First of a l l let a=-{tl't 2} C T andAli' ~i ç;-<1 t, , 
A ,/\ A. =0 , i = 1,2, be g í ven , Then 1

11 ' 21 

m(.~, Xt,(A 1, VA (Ait (A11)) + 
1 2,))=m1 b(x t 1 

VA 21))=m b(x t1= 1 1 1 

+ mb(x t 2 (A:'21))"" mal (X t 2 (A12V A22)) + m a2 (Xt2 (A VA ))=12 22 
2

f m (I\. x t . (A, ,)), 
, '- 1 i"" 1 1 Ji 1J 1 .J 2

when we use b s x , (A12 VA 21), j=-= 1,2.a, =x t 1(A'l)'
The general ca~e of (iv) is obtainabte from the just es


tablished fact using the mathematical induction, which proves
 
[ x :t E'TI has a joint distribution in m. 

The last assertion of Proposition follows from Propositi~
 

on 3.]0. Q.E.D.
 

Corollary 3.11.1. Under the hypotheses of Theorem 3.9 we 
have (.i) letaEfl , m(a»O; i f Ixt:tÇTI have a joint distribu
t í on in m, then Ixt:t çTI, as a -observables of f o • have a joint 
distribution in ma ; (ii) Ixt:t E TI have a joint distribution 
in m iff (3.10) ho l d s f o.r any finite F c- 82 0 , 

~' (i) Ifa çUI:K(x t): t. c;TI. then the assertion follows 
from Proposition 3.11. In the general case, according to (vi) 
of Theorem 3.9, there is a Boolean a -algebra jj and a a
homomorphism h from f O onto:B such that m(a) = ° whenever 
h(a)= O. Hence, i f FCU1~(xt ):t E-TI is a finite subs e t , then 
h(a 1)"'" h(an) are compatible in :13. where F=I ai,"" a nl. 
Therefore 

ma (corri" F) = m(h (a')/\ h (com " F )) = 0, 

where' m(h (a )): =m(a) , a Efo ' is a measure on jj. 
(ii) Let {xt:tETl have a joint distribution in m, Analogi


cally as in the first part we may prove that h (com" F)=° when

ever F is a finite subs e t of f o' Henc e m(com.iF) ""o.
 

Q.E.D'. 
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~ 
We say that a measure m on a logic f bas a J~uch~Pirori pro

perty if m(a)""m(b)=O imply m(aVb)=O. 

Corollary 3:11.2. Let the assumptions of Theorem 3.9 hold. 
lf Ixt: t <;., TI have a joint distribution in a measure m, then 

m( V a. )=0 whenever m(a i) ==0, a. E'ítt, i ~' 1.t=l 1 I, 

Proof. This is a consequence of Corollary 3.1].2 and the 
observation that for a measure m, on ~ we haveI 

I 

I m(h(a)Vh(b)) +m(h(a)/\h(b))=iii'(h(a))+m'(h(b)), a,b ~,fo 

(this is a valuation property of fi: and m, respectively). Q.E.D. 

4. JOINT DlSTRIBUTIONS AND COMMUTATORS 

We have seen that the cornerstone of the theory oI a joint 
distribution of (7 -observables in a measure is tbe commutator 
of observables. Although it may not exist, in general, for 
instance see~3~ and in Theorem 3.9 1t does not exhibit, it ap
pears implicitely in partial steps of Theorem 3.9. In the pre
sent section we shall ·study some relationships between the 
existence, of a joint distribution of observables and the exis
tence of a commutator of observables. 

First of alI wé remark that the following is true. Let x t 
be an (t t - (7 -observable of a quantum logic f. t ET. Then" 

AI com F : F finite subset of U { :R (x t)': tE:T }} == 

== A I com ({ x t (At ): t E 'a l) : (V A tE,~ t)' (vt Ea), . (V a finite 
(4. I ) 

subset of T)}. 

This is understood as follows: if one of the element in (4.1) 
exists in f, the s econd one ex í s t s , t oo , and both 'are equa L, 
This assertion may be proved similarly as Propositions 2.1 
and 2. 2 f rom /10/. 

Let <;i1 =I=,M C f, by ~(M) we denote the minimal subLog í,c of í 
containing M. 

Proposition 4.1. Let <;i1~,M C f and 3== :5 (M) be the (7-' p -ideal 
of fo(M) defined by (3.19). Then (i) 

.i .ao ==v I x : x c 5 (M)} (in f).' (4.2) 

This means that if one of the elements in (4.2) exists in f, 

13 
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then tbe second,.on~ a l.so ex i s t s , and both are equal; here 
is 'the commu t at ó r of M. ' 

(ii) The commutator of M , ao. is c~tintably obtainable 
and only. if, a.Lo E ~ (M). 

ao 

if, 

I 
I 

! 
I 

Próof. (i) and 
of ~(M) and ao. 

(ii) foitows immediately from the definitions 
Q.E.D. 

Proposi tion !~; 2. Let there be a a= com M and 
f ao be t he minimal sub Logi c of a logic f(O, a o). 

Ia/\ao : a ç. M~. The,n h 
ao 

: aH a /\ ao ,a ~.5:: 0 (M) , is a 

let aO;;6 O. Let 
containing 

a -hom~morphism 

of fa(M) on t o Í-ao' and 

Ker h ao ) ~ (M). (4.3) 

Proof. Since the set K,·=Ia Ç;.s=o(M): a_ aol is a sublogic 
of ~(M). the map 1)a

ó 
is 'well defined and is a a -hqmomorphism. 

Now we' ~ho{y that i ti trans forms ~(M) anto f a . DenOte by':B ~ 
" . o 

= la ~ f 
a 

.: ther.e is c ~ Xo(M) with c/\ a o = a I. Then ~B is a sub
o 

logic' ofi>a 
o 

con t a i n i ng I a /\ ao : a c;. MI. ' 

'Using the result' of 'Marsden /22/ we cano e s t ab l ish (4.3), be-· 
cause f a is a Boalean a -a Lgeb r a , (4.3) f o llows a l s o from 

o 
a simple observat::içm:- Ker h 

a o 
= l'h r-: i)o(M): b,L~,O, l. Q.E.D. 

We say that an element a , a c; f. is a c ar r i er of a measu~~ 
rn if"'m(b)= O whenever b.L a. í t i s clear that if ·a carrier exists, 

then it is unique. 

ptoposition 4.3. Let the assumptions of Thearem 3.9 be ful
filled, and let the commutator,:.lo ' of lxt:t ~TI exists in 1'. 
lf a i8 a carrier of m, then the following conditians are 

equivalent 
(i) lxt:t çTI have a j o in.t distribution in m ,: 

(i i) m(at. J= o; 
(iii) a < ao' 

Proo f . Using t he p r ope r t ie s o f the c a r r i e r ano the c onunu-: 
t at or and- appealing (ii) or (Li I') o f The or'ern 3.9., t h e equiva
lenc~ may be proved. . . Q.E.D. 

This result may be applied to an important case of quantum 
Logi c s - to a logic of a I I c l o sed subspaces, .5:: (H), of a Ri Lber t' 
space H whose dimensíon i5 a non-rneasurab Le cardinal. \Ve re
call that the se t X has a non-measurable cardinal if there.. ' , 

14 

is no trivial·measure v on the power se t ,2 x such -that~v(txl)=O 
' 

fo.r a I I x ç; X. 
, , 

Theorem 4.3. Let .5:: =·f(H) be a quarit.um logic 'of a real "or 
complex 'Hilbert space whose dimension is a non-measurable car
dir..al :f: 2. -Let the assumptions of Theorem 3.9 be fulfilled. 
Then the following conditions are equivalent 

(i)ixt :tçTI have a joint distribution in m; 

( i i) m (a~) ÍT o; 

(iii) Xt. (Ej ) ••• X t . (E i )f=X t1(E 1) ....x t (E'p)L,
11 1 l n n n 

for any permutation (i 1 , ••• ,Í ) o f (l, ••• ,n), n ~1, any EiÇ{fti'n 

and finite ({)::/ a= I t 1 , ••• , t n I C T and any vec t o r f Ç;a . where a 
is the carrier of a measure m. 

Moreover, a Boolean a -algebra in (vi) o f Theorem 3.9 may 
be chosen as a Boolean sub- a-algebra of a quantum logic of 
some Hilbert space. 

Proof. Since ~ (H) ís a complete lattice, the commutator a-ü 
of {xt : t ç TI always exists in ~(H). According to 1251, any a -fini te 
measure m on f(H) possesses a carrier whi ch s a separableí 

subspace of H. Proposition 4.3 yields the equivalence o~ (i) 
and (ii) • The equivalence of (i) and (iif) is a simple modifi
cation of the results in/12.25/, 

The last assertion foll~ws from Proposition 4.2 and (4.3). 
Moreover, we note that xto : Et-~ x t (E);,\ ao is an {ft - a -obser
vab l,e of ~(aO) and tx to :t fT I are mutually comp a t í.b Le , 

Q.E.D. 

We finish thís section with the following remark. lf the 
connnutator ao of lxt:t ET I ex i s t s and (3.8) holds, then l x.: tÇ;T I 
have a joint distribution in m. The converse implication is 
known only for special cases, for example, if ao is countably 
obra í.nab Le or m has a carrier or a = 1. Therefore it would be 
of interest to exhibit the conditions when (i) and (ii) of pro
position 4.3 are equivalente 
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}leype"'-leHcKí.lI:l' A.	 E5-86-56I: 
3aMeTKa o COBMeCTHOM pacnpeAeneH~~ e KBaHTOB~X norHKax., 
HeKOMnaTH6HnbH~e Ha6nDAaeM~eI ~ 

npeAnaraeMaR pa60Ta RBnReTCR npOAon*eHHeM nepBo~ ~aCT~ pa60TY c TeM 
*e Ha3BaHHeM. H3Y4aDTCR COBMeCTH~e pacnpeAeneH~R B q-KOHe4HWX Mepax AnR 
HeKOMnaT~6I1nb~lblX Ha6nlOAaeMblX KBaHToBoi:i -llOrHKH - aKCHOMaTH4eCKoH MOAenH 
KBaHTOBO~ MeXaHHKI1,OnpeAeneHH~X Ha npol13sonbHDH CHCTeMe o-He3aBHCHMWX, 
õyneaux (J -noaanr-eõcax 6yneBoa:1 C1 -enreõeu, npeAno*eHbl HeKoTopwe Heo6xoAHI

I> Mble 11 AoCTaT04Hble YC1l0BI1R AnR cymecTsoBaHHR COBMeCTHoro pacnpeAeneHH~. 

8 4aCTI:lOCTI1 nOI<8S0HO. 4TO nD6aR CHCTeMa Ha6nDAaeM~x I1Meet coaaec'raoe pac
I ~ noenenexae rorna 11 ronexo rorna , -xor'na OHa MOlKeT 6~Tb BHeApeHa B CHCTeMY 

KOMnaTI16HnbHblX HaõnDAaeMblx HeKoTopOH KBaHTOBOH nOrHKI1. Hcnonb30saHHble Me
TOAbI OTnl148DTCR OT MeTOAoB, 113BeCTH~x AnR. KOHe4Hblx Mep. B KOH~e pa60Tbl 
~ccneAYCTcR COOTHoweHHe Me*AY cymectBoBaH'l1eM COBMeCTHoro p~cnpeAeneHHR 

11 cymeCTooDOHI10M KOMMYTaTopa Ha6nD~aeMblX, a TaKlKe ynoMHHaeTCR'K9aHTOBaA 
1l0rHKN Hecenapo6onbHoro rl1nb6epTOBa npOCTpaHCTBa. 

; ~ 

Pll150TlI DblnonHCHB B Ila6opaTopl1H Bbl411Cnl1TenbHOH TeXHI1KI1 H aBTOMaTMsa
lI"'" 0\-111\-1. 

npllnpllllT OOloCllH1lellHoro HHCTHTyTa JlIlepHbIX JfccnelloJWDiií• .IJ.yfiHa 1986 
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Dvure~on.kIJ A. E5-86-56 
Remark on Jolnt Dlstribution in Quantum LOQ-ics. 
Noncompotlblo Obscrvables 

TIlI, pape r l s a continuation of the f i-rs t part under the same t l t l e, 
We study o Jolnt distribution in q-finite measu~es for noncompati~le 

obscrvcbloo of a quantum log.íc - an axioma~ic model of quantum mechan-ics 
deflnod on an a rb l t ra rv system of o -indepen.dent Boolean sub- o r-al qebr'as 
of li Oooloon u -e t oeb ra , We present some necessarv and -suff lc Ient cond í> 

r lons ror tho ox l s t ence of a joint l s t r lbut l on, ~n particular, it is shownd 

that on crbltrary system of observables has a joint distribution in a mea
5uro I"~ It may be embedded into a system of compatibie observables of 
soma qucntum loglc. The used methods are different of those known for fi 
nlto moolurcs. Flnally, we deal witn a connection between the existence 
of a Jolnt dlstribution and the existence -of a commutator of observables, 
and the Quontum logie of a nonseparable Hilbert spac€ 1s mentioned. 

Tllo lnvcstigation has been performed at the LaboratoTY of Comput1no 
Tocllnlquas and A~tomation, JINR. 
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