
16 Kon. 

PeAClKTOp 3.B.HBallIKeBH'-l. MaKCT P.JJ,.C!>or-nnwrr. 
~a6op O. B. llle c-r-axonoü , E •.~l. rpaMe!1HJ~KOrI. 

nOAn\.1CaHO B neuar e )-8.02.86. 
<!lopMaT 60x90/16. O$ceTHa~ ne var s • Y4.-H3A.nl-tCTOB ) ,08. 

THpal« 395. 3aKêl,3 :37351. 
" ~3AaTenbcKH~ OTAen 06~eAHHe~H6ro'HHcTHTy~a RAep~~x Hccn~AoBaHH~. 

ay6Ha MOCKOBCKO~ 06naCTH. 

"I 

Dfi beAMHeHHbl ft 
·MHCTMTYT 

RAO pHblX 
MccneADB8HMft 

AYfiHa 
l* =­

E5-86-55 

A.Dvurecenskij 

HEMARK ON JOINT DISTRIBUTION 

IN QUANTUM LO(;ICS. 

Comparib!e Observables 

Submitted to "Ap! ikace Matematiky'l 

I~ _ ,__ • _, A Me _. ,_ 

, 
t~"f MOWWN!5i#wg'#!iQi'i ..... rii eM' 'WW 



J 

t 
This and subsequent papers are devoted to the notion of a~. 

joint distribution of observables in a,a-finite measure on a
I quantúm logie for a given system'of observables defined on an 

arbitrary co11ection of a-indepenuent Boo1ean sub-a-algebras. 
In this paper we study the prob1em of existence of a joint

I"
 distribution for rnutua11y compatib1e observab1es in a measure.
 
It is shown that in this case the joint distribution in a ~ea­
sure always exists, however a joint observab1e may not, existo 

We postpone á detai1ed study of the existence of a joint di­
stribution in a measure for noncompatib1e observables to a sub­
sequent paper. 

] . PRF.LIMINARIE5 

Assume that the set, f, of alI experirnentally verifiable pro­
posítions of a physical systern forms a quantum logie. 50, we 
suppose, according to 111, that ~ is a a -Iattice with the first 
and the last elernents O and J, respectively, with an orthoeom­
plementation .L: a ... alo, a,aJ. ç f, which satisfies: (i) (aJ.}:l = 
=a for any açf: (ii) if a<b, then bJ.<aJ.; (iii) a,vaJ. =1 
= for any aç,~; (iv) i f a<b, thenb~a·V(bl\aJ.} (the"or­
thomodular law). 

In particular, it is of interest also the notion of an or­
thomodular lattice (OML {n abbreviation), this is, a lattice 
f with (i)-(iv) above. 

Two elernents a, b ç f> are (i) orthogonal, and w€ write a L b , 
i f a < bJ.; (ii) compa t i bl e , and we write a .~ b í f there are 
three "mu t ua l Ly orthogonal elements a l' b 1 , C ç; f sueh that a = 

} = a 1 V c, b = b 1 V c. It s known that a -. b iff a == (a 1\ b) "\jí 

\
 
'V (2 1\ lf) .
 

Let f 1 and f 2 be Lo g i c s . A map h: r 1 ... s: 2 is ea1led a a-homo­

mo r ph i sm o f fI into f 2 if (i) h( 1) =: 1; (ii) h(a).L h(b) when-i 
ever a.L b, a, b ç; f 1> (iii) h( 'V ai) = .~ h(a ) .f or any1 

la i I ~=: 1 C f I' a 1 .L a j' i f:. j. A ker ne l of a a-hornomorphism 
i s the set Ker h: == I a ç, í\: h(a) = OI. 

i == I i == 1 

An OML f (logie f) is ea11ed a Boolean algebra (Boolean o> 

algebra) if the distributive law holds on f, that is, for alI 
a, b, c ç í (al\ b) V c == (a V c) 1\ (b v c) . Due to l l , Corol­
lary 6.. i 5 J the notiorr of a Boolean algekra (a-algebra) eoÍn­

, 
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in / 2 (cides with that . The notions of sub O}~, sublogic, sub­
algebra and sub-a-algebra of a are defined in rt straightforward 
way, see 11.. 2. - 31, for instance. 

Physical quantities Df physical systems are identified with 
the observables of ~ quantum logic. Let a be a Boolean algebra 
and f. be an OML. We say t ha t a tnap x : a -+ f. is an (l-observable 
of f. if (i) x( I) = 1; (ii) ,x(E) 1- x(F) whenever E AF = O. 
E.Fç:;(t (iii) x(E vF') = x(E) V x(F) if E /\ F"" O, E, F ç:; é!. lf a 
is a Boolean u-algebra and f. is a quantum logic, then an é! -ob­

servable x of f. is called an (f-a- observable of f. i f x( V E i)
i = 1 

= i'll x(Ei) for any lEi }~=1 C Cf, E i /\ E j =0, i ~ j. 

(Shortly observable, a-observable, respectively, lf a is speci­

fied. ) 
For ~he quantum mechanics is of a great importance the case 

when (f is a Boolean {a-) algebra of subsets of a set X. in par­
ticular, when X = R 1 and (1 = :t(R 1) is a Borel a -algebra of sub­
sets of the real 1 ine R 1. 

The r ange of an (f-(a-) observable x, ~ (x) : == !x(E): E " (f I, 
is a Boolean sub- (a-) algebra of f. . A Boolean a-algebra ~ is 
separable if it is generated by countably many elements. A ~ is 
separable sub-a-algebra of f iff there is a !(Rl) - a -observa­
ble x such that 93 = ~ (x) [/11, Lemma 6. 16). 

Ancr-observable x.and a ,~observable Y are compatible ii 
x(E) y(F) for any E G a, F G 93. It is known [/l~ Lemma 6.14,H 

Corollary 6. 15] that if x t is an (:[ t -(a- )observable of f and 
{x : t G T I are mutually compatible observables, then there is 

t
 
a Boole'an sub- (a - ) algebra of ~ containing a l I ranges ~ (x t),
 

t C; T. 

Physical states we shall id~ntify with measures. A map m: 

f -+ [O, 00] is a measure if (i) m(O) rr: O; {ii) m( vai);::'~ m(ai)
i= 1 1:::1
 

whenever ai~ a., i ~ j. A measure m is (i) finite if
 
J

mel) < 00; (ii) a state if mel) =,-1.; (iii) a-finite if t her e is 

a sequence of mut ua l Ly orthogonal elements of f., {a i} 7= l' 
such that . V a: = 1 and m{a;, j) < 00 , for any i 2. 1. An ob s e rva­

1 = 1 1 .. 

ble x is a-finite with respect to m if there is a sequence 

{E i 1~=\1 C a such that E i /\ E j ~ O whenever i ~ j, V
00 

ti 
~ 

i 
i= 1
 

= 1 and m(x(E i» < 00, i:2: 1 .
 
We say that a system, {é! t: t r;; TI, of Boolean sub- (0-) algeb­

ras of a Boolean (a-) algebra a is independent (a -independent) 
if fQr any finite (countable) subset a C T 

2 

/\AtfO-, (l.I} 
t~a 

for any °f:. A t <; (1 t, and any t ~ a • 
For example, let (X , St), _:t ç:; T. be a measure space, thatt 

is, S t is a (a -) algebra of subsets of a set X t '= ~. Denote 
by X the Cgrtesian product of alI spaces X t , i.e., the set of 
~II .w = {Cü t: .t <; :r 1 .. Cü t ç; X t far t ~ T . Let 7Tt be the t-th pro­
j e c t i on .func t í on ofX onto X t , that 15 '1rtCü =Cü • Cü ç;X. LetS*=t 
= 171~1 (A): A G S t i, t ~ T. Then St is (a-) isomorphic to Si. t 

The \ninimal sub- (a -) algebra o f X generated by alI S~ s deno­í 

ted by S::!= Il St' and the system {S"': t E T J of Boolean sub-
t~T t _ 

(a-) algebras o.f S is (a- ))ndependent 12/ . 

Let {(tt : t ~ T I be a system of (a -) i ndependent Boolean 
sub- (a -) algebras of a Boolean '(a-) algebra (t. Denote by ~ 

the systern of alI Boolean rectangles /\ A defined for anyttç a 

A t ~ (1 t , t C; a. and e ach finite a C T. As in the Cartesian pro­
duc t of (a-) algebras of subsets of X , one may verify the mi-

t 
nimal suba1gebra, ~, of (t, genera ted by a I L Cf t ' t ç; T, cons is ts 
of alI finite joins of orthogonal elements from T,r The minimal 
sub-e-e a l gebra of Cf generated by alI sub-jr-u l.gebr as 1(1' : t ç; TI 
is denoted by rr at t 

t';; T 

2. JOINT DISTRIBUTION OF COMPATIBLE OBSERVABLES 

One of i mpo r t arrt prob.l ems o f the quantum logic theory is a 
determination of a joint distribution for noncompati~le obser­
vables, as it is indicated in [/4: Problem VII l. Following to 
Gudder f 51 we give the next generalization of the notion of the 
joint distribution. 

Definition.Let m be a measure on a quantum logic f. We are 
said that (i) a finite system , where Xi is an (ti-ao:­x 1,00.,x n
observable of f, i =: 1 , ... , n , and (t 1, "', Cf o are independent 
Boolean sub-ro-r a l geb r as o f a Boo l e an a-algebra (f, has a joint 
distributian in m if there is a measure J.L on the minima! Boo-
I e an sub-a-algebra a1 x ... Xao of (1 generated by 9j l' ... , ~n such 
that 

n n
 
Il (./\ A i) = m( .1\ x i (Ai» • (2. O)
 

1=1 1=1
 

for any A i ç; (t 1, i = 1, .... n; 
(ii) an infinite system {xt:t ç;TI, where x t ís an (1t-U­

observable, t ç T, and Iat: t ç:; T J are a -independent Boolean 
sub-a-algebras of a Boolean a -algebra (t-, has a j oint dí s t r bu­í 

3 



l
 
tion in an m í.f {xt: t r;; a \ has a joint distribution in rn for 
any finite a C T. 

S~P. Gudder introduced the notion of a joint distribution 
on1y for 93 (R 1 ) o> . ob s e rvab Le and states. The necessary andr 

sufficient conditions for the existence of a joint distribution 
for 93(R 1) -a-observab1es in .a given state may be found in /5-11.1 

The .cas e of a -finite measure ~ inc1uding a l.so a Log í.c ~ 
= í(H) of a s e parab l,e Hilbert space H, is nve.s t i ga t ed i n f.12 ! í 

I t is known 16; 11 that the existence o f a j oint dis t r i bu­
tion in a measure c Lo s e Ly depends on mutua11y compatible a -op­
servab1es of some quantum 10gic. Therefore in this section we 
concentrate ourse1ves to the study·of a joint distribution of 
mutua11y c ompa t í.b Le ob servab Le s, 

Lemma 2. 1. Lf x.,
1 

i
-
> 1 

, 
are mutua11y conipatib1e $(X) -a-ob­

servab1es of a quantul11 logic f, where X is a separable Banach 
space and $(X) is the Borel a -algebra of subsets of X, then 

there is a uniqu~ .. n $(X) -a-observ'ab1e x of f, wi th 
. 1 ='1 

x ( n TT :-1 (E i» '== 1\ x . (E. ) 
iÇ a 1 iÇa 1 1 

for any Eil;; $(X), ir.;; a, "and any finite subseta of 11,2,.• , L 

Here TT. denotes the i-th projection function from fi X onto X. 
1 i=1 

Proof. According tO.P.PtÁk / 131 there is ffi~ 93(X)-a-obser­
vableZof f and tbe Bore1 measurab1e functions f : X ... X such n
 
that, x n(A)- == .z(f- 1 (A»' f o r any A ç, 93(X) ..Define fCt) =: (f 1(t) ,
 

f 2 (t) , .•. ):X... ri· X . Then z: B ... x(f;-1 (B», B ~ ii $ (X) is 
i=I', ' i=1 

the a-observab1e in questiono Q.E.. D. 

Theorem 2.2. Let {Cf t ' t ç; TI be a system oi a -independent 
Boo1ean sub-a-algebras of a Boo1ean a-a1gebra a. Let x be an 

t
Cf (-a-observable of a Log í c f, t r.;; T. lf l x t: t I;; ri'1 are mutua1­
1y compatib1e observab1es and at least one of them is a-finite 
with tespect to rn, then lx t: t r;; T} have a j o í.rrt distribution 
in m. Moreover, there is a uni que a-fini te measure j.L on n Cf t 

t r.;; T 
~ith 

j.L( 1\ A ) == m( I) xtCA t » , (2.1)
tr.;; a t t "= a 

for any A t G a and any finite subset ~ f: a C T.t 
'\ 

Proof. (i) First of alI we show that if x t is an a. -obs~rva'"t 
ble of ~. t ç T, ,.vhere la t: t ç TI is a system of independent 
Boo1ean subalgebra of a Boo1ean a1gebra a, then there is a uni­
que ~.-observab1e· of f, x, such that 

4 

.x( 1\ A t ) = 1\ xt(A t) • (2 2)
tQa ~r;;a • 

for any A t ~ (! t and any fini te subset a C T. Her e '9( denotes t he 
mí nima1 Boo1ean suba1gebra of a containing al l (1t' t Q T. 

Taking irtto account the simp1e observation that any two Boo-
Lean rectang1es 1\ A t and ~ B s can be assumed on the 'same 

t Ga s reJj 
finite index subset a U f3. lndeed, if we put At == A t í.f t G a , 
A ~ == 1 Ir t r;; {3 - a, and Bt = B , if t t;; {3 - a, 1\* =: 1 , t ~ a ,~hent 

1\ A t = JA * = t ç a U f3 I, 1\ B = A { B * = t Q a U J31. ThereEore
t(;a t sGf3 S t
 

(i)' t~aAt='O, Atr;;d t, tl;;a, iff at 1east one A t =0;'
 

(í i) O f 1\ A t < 1\ B t i f f A t -< B t for any t ~ a; (i1i) O:f: 
t Ça t f;.a 

:f: 1\ A t =: 1\ Bt iff A t = B t for any t t;; a • t ~a t ç a 1 

Hence, the map X defined via (2.2) is.we11 defined onthe 
set ~ of alI Boo.1ean rectang1es. Using the remark on the form 
of the minimal suba1gebra, ~,containing a l l, at • t r;; T, and the 
fact that ~here is a Boo1ean suba1gebra of f containing alI ran~ 
ges 9{(x t) 111-. X may be uniqueIy extended to an ~ -observab1e of 
.5?. The uniquenes8 of X fo11ows from (2.2). 

(ii) Now we show that if x t is an cr t -g-observab1e of a 10­

gic f and {A t: t ~ T J are u-independent Boo1ean sub-u-a1geb.ras
 
of a Boo1ean a-a1gebra tr, then, for an:R -observab1e x of ~ we
 

havet if A n ~.9{, n > I, and A = V AnQ~: then x(A) = V x(A 
n).- n=l n=1 

To prove this it is necessary on1y to show that if AÇ~ and 

IA n 1:=1 C j'), A A A ""0 whenever n I: m, A "" V Ao' then 
n m n=1 

x(A) = V x(A o)' (2.3)
D=: 1 

Let us put A O = A. 'For any n 2: O , there ís a finite subset
 
-ao of T such that A n =: A {A~ = t ç a 1, where A~ t;; et • Without
n t
108s of genera1ity we can assume that ao C a 1 C ... , so that, the­

re is a set of nondecreasing indices lk }~=:O with 1.sk ::;
i o.sk 1
 

$'... such that a n = {t I' t 2 , ••• , t k }, n = 0,1,2, ... . Denote
 
- n 

by (1k' k 2 1 , the minima1 Boo1ean sub-o-a1gebra of (t tkgenerated 
O 1 - 00 • 

by IA t k ' A t k , ... J • C1ear1y, I cr k I k = 1 are u "'1ndependent Boo­

1ean sub-a-a1gebras of cr. Due to the Loomis-Sikorski tneo­
rem 114,15,'Íor any k = 1,2, .•. , there is-Sl measurab1e space (X
 
c .- c f~ O 1 k,
~k) and a a-homomorph1sm h k of ~k onto u k • Let I B k' B k' ... \ 

be a countab1e system of subsets of Sk such thdt h (Bo ) = A~, 
k k.n .2: O. Denote by Sko the minima1 sub-a-a1gebra of Sk. generat-ed 

'5 



1 I ":	 .bY {B O
k' Bit ..... The func t ion c k : x, .... (IBk(x ) , I B~(x) •... ) 

X ~ ~·-k' (where IA is the Lnd í cato r function of a set A) isSk ­
o 

mea~ul"ah.le from X~ into. t he compac t met r i c ~pace Y - i~ 1~O.11. 
It is clear that· Sko = fc"k1 (F): F Borel subset in Y L Due to Ku­
r at.owsk í 116/, there is a Borel isomorphism d of Y onto RI such 
t ha t x ..... d(ck(x». x~. X k , is ali, Sito -measurab1e real-va1u­d k: 
ed function, and. Sko = {üí/ (E): E ~ 93'(R1 ) r. ' .., 

Defi~e, i k: ,= x t k I (fk' .The maps xk: E .... xk (h k(d~l (E») , 

E ç ~ (R 1). k 2: 1 ,are compatib1e 
,
$(R 

1
) -a-observab1es of f.. The­

refore from Lemma 2. 1 we have that there is a un í que ~ (R oo ) -0'­

observable x of ~ such that 

x( n "-l(E.» = 1\_ x. (E i)'	 (2.4)
i<;a i 1 iÇa 1 • 

for any E1Ç ~(Rl), i ~ a. and any f ini t.e a (,11,2, ... I , where 
77

i
: Roq ..... RI s the i-the projection f unc t i.on .í 

Analog i c a l l y , there is a uni que $ (lt"" ) -a -observable of (j, h, 

whei-e	 ~(R~) = li ~(Rl), such that 
i =~ 1 . 

. 
h( n "-ICE.» = /\ h.(d-:-1(E.n, 

~ 

i(;a i, I iÇa 1 1 1	 (2.5) 

for any EiÇ $(R I ) , i t;a, and any finite subset a of 11.2, ... 1. 
'Now we c1aim to show that (x oh) (E) =-= (x o h ) (E) == iCE) for a ll 

cy l nd r ica I subsets K of :b(R OO 
) , where i is a uniqueClo-obser­í 

vab le of f de termined by (2,2), and Cf o í s the mi n í ma l Boo 1ean 
sub-O'-algebra of d containing alI B .Indeed, let a be a fini­t k 

te subse t of 11,2 ,,,. l, Then . 
- 1 - 1 -- -1 
x (h ( n 77 -: (E i ») = x( /\ h ( 17-:- (E i ») == x(/\ h i Cd i ( E i») == 

iÇa 1 i,="a I 1:"'a 

-	 -1 " -1A 

=./\ X 1 Ch i (d i (Ei»)~".0 xi(E i ) = x(.rI 17· i (E i ». 
I(;a	 l'<e'a I "·.. a 

Mor eove r , we see that the ~B(R)""l'1-observab1e ~ of f. is a unique 
extension of an ~ (Roo ) -observab1e xo h of f to a ~(Roo) -O'-obser­
vable, where ~(ROO) is the minimal su~algebra of subsets of R OO 

contaíning alI measurable rectangles. 
'To prove. (2.3) we choose the Borel subsets E~ uf $(R1

) 'such 
that An ~ 1 (E ~.», n::.. O • R. ::..1. Thenk h k(d"'k
 

kn. k
n 
00 00 n 00 -1 o 

x ( V A ) = x(V /\ A .) = x(V /\ h i (d i (E i ) ) ) 
0= 1 o n =·1 i = 1 1 o = 1 1= 1 

k k
 
00 n -1 n' 00 o -1 o
 

X(V h(n 17 i (E ») ~~ x (h (LJ n 17, (E.»)
 
o.= 1	 i = 1 in'" 1 i == 1 1 1 

kokn.	 k o ' '11	 .... o .... -1 o 
xC U 1\ "i (E i } ) V i C n 17~ (E ~ » V 1\ x . (E. )'

<-

= 

n> 1 i= 1 . n=l i= 1 0=li=1 1 1 

k _k n•	 oÔ 
. - -1 n V /\ 

n 

x.(A~) V x(A) = V x(A ),V /\ x i (h i (d i (E i ») 1
 
n=l i= 1
 0= 1	 n n= 1 o .:n=li=1 

J 
1 and, consequently, (2.3) isproved for A. Ao ~ :C,. n ::..1. 

Let now A, Alo A2 .... ~~, A o/\ A m = O whenever n ;6'm, and 
00 

let À = n~l A n · The simple usage of the just e stab Li s hed. pro­

per t yc on ~ yie1ds x(A) = n~l x(A o)· For the gene r a I case, 1et 

, 00 

A , A r- A 2' '1" Ié ~ with A == o~1 Ao be g í v e n , 'Define 3 1 = A!, B n =­
n== 1­

= A o /\ ( i~ 1 Ai') ,for n ~ 2. Then B n /\ B m= O if n I:. m, and 

00 J 00 n , 
B 1 V .. , V B == A lV...VA .Hence , x{A) = V x(B ) =" V . V 1 x(B i ) 

n n	 n= 1 n n"" 1 1 = I 

00 

= V x(A n) •
0=1 

We note that for the existence of x with (2.2) and (2.3) we 
do not need the existence Df a measure on f. ,I 

(iii) Let x be the ~-observable on f guaranted by the first 
pa r t ,0E the present proof. Let m be a measure on f fulfilling 
the condítions of Theorem. Then, due to (i)r:and (i i) , #l(A): = 

== m(x(A», A ~ g{, i s a a-finite u-additive measure. ç>TI ~. Using 
the familiar Carathéodory extension method concerni,ng with the 
extension of a.u--additive a-finite spt function defined on an 
algebra of subsets to a meas~r~: defined on th~ minima1 u~á1ge­
bra generated by the algebra, 117/, we may obtain the analoguo­
us r e su l t a150 for Boolean c;l1h;d.gebla Jl and n (f t 1181 • It is 

t ~ T 
clear that 11 is the j o i nt d í s t r í bu t i on of Ix t : t ~ T I in m, and 
the proof is complete. Q.E.D. 

We note that for the ~-observable x of f with (2.2) one may 
exist no extension of x to a n (j t -a-observab1e of f. To es­

tç T 
tablish this int~resting fact, we need the following notions. 
Let 6 be a Boolean O'-algebra. The non-empty subset g C (1. is 

1

said to be a a-ideal if (i) A n ~~, n > 1 ,then V A n ~~; (ii)
 

- n=1 

if A < B and B ç ~ then, A (; ~. The factor u-algebra., (j/~ is 
the system of alI [A] .~ :. = I B ~ (1: B /\ A1. V A 1\ a1. ~ ~~' AÇ(1.The 

~	 Boolean operations in <l1/S are defined via [A] g V [Bl g
 
= [A V B] l' [A]."4 :' ,= [A.L.l ~ • (
 

:The next resurt 1S a slmple consequence of the 1ast Theorem 
(see Preliminaries). 
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Corollary 2.2. I. Let x t be an S t -~obser'vable o f a quantum 
-log í c f, t ~ T, and letx t - X s .for any s, t ç T, where ~t is 
a a-algebra of subsets of a set X t - If at leas t one of X t "8 is 
O'-finite with respect to m, t-hen [x t: t {; T J has a joint dis­
tribution in m, and there is a unique O'-fíni te measure IJ. ,on 
II S with 

t ~ 'Í' .t 

IJ. { n 11 -1 (E » = m( /\ X ( E ) )
 
t ~a t t t ç; a t t
 

for a~y E t ~ St'	 t ~a, and any finite subset fJ f:. a e T,. 

Example 1. There is a quantum logic ~ with a non-empty s.et 
of states (even with twq-valued states), and with two compati ­
ble a-observables x i: Si"'" f, where Si is a separable O'-algebra 
of subsets of a set X i' i = 1~ 2, such that there is no SI x S2 ­
o-observab Le x of f wi th 

x( E x F) = x l(E) /\ xlF) , E f; SI' -F C;; S 2 .	 (2.6) 

On the	 other hand , xl and x 2 have a jo nt distribution in anyí 

o-finite measure m on fi.. 

P~oof. Let C be	 some analytic subset of R1 which is not a 
R1-C, =93(R1)n(RBorel set. Let X 1 = =RI and Sl: - C):X 2	 1 

={BnC:B~ ~(R1)}, S2:=~(R1)_. It is clear 
are' separable O'-algebras of 'subse t s , i.e., they 
rators with countably many elements. Denote by 
Df the Bo're L a -algebra ~(R 2) of the real plane 
aLl sets BxRl, where B~~(R1) and BeC. Le t 
= 93(R2) 11'''. formulae 

x l(B n	 x1) : = [ B x RI] ~ ', ' B ~ ~ (R 1) , 

x 2( B) :	 ~ [R 1 x B] 3" B C;; :B (R i) , 

t hat; SI and S2 
cont.a i n gene­

~1 the O'-ideal 
R2 generated by 
vus put ~ 

determine two compatible O'-observables xi: Si-+ f!. , i = 1.2. Mo­
reover, x i is a a-isomorphism o f Si into ~. As it has been 
shown in /18, p.17; 2, § 37, Example AI, there is no SI x S2 ­
O'-observable of	 ~ with (2.6). 

Now we claim to prove the second part of the proposition. 
Define the O'-ideal of 93(R 2), ~, as follows: j == { A ~ ~ (R 2) : 
A eCxR1 l. I t is obvious' that ~'e~. We show that ~"is a proper 
subset of ~. If it was ~"= S" then ~(R2)1~ woul.d be O'-isomor­
ph i c to S == g)(R2 ) n «R 1_ C) x R 1) : = { B n (R 1 _ C) x RI: B C;;. j)(~) I 
{a a -isomorphism, h', of 93(R2)1 ~ onto S is defined by 
h(B n «R I -C) x RI» =[ B] ~ for any B C;; ~(R2». Consequently, ~ 
possesses the strong O' -extension property (for definition see 

:j
': 

Now we	 define an f!. - o-observable, z , of a quantum Logi c ~1: == 

~(R2')/~ via z([A]1") = ~Ar~, A ~ JJCR 2 
)J.' The z is·.defi.ried well; 

because í.f [A!l1' ={A2]~' ,then AI/\ Â 2 V A 2 /\A 1 ç,;~ e ~ 
and IA tl ~ = {A 21 ~' . 

The logic ~ 1 is a-isomorphic to the a -álgebra of subse t s , 
) I ~(R2) «R 1_ C) x RI) , heríce , '~1 has an order determining sys­
r tem of,states (and also an order'determiríing syst-em of twà-va­
11:	 lued states.) (We re~all that a system mof states on some quan­

11.	 tum l~gic is order determíning if mfa) :s meti) for any m ç m;, fff 
a < b). '. 

Let m be a measure on ~1' tben fi: a ...., r!i(z(a» .. a ç;; ~, i s a 
measure on f!.. Let now m be a a -finite measure on f. and let 
~;l	 . 

. vai = 1, a i J_ a J' whenever i f- j, a i ç f., O < m(ai) < 00 " 
1 = 1 

i :2: L) Then m l(a) = m( a j, a i) , a ~ ~ , is a f í.rri t e measure for any 
i 2: 1. Using the result of Coro l l.ary 2.2.1 we see that Xl' X2 

have a j oiut distribution in any mI , i2'l, consequent:ly, in m = 
00 

2, ffii' Q.E.D. 
i== 1 
Motivating the above we say that mutual~y compatiblea-obser­

vables x : (1 t -+ ~ o f a quantum Log í c f.', t C;; T, where ,tff : t C;; TIt	 t 
is a system ofa-independent Boolean sub-a-algebras of a Boole­
an a-algebra_ (! has a j o í rtü a,-observable í.f. there is a II (1 t ­

. t ç T 
u-observable xof s:.with (2.2). 

~emlTIa 2. I determines é}n important class of compatible obser­
vables which ha s a j o í nt ·O'-observabie. Accord í ng to /2/, we say 
that a Boolean a-algebra (l' has the strong a-extension proper­
ty if, for every Boolean a-algeb?="a (j', every map f f (from a set 
~a-generating (1) into (1; satisfYlng the following 

0Cl 

if /\ E ~ (i) = O then /\ f(E.)' f (i) :-: O (2.7~) 
i = 1 1 ' i = t 1 ? 

for every sequence {E i I ~::= 1 ~§, and for every function é (i) ç 
ç {O, 1 I, i ~ 1 ,can be extended to a n-homomorphism, h from Cf in-;­

to Cf "; here E o: = E, E 1: = E. 

Theorem 2.3. Let X ~: Cf t ...., ~ , t 'ç 1', be compa t í.b le a -observa­
J,\ bles of a quantum Lo g i c 5':., where {(1 t: t C;; TI is a system of a­
( ! independent Boolean sub-a-algebras of a Boolean a-algebra Cf " 

and let the minimal sub-a-algebra of Cf generated by alI ranges 
:R'(x ) , t ~ T, have the strong a -extension property (in particu­

t 
lar, i t is a -isomorphic to some a -algebra of subsets). Then ~ I btt: t ç TI has a j oint a -observab le of f. 

below or /2/ 

contradicts 
) and, therefore, there is an x 

the first part of the proof. 
with (2.6) wh í ch 

Proaf. It follows immediately from /2, Theorem ?7.1 !'Q..E.n. 
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nection wi th Lemma 2,. t " "to note that P. Pták /13/ found the exam­
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OpMHMMaeTcA no~nMcKa Ha npenpMHTW M c~eHMA 06~eAMHeMHOro MHCTMTyTa 
AAepHWX MCCneAOBaHMM. 

YcTaHoBneHa cneA~aA CTOMMOCTb no~nMCKM Ha 12 MeCR~ea Ha H3AaHHR OH~M. 
8Kn04aR nepecwnKy, no OTAenbHWM TeMaTM~CKMM KaTerOpMRM: 

MHilEKC TEHATMKA UeHa noAnHCKH 
Ha ro~ 

1. )KcnepMMeHTanbHaR ~H3MKa BWCOKMX 3HeprMM 10 p. 80 Kon. 

2. TeopeTM~cKaA ~M3MKa BWCOKMX 3HePrMM 17 p. 80 KOn. 

---
3. JKCnepMMeHTanbHaA HeMTPQHHaR $M3MKa 4 p. 80 Kon. 

4. TeopeTM~ecKaA ~M3MKa HM3KHX 3HeprHM 8 p. 80 KOn. 

5. MaTeMaTMKa 4 p. 80 KOM. 

6. R~epHaA cneKTpoCKOnMA M paAHOXMMMA 4 p. 80 KOn. 

7. ~3MKa TR•enwx MOHOB 2 p. 85 KOn. 

8. KpMoreHMKa ~ p. 85 KOn. 

----
9. YcKOPMTen" 7 p. 80 KOM. 

·-----
10. AaroMaTM3auMA o6pa6oTKM 3KcnepMMeHTanbHWx 

AaHHWX 7 p. 80 KOM. 

11. 6w~MCnHTenbHaR MaTeMaTMKa M TeXHMKa 6 p. Bo Kon. 
----

1£. AM,..,.- I p. /0 KOn. 
---

13. TexHMKa $M3M~ctc:oro 3KcnepHMeH~~ 8 p. 80 KOn. 

14. HccneAOBaHMR TaepAwx Ten M •M~KocTeM 
RAePHWMM MeTOAaM~ 1 p. ]0 KOn. 

15. JKCnepMMeHTanbHaA $M3Mka ~AePHWX peaK~MH 
npM HM3KMX 3HeprMR~ I p. 50 KOn. 

16. no3MMeTPHA M ~M3MKa 3a~MTW 1 P. 90 KOn. 

17. TeOPMA KOMAeHCMpo&aHHOrO COCTORHMR 6 p. 80 KOn. 

18. Mcnon•3oaaHMe pe3yn•TaToa M MeTOAOB 
~y~aMeHTanbHWX $M3M~CKMX MccneAOBaHMM 2 p. 35 KOn. 
B CMe•HWX o6nacTAX HayKM M TeXHMKM 

19. 601041M3MKa I p. 20 Kon. 

Oo~nMCKa MO•eT 6wT• ~opMneHa C no6oro MeCA~8 TeK~ero ro~a. 

no seeM eonpocaM ~opMneHHA noAnMCKH cneQyeT o6p-.aTec~ a H3AaTen•CKMM 
OT~en OMRK no ~pecy: 101000 HocKaa, rnaano~TaMnT, n/A 79. 

,[{aypeqeHCKHH A. E5-86-55 
3aMeTKa 0 COBMeCTHOM pacnpeAeneHHH B KBaHTOBb~ TIOrHKaX. 
KoMna TH6HTibHhie Ha6moAaeMhie 

M3yqaeTCH COBMeCTHOe pacnpeAeTieHHe B a-KOHeqHb~ Mepax 
ATIH Ha6nroAaeMb~ KBaHTOBOH TIOrHKH - aKCHOMaTHqeCKOH MOAeTIH 
KBaHTOBOH MeXaHHKH, onpeAeneHHb~ Ha npOH3BOTibHOH CHCTeMe a­
He3aBHCHMb~ 6yneBb~ a-noAanre6p 6yneaoii a-anre6pw. B HacTon­
meii nepBOH qacTH 3aMeTKH Mbl H3yqaeM COBMeCTHOe pacnpeAeTieHHe 
KOMTiaTH6HTibHb~ Ha6nroiaeMb~. lloKa3aHO, qTO OHO BCerAa CYmeCT­
ByeT, XOTH COBMeCTHan Ha6TIIDAaeMaH MO~eT H He CYmeCTBOBaTb, 

Pa6oTa Bb!TIOTIHeHa B Jla6opaTOPHH Bb!trHCTIHTeTibHOH TeXHHKH 
H aBTOMaTH3a~HH OMHM. 

llpenpHHT 06J.eaHHeHHoro HHCTHTyta ll}lepHbiX HCCne,llOBaHHif. Jly6Ha 1986 

Dvurecenskij A. E5-86-55 
Remark on Joint Distribution in Quantum Logics. 
Compatible Observabtes 

The notion of a joint distribution in a-finite measures 
of observables of a quantum logic - an axiomatic model of 
quantum mechanics - defined on an arbitrary system of a-in­
dependent Boolean sub-a-algebras of a Boolean a-algebra is 
studied. In the present first part of the paper we study a 
joint distribution of compatible observables. It is shown 
that it always exists, although a joint observable of compa­
tible observables can fail. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1986 




