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It Ls well known/ 11 that the mo ti on or a free .. 
Schroedinger particle on a ha Lf Lí.ne R+ =[0,00) ia 

I
.{;," 

~ " 

,I 

,j )\ .., described qy an one~parameter famiJs of Hamlltanians ~ 

2 
H = -J1:d 2

fi" x 

( 'r 2), \\ 2' , J
D H/)') = tt"E L (R+); f,f6AC(R+) , fó-L (R+}, f(O+) =O' f(O+) 

t" 

, '\ 

~z.... __, ~~__ 

J. 

L c:tR+) H o 

(Th'e family H(1'" , ~61.vloo]represents al1 possible self ­
adjoint extensions' of a. hel! line "Hamiltonian" H o with 
the boundary point o removed 

2 
- ~ 2 fi­

dx I 

"I 
The interaction of the perticie with the point 
modelled bY the boundar.y condition Ib.c.1 

o ls 

~r 
ij 

J 
jll 

f'(O+) = ~ f(O.•) 

Since H~ ia the norm-resolvent limit of Schroedinger 
operetors with local short~range potentials / 2 , 31 

(1) 

<, 

i1 
'!l' 'i' 

\.. = ~.~. ~lm H(1'" =0 + (1 li ) V(xll) 
OQ 

with rr = 1;V(y)dy , V6 LCR+) , describes ~1) with 
Çv < O an at.tractlve interaction wi th the boundary , 

Analogously (1) with ,O'- > O describes a repulsiva inte­
rec ·tion while the free endpoint is modelled b,y ~ = O 

I \ (Neumann b.c.) • 

~_ ..... ,. .-­ , 
1'1 In the multidimensional case the situation 

becomea more complicated. Considering the motion of a 
.Jl-lfree quantum particle on a helf space ~- x. R+ we have 

to construct alI possible self-adjoint extensions of the 

\ .... © 06"be,nm-teHUblH HHCTKTY1' nnOpHhlX HCCnCJ;lOOaJIHA .uytillD.. 1.98~. half spece Laplacian Ho with the boundar,y removed 

1 
Itn~eJ1lirteütihia KHtmyT , 
uer~HfdI 5tCJell()Bl1m.i~ :1 

'. t, ~ftfjSJ1fr.Lº]"E~i 



H oo(Rn 1 
o = - L:::.. ~ C 

O 
- x R+) • 

(These extensions re~reser.t the admissible quantum Hamilto _
 
ni~ns of the system.)
 

1he deficiency indicc~ of H are not finite for n >1 and
 o 
this makes the situation ver~l compLí cat.ed , 

The airn af our paper is to study Hamiltonians
 
01' a f:ree particle on haLf s pa ce Ifl-1x R+ which are defined
 
by local b. c ,
 

""~ f(x , ... ,xn) Ix =0 = o--(x, ' •• 'Xn_l)·f(X" •• 'Xn_' ,0) (2)
C7A. n 

('.Í.he cOl'C'esponding operator 15 denoted as H"" .) 
In. the contrary to the one-dimensional case the local b.c. 
do not represent alI possible ones. There are also non­
local b.c. , cf. ref./4/. 

The homogeneous b.c. w~th ~ = consto were 
already considered in connection with the Bose condensation 
(r~f./51 - 17/). It was rem8rked in 131 that it is possiblo 
to describa such an operator as a norm-resolvent limit of 

Ho-- =0 + (11(.) V(xn/~ ) , Ve L(R+) • 

The constant OV is then determined by 

g- =J
Oa

V(y)dy 
o 

Therefore 'one should expect that a1so for the more general 
case (2) OOlds 

H lim Ho-- =0 + (l/E.) V(X, ,. • ,xn_ 1 ,xn/,!) (J)fi" E. "'"7 O 

where 00 

fJ-'(X1,··,X _ l) f V(Xr , · · ,xn_', ,y) dyn o 

But up to now we do not know any proof o~ (3) in the general 

case. Nevertheless a comparison of properties af H~with 

those aí Hrr:.: O + (1/~) V(x 1, •• ,xn_ 1 ,xn/.!'.) shows many 

2 

" 

similarities. Thus it seems that the influence of the boundar,y 
can be modelled Qy the appropriate boundary COnditions of 
the t1pe (2) as well as Qy an additive shoTt-range potential • 

In the next section we study the spectral 
properties o~ H~ by an ansatz leading to a Klein - Gordon 
pseudodifferential operator. In the section 3 ~ is taken 
to be a LP function or a periodic function respectively. 
I~ the" first case we find that at most a finite number of 
negative eigenvalues of H~ appear. For OV periodic the 
spectrum of H~ is absolutely continuous only. In sec~ion 4 

we discuss the properties of HO' with ~ singula~. We 
show that ~or O' nega tive and singular énough a collapse 

l SI ·at the boundar,y occurs. In a forthcoming paper random 
b.c. are considered. 

2. Transforplation to a Klein-Gordon Hamiltonian 

The interval (0,00) belongs to the spectrum 
of H,.. ~or any fi" , s í.nce one can for any E. > Q and E ~ O 

construct a function "1'6 CoOO(Rn-1x R+) such that 

U-4Af - E~1l < llltrll 

This is why we are interested only in the negative part 
of o{H~) • Introducing for E < O an operato~ 

Ko-- E = ~- Ll -E' + (i\-(x), 
defined on the Hilbert space L2( Rn- 1) , we get the following 
proposi tion 19~ 

Proposition 1: Let ~ i5 KO,O -'bounded with a relative 
bound lesa then 1, Then for E < O holds: 

ai EE: 6"'(H~} rr and only if i) ~tl{Kt' ,E ) 

bl E6 Oo'disc(Ho--) if and only ir O é-d"'disc(Ka",E 

cl E ~ rressÚ1()J) if and only if O é ~ess(K{)J,E)' 

Thus using the Klein-Gordon Hsmiltonian with the rest mess
 
equal to the binding energy -E we cen simply invest~gate
 

the nega tive psrt of O'(~) •
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The min-max-principle (ref. /1 O~ § XIII. 1 ) 

yields that the m-th eigenvalue of Ho- =0 + V, is less then 

the m-th eigenvalue of HO" =0 + V2 if V,lX) c V2( x ~ for 
any x. The approximation argument (3) let us expect the same 
also for H(}-' 

Proposition 2: If 0", (x) ~ <1"'2(x)for alI x é-Rn-1 then 

Em (Ho-:-) ~ Em ( H/}:') 
~ ~ 

where Em (HO"') deno.tes the m-th eigenvalue of H,.. 

Conclusion: For the ground state of Hrholds 

E, (H~)~ - (min[O, inf<>-(x~1)2 (4)1 

~: If HO" has onl.y 1.( m eigenvalues bellow i ta 

assential spectrum Em ( HO"') denotes inf' o-eS8 ( Hq- ) for 
a].l m '> 1 • 

Proof of the conclusion: Take (Y,(x) = min[ O, in:fO'(x)l. 
Then ". 1(x) ~ ()--{x) and 

E, (H,..J >, E, ( I-~.) = in! (f' esa (Hb;) c - 0"', 2
• 

Proof of the proposition 2 : The min-max-principle yields 

that Em (K"" E) Ls increasing in o- and decre.asing in E 
Thus the solu{ion E = E("") of 

Em ( KO' , E) = O 

is decreasing in O' • 

For H;Uri .1-)00 the estimate (4) becomes 

exact in the sanse that 

1im E,( H .. ~) /). 2- -(minro, in!O'fw>J) 2 
).~ "I.V 

(For the proof take trial functions for K_ E as in ref. /11/.)e .,-, 
Conversly for bounded V holds 

lim E, ( HO" =' + J. li) /).. = in! V 
).~oo v 

i.e. the as; mptotical behaviour of E, (HO'" =0 + ;t V) i8 onll 
li-near. This difference Dê- twe en HiK,À. and HO" =0 + ;:t V 
is observable already in the ex;licitel.y solvable one­

4­

dimensiona]. case. But it is not surprizing , since if we 

approximate the operator Htr.). by H(r =0 +()·/é ) V{x, ' •.,xn_ 1 ,xn/~ ) 
then 

inf 1- V(x •• ,x (.! ) - co •n-1 ,xn
.E-70 " 

3. Short and long range boundary conditions 

Let us first investigate the spectrum of .H~ 

when f1' is a short-range f'unc t í.on , Since Htr =0 + V has 

onl.y discrete spectrum bellow O for short-range potentials V 
one would expec t the same also for H (J' wi th ()- short 

range. Proposition 1 o~ the ~resent paper a~d t~eorem 4.2 
01' ref. /12/ impl.y immediate1Y 

ProDosi tion 3: Let""(: LP(Rn-1) + r..~ (Rn- 1) with 

2 ~ P c:. 00 and P> n-1 • (i.e. for any l > O there is a 

decomposi tion {J" = O"1 ~ + o: 2 t wi th O"1 é e: LP(Rn-1) ,.. , , 
and UIr2 , e \l < é ) Then 

O"' (H,u) = [ O 00 )es s v- , 

and the negative part of ~(H,,) consists of isolated 
eigenvalues of fini te multiplici ty. 

.. . 

Remarks: l/For ~e- C OQ (I-fl-1) the prop'osi tion was 
already proved qy Povzn~r and Kreln /13,14/ 

2/ The proposition 3 is an analogue 01' the fact that 

O"ess ( H~ =0 + V) = [O, 00) 

for V 6 LP(Ifl-' X R+) + L7(ltl-1x R+ ), 2 ~ P <. oc , p .> n/2 
(Cf. ref, /10/, § XIII.4) 

In the case n = 2 it is posslble to get some more decailed 

information on the eigenvalues of H~ 

, 
PraDosi tion 4 : Let ~_ tE: LP(R j and (J'J + é LP (. R ) , whe r-e 

I < p~ 2 and p\:> 1. Then for the m-th eigenvalue of :-il?-' holda 

gEm(H~)~ -(J.1 /,..)II K " g" (t- _11 p) ';:.g m- (')o 

whe -e I/p + l/g = 1 and K denotes the modí.f'Lad ::ar.kel o 
lun~tion of ord~r ze~o. 

5 



( o--_ ; q... + are the nega t í.ve and posi tive par-ts of (]v res­
pective1y. ) 

Proaf:. Let NO(K(Y E) denotes the number of nonpositive,
eigenvalues of K~ E • Using the Birman-Schwinger argument 
( ref. /10/, theore~ XIII. 1O) and replacing the Green's 
f'unction of - A by the Green' s function of Ko,E we get 

NO(K". ,E) ~ (1 /Vl)JK 2( i=E'lx-;yI) ~_(x) 0"_ (:1) dxdy (6)o 
ll('~ 

The fact that K ~ LP(R) for alV p). 1 /15/ and the YOunDo , Q 

inequality imply (5) • 

Remarks: 1/ In the aase o~ higher dimensions this technique 
18 not applicable since the kernel of KQ E-I becomes toa 
singular. Consequent~ the integraIs corr~sponding to (6) 

are divergente 
2/ The condi tion o- E LP(R), P > 1 implies 

that ()" is infinite~ small wi th respect to K O /9/ wmt
O,

enablea us app~ the propos1tion , 

It is rather difficult to investigate the 
spectrum of K~ E in the general case. This difficulty ia 
connected w1th the nonlocalit;y of thie operator. It is 
therefore imposlible to ~se standard argumente based on 
difterentia~ equations. Nevertheless one can prove th~t 

the spectrum of K~ E is absolutely continuous for ~ periodic 
(ánd hence for ~) ~sing the technique based on the ,direct 
integral de compoeLtdon of L2CIfl- 1) outlined in ref. /10/, 
§ XIII.10. 

Let (a1 , ••• ,an_1) be a bas í.s in Ifl-1. We denote 

"'-.. 1
Q :: f E tiai ' ticf [0,11 , i=I,2, •• ,n-t

;,.'" 
Moreover we define for x'" Rn- 1 and 1 N 

21 I x 121 21+1x : = x : = x 1x 121 

Now we can state 

Propoaition 5: Let ~ be a periodic function 
"'-f 

()-'(x +I. m.a.) = ~(x), mE-Zn-1 
i:: 1 J J 

Suppose that ~ is 1 times differentiable with 

<, (n-J)[n-3)1 for n) 2 01' 1 ~ 1 for n = 2 respecti-

I 

, 2(n ~}
 

ve~ and that
 

J V'1q.-1 E LP(Q)
 
for 

>- > 2(~-1)(n-2) ') " 

f;
 
f' 2 " P 2í n-2) + n _ 1 for n 2 r'e s p , 2 ~ P ~ (7)
 

for n = 2 • Then the apectrum of H~ is abso1ute1y
 
continuoua. 

~: We note at the beginning that under these assumptions 
ia O- infinite~ ama11 with respect to Ko O • Thus the 
proposition 1 ia applicable /9/ ' 

Let us now introduce 

e = 'Vl~ I 

Since g * LPeQ) the Hausdorff-Young inequa1ity yie1ds 

IV ( n-1)
g b 1 p/(p-1~ Z 

where. gm i m e Zn-l are the Fourier coefficients of g. 

Let us now define 
1 m:f.:Of'm ={ 1/lm1 

1 m = O 
and 

m{'~m' * Oh = m m = Oo ,...,
( (j'oom denotes the Fourier coefficients of rr .) 

Since I D- i , h f and·f e 1 (Zn-I) for alI r >(n-I) /1m m m r . 

the Hõlder inequ~lity yields
 

,...., ( n-I) n 1
 
()J E la Z for s > (I _-1/p)(n-l) +1 (8) 

The assumption (7) implies that right hand side of (8) is 
les5 then (2n-4>/(2n-5). Thus we can choose r s <: (2n-4) /(2n-5) 

f":v 
Analogous~ we get fF- é 1 (Z) with s ~ 2 for n = 2 • 

8 
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Now we will follow the standard direct integral decomposition 
t.e chrií.que /lJ/. We denote 

!k-1 
Em(z) :.: J«a zb ) +-,{.,m{ái}2 _ E]1/2T 

n-l (('v )	 .. )where a, b E R and ai der.otes the ba s í.s r-ec í.pr-oca I to ( ai 

(a. ,t;;o ):.: 2 'ir d ... 
1.	 J 1.-;) 

(For the anaIy t í,c c ont.í.nua t í.on into the complex plane the 
branch with Re(E m(Z))~O 15 choosen.) Since 

I~2 + 1 \ ~ I~ + 11 2 for alI ~ C, 'Rc:- ~ ~ O 

we ge" 
Iêm(z) + 1 l ~ l ~m (z) 2 + 1 \ 1/2 

This allows us to use step by step the method of the proof
 
of the theorem XIII.luO of ref. /10/. We get
 

~ Iv 
n-lK O'	 E :: F-1• f K ~ El"k) d k·F 

, [<:1.t.fr' , 
Iv 

where F denotes the Fo~rier transform and K~ E is an operator 
n-l \ ' acting on 12

( Z ~ as 

(K (y E(k)f)m =((m+k)2_E)1/2 f m +t ():.j f 
, ~&~"-t m_·

J 

It Ls simp~ to show that the eigenva}.ues ej<k,E) of the
 
o?.erator K(J'"' E(k) are nonconstant analytic functions
 
of' k for k E-t5,2fiSJn-1 • At the same time are elk,E)
 
decreasing functions of E for k fixed.
 

Decomposing the operator H~ we get 

S@ 
N-1 () n-1H<í"':: F· P.(J.I k d k • F 

Iv [o,.trJ-·t
 
where Ho--(k) is an o per-a to r- a c t í.ng on l2(Zn-1) li> L

2( R+ )
 

1';I'q.- (~) : lID.{X)-> _(m+k)2 f\'(X) ", meZn ­

and defined by	 bo~da~ c~nditions
 

f' (O> :; Ç" 0:. f .(0)
 
m • L- J m-J 

aé~""" 
Using the arguments of the propo3ition 1 we get 

E(k) €-o{Ha-(k)}f\(-oo,O) (9 (lê o{K,...,E(k)). 

8 
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Hence the eigenvalues E (k) of H~ (k) are nonconstant 
functions of' k and theorem XIII.86 of' ref. /1 -O / implies 
the absolute continuity of c- (H,.. ) 

Let ~s now investigate what happens when1 
~ 

(t"	 is not KO,° bounded ,i 

fI 4. An example: 
We show that for ~ singular enough a collapse 

at the boundar,y occurs. 
We start with n :: 2 • In ordar to make the lifa easy we 
choose 

fY(:l: 1 ) = ~ (xl) c/ IX11 

The function ~ c is singular at O and it is not Ko,O 
bounded. In order to define the operator H~ we remove 
the singularity qy introducing an operator 

H (o) = H ~ D 
O; ~ o 

Do :: ft(:. D(H~), f = ° in some neí.ghbour'hood jof O] 
~ 

The operator H~) ia symmetric but it is not self adjoint. 
'c 

The original Hamiltonian H~ represents one of its self ­
adjoint extenaions. We show that all the self-adjoint exten ­
sions o~ HJ?' are not bellow boUnded for c < O. 

c 

Introducing polar coordinates 

xl :: r sin" 

:1:2 = r coa" ; r 6R+ , '16 [0,1IJ 
I we get
 
I 2(O,'Í/)
L2( R X R+):: L2( R+ rdr) (i) L	 (9) 

J The operator H~O) decomposés wit~ respect to (9) as 

J 

I 
H (O) 

dr r dr r 

c 

_d22_ .! ~ + (.!.2).3 
~ 

}i 
I where B denotes the modified "angular mornenturn" operator
 

2
dB - cW 2 

which'is defined on L2 (O, 'iY) by boundary condi tions 
['(0+) -c f(O+) 

f\(~ ) c fC't) 

9 
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Let now d( n Anel Z n denote the eigenvelues and eigenvectors 

of a '\ 
tj.,Z n ~ .~ n = 1,2, ••• 

n n 
2(O,1r)	 

'j

·1 
Because ~~r::l form an orthogona1 basis in L

we get Irom 9 \I J 

L2 (U x R+) = 0 L2(R+irdr) (j) {XmJ (10) 
fIlL.=<f 

Using the decomposi tion (10) we get finally for H~) 'I 
~ c 

H (O) = (f) h (O) Ci> I (11) .''~ 
ac hl.=1 n l

2(R+i rdr)where h (~ ar-e operators acting on L

h (O) = _ fl2 2 _ 1 Q. + ~ ( 12) 
n dr rdr ~ 

D(h ~)) { f E:L2 (R+j rdr); f ,r'" AC (R+),! = O in some neighbour­
hood of O and h C~) f fo. r.; (R+ , rdr)} 

Estimating the eigenvalues o~ B we get for c >O 

2(n_l)2, 3e , n n = 1,2 t ••• 
n 

But for c ~ O there are also neg~tive eigenvalues of B and 

we have 
~ ,	 _ c2 

'3tl'n ~ O; n = 2,3, •• for -2/t'" < c.( O 

-resp. 
a!f ,	 - c2 

- c 2 ~ ~2 ~ O 

~ > O ; n = 3,4, ••• for c < -2j1Y 

Inserting these values into (12) we find (ref. 11/, appendix
 
to x.i ) that for c ) O are the operators h(~) pos1.tiva
 
and essentially self adjoint for alI n) 1 • Moreover
 I 
h <f) has deficiency indices (1,1) and al1 i ts self-adjoint . 

,~ 
extensions are semibounded. C?n~equently H~) i8 an 

loperator with daficiency indices (1,1) and alI its sel! ­
adjoint extensions are bounded from bellow. )i 

For c < O the si tuation changes. We have I 
now	 de < O and this implies that the operator h Cf) is, 

not semibounded. Using the'f'ormula (11) we find that H~) 
is not: semibounded. Since H~) Ls an ope r-at.or­ with c 

c 
fini te deficiency Lnd í.ces we get finally tha t alI i te seli' ­
adjoint extensions are not bellow bound~d. 

This mathematical fact has 8 ~imp18 pr~sical 

interpretation. It means that for c < O a collepse of the 
system on the boundary occurs /16/. 

The proposi t í.on l' canno t be applied in this 
case, since ~(x) is not KO,O bounded. But nevertheless 
the corresponding Klein-Gordon operator K~ E is alsoC , 
not bellow bounded for c < O (cf. ref. /17/, theorems 2.1 
and 2.5). 
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3HrJlHIII X., IIlpe,ll;ep M., lIleeia II. ES-86-S24 

CB060,ll;Hbm onepaTop flannaca' 

C npHTHrHB~ rpaH~HNMH yCJlOBHftMH 


OeiCYX,ll;aeTCft ,Il;B~eHHe cBoeio,ll;HoA KBaHTOBoA qaCTH~ Ha no­

JlynpocTpaHcTBe Rn-~ R+. HsyqaeTCft SaBHCHMOCTb nOBepxHocTHhlX 


.COCTOftHHA OT rpaHHqH~X ycnOBHA H nOJlyqeH~e pesYJlbTaThl cpaBHH­
BaroTCft c pesYJlbTaTaMH, KOTop~e nOJlyqaroTCft npH HCnOJlbSOBaHHH 
onepaTopa IIlpe,ll;HHrepa c npHTftrHBarom»M nOTeH~HanoM KopoTKoro 
,Il;eACTBHft. IIOKasaHO TaK~e, qTO B cnyqae ,Il;OCTaTOqHO npHTftrHBaro­
~eA rpaH~hl nOHBJlHeTCH na,ll;eHHe CHCTe~ Ha rpa~y. 

PaeioTa BbmOJlHeHa B fla60paTopHH TeOpeTHqeCKOA ~H9HKH OHHH. 

CoofillleHHe O61.eJ:untetlHoro HHCTHTyr8 Jl,lJ,epnwx Hccne.aOB8HHii• .lly6Ha 1986 

Englisch H., Schroder M., Seba P. ES-86-S24 
The Free Laplacian 
with Attractive Boundary Conditions 

We consider the motion of a free quantum particle on the 
half space Rn-1x R+. The dependence of surface states on the 
boundary conditions is investigated and the results are compa­
red with those obtained by a Schroedinger operator with attrac 
tive short-range potential in the neighbourhood of the bounda­
ry. It is also shown that for a sufficiently attractive boun­
jary a colapse of the system occurs. 

The investigation has been performed at the Laboratory 
~f Theoretical Physics, JINR. 
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