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1. Introduction 

Verious noncompect orthogonal groups(algebras)have arisen in the stu

dy of physical pr-ob.lems s uc h s s De Sitter Cr-oups 0(3,2) and 0(4,1) 
playing an importent role in relativislic cosrology, the Lorents 
group 0(3 t 1) which is of obvious crucial mj.or í.ence in r-e Le t Iv i-s t í câ 

physics t the O(2 t 1) group figuring in Fegee pole theory ond finally 
the conformaI group 0(4 t2) pleyinlj 8r; C'ver incre~sinp:: role in per
ticle p11ysics t especi&lly et very higb energjes. 

The uni tary r-epr-e sent.e t í.ons of such group s ar-e el1 infini te dí mens í > 

onel, and no gener81 theory for them exists • 

The lwasewe /1/ end triangle /2/ deco~pcsitions of such elç,ebras ere 

the sterting ROint for e construction of these represent8tions. AIso 
in our methodj~f constructing skew-Hermiteen boson reelizetions for 

en arbitrery real sem1simple Lie EIgebr~ we use these decompositions. 
Explici t forms of this decomnosi ti ons h- ve been constructed by many 
euthors for particular exemples of these Lie elpebres. The usuol 
indirect method for evaluotion of the Iwr.s ewa decomposi tion of f) no n
co~pect se~isimple Lie elgebro invclves seerch for solution to cer
t a í n pimultaneous e I ge nvu Lue type E'\1LJf:tion:::j for deteils see t he book 
by Hermann /4/. Corr:well /5/ uses t r.e f't-c ~ ti)F t for 8ny two Cer-tsn 

subalgebras, thcrc exiat er. inner ~út~~orphism which m8ps one 1nto 
the other -ror thp. constructton of t1l1's<-' dec ompos L't on , TI 15 1nnerí 

eutomorph1sm t however munt be gues;.ed for eech particular cose. 

'IThe present peper givca the Iwasew8 snà lri8nLle decomposition for 
a ny real forms of Li", "lr;cbrr:s sc(~n,d;) ir. rnuch more s í rnp l y IJ/oy.[j 

For eny real f'or-m of thp Rlf;c>r.re f; .... (:?r"Il:) we construct the Cl.'lrtrn 
eutornorphism end explic1t form cf this putnmorohisrn then sre~ifies 

the decornposition r-e c t Iv , Or-gan zrt ; .r: nf the paper s the 1'ç·11oô í í í 

wing. In Section 2 , we d~scr1be ir. gonerbl terms the construction 
of the decompositions in the case ~hen thp Cartan outomorph1nm which 
gives real forms is definc~ expl1citly. For the elr-rhre5 so(2nt~) we 

I
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g í ve expl í c t f'or-ms of t he Cl1r teI, automorphism in Section 3. In theí 

lest sectioh, these automorphisms will be used for construction of 
th~ Iwas&wa orm triangle decompositions. The modification for the 

Lic algebras so(2n+l,tt) í.s t r-Lv i.aL, 

2~ Th~ Iwes8w& end tri~nrl~ decompositions 

In this section, we have given ~l brtef survey of the Iwasawa and 

tríangle decompositions. W~ followeJ Chapter 5 of He1gasson /7/ and 

Chapter 3, f:> 3 of Zhelobenko ar.d Stern /21. ...J 

Let g be a semisimple Li~ a1gebre. We denote by h a Cartan subalgeb
r8 g enJ. by 6. the root systcrn of g with respect 'h. Any semisimple 
Lie algebra ha s 8 certbn-Weyl bas l s l H1 , ••• ,Hn)EoI. ; Q( E:- A} for whieh: 

t II 1 ' ••• , H 1 i s a ba s i s i n h (1e)n 
th, EçJ.. 1 = 0\ ( h ) E~ ( 1b) 

[~"E~l = Nd..~ Ed,+i') (N<f.~:: -N_d.'_~) for d. + I?> f 11 (le) 

B(E""E_d-) (ld) 

where B(.,.) is D Kllling form on g.
 
Using tnis C&rt~n-Weyl bosls of l we con define en antilinear mep~
 

ping on "3 by
 

for i= I ,2, ••• , n-Hty(Hi ) 
(28) 

i 
(2b)for alI dl6/J..-E_~''r(E~) 

rhis mapping 1s the involut1ve a~tílinear automorphism on g end the 

real form corresponding to 

gr ={Xég;'P(X) =XJ 
(3) 

13 compact.
 
A linear 6utomorphism is co11ed B Cartan automorphism if
 

(48)
() 2 = 1 

e'r = 'r,e (4b) 

(4c)
B(~) =h · 

If e is e Certan Butomorphism on g, thenO defines the real forms of 

g as 8 set for 
(5)ge :: {X ç'g; e· f(X) x1. 

2 

With the help of the Cartan eutomorphism (}, we can construct very 

simply a Carten dacomposition of gB 

_ t ~ P (6e)whereg() - ge gG' 
(6b)g~ ={Y €o ge ; e(y) = Y) 
(6c)() (Y) =-yJ.g~ ={Y 6 ge ; 

The subalgebre g~ is e maxime1 compact sublegebre in the elgebre 
g() and the subspece g~ is e complementary subspace to, g~ with 

respect to Ki11ing forro BC.,.). 

Semilar1y we put 

h ={'X E h, er (X) XJ (70) 
e 

and then we have 

(7b)he = h~ e h'$ where
 

h~ ={y ê hO' ()CY) = Y1 (7c)
 

h~ ={Y' he, OCY) =-Y). 
(7d)
 

The h~ is a maximal commutative sube1eebre in g~ 

Now, let { H ' ••• , H 1be 8 ba s s in hIQ a nd further let { iHq+ 1 ' ••• , iHn}
1 q 

á 

be a basis in ht • Then fH1, ••• ,H } is e basis in ....."h. ay ~ + weQ n 
shell denote a systern of positive roots with respect this basis. 

For any o( é tl we define 

-.J 
( 8) o{0(H) = d\.( $(H» for eny HE. h. 

After performing the following eesy celculetion 

[H, e(EcI-)] = e[eCH), E<i,1 =d.C e(H» e(E~) ( 9) 

we become the t r:J, B is a1so the element of Ó •
 

Using this fect we mey define
~ 
(10a)p+ ,ot.~o<B1={~; J..ECl+e 

-+ (10b)ne :: ~g~ n~ = n~ n ge 
d,ePe 

3 



"'- n g	 (1 Oe)ne = L g-rJ.. , ne ng e 
O<E P61 

+ 

where gd.. = «:{E",,] 
(10d)g~ =fYGg6;·[Y~hb]=o1 

and we get the required Iwesewa end triangle deeompositions of the 

real form g e at last 

t ",p	 In + (11 a)ge ge (9 u.e \];I ne (Iwasawa decomposition) ~ 

+ o - (triangle deeomposition). (-11 b)ge nG G) gg Cf) "e 

3. The	 Cartan automorphisms of Lie elgebras so(2n,~) 

~he elgebra so(2n,~) is the n(2n-l) - dimensional eomplex Lie algeb
ra with the stendard basis [Li j; i,j= :', ~2, ••• , ~n} the elements 
of whieh obey: 

(12 )Li j = -L_j,_i 

and the commutation relations 

[Lij,~J =àjkLil - Õil~j - Sj,_lLi,_k + di,_kL_l,j. (13) 

The standard Cartan subalgebra h in g = so(2n,C) is generated by 
"diagonal" elements {Li i; i=1,2, ••• ,n;1 its dimension, i.e. rankot 
g equals n. We will use the following~artan-Weyl basia in g' 

(14a)=Hi Li i 

E	 =_'_ L E ( - 1 ( 14b) 
- ~i -i\k) - ~ 4n-4 ~i; O ( 1 ~ k~1.-~	 ~ 4n-4 ik 

E	 E - 1 L O=_'_ L(\i+~	 V4n-4 i,-k' -('\i+i\k)- ~4n-4 -1,k; <:i,k. (14e) 

The relations (13) imply that (14b), (14c) are the root veetors oor
responding to the root ~ ()i -~k) and t (~i +~k) beeause for 

H(~l , ••• ,An) = ~ ~iLii we get1=1 

e.t 5)ÚICt\l ' •• ·'~n),Lik1 = ('~i-ak) Li k for 0< i<. k , eto. 

... 

For the root system we get 

fi = fi(i\.i.-f\), i«(\+r\); O<i,k<n,i 1- k} (16) 

Then the equaIity 

-({li ~ i\k) (~k ~(\i)	 (17) 

impIies thet in this case the mepping (2a-b),equals 

~ (Lik) :: -~ i . ( 18) 

For any q=1,2, ••• ,n we define linear mappings eq on g in this way: 

B (L = -L (1ge)q s t) t s 

f\ (L ) = -L ( 19b) 
Clq s,~ -~,s eq(L~,S) -Lg , _ Ó\ '
 

8(L /1)= LJIl.' (1 9c)

q g(, '") 0\ I.) 

where s,t= ~1, i2, ••• , :q and r:J., r; = ~ (q+ 1) , • • • , ~n. 

For n=2q even ve define further 

(20a){/(L t) = , t+qt ' s,	 Ls+ q S 
/ c 

I )-L t	 (20b)() (Ls, t+qt - s+qs' 8(Ls+ q ,t)=Ls,t+qt ' 
s
 

where s, t=~1 ,~2, ••• , iq and qs = q. sgn s
 

and consequently for n=2q+1 odd we define
 

// L (21a)e(Ls t) = s+qs,t+qt 

" )-L t L'\" (21 b))-Le(Ls , t+qt - s+qs' ~(Ls+q ,t - s,t+qt 

e,' ) - L '1· 
s

- L (21 c)(Ls,~ - - S+q8'~ e (Ls+qs ,c() - s , c4. 

II L (21 d) 

~ 
(}(L<J.d..) = "'cA. 1
 

where s,t = ~1, :2, ••• ,!q and r;J...= in.
 

, "Ll	 '" Theorem: Tho linear mappings (), (), 17 are Cartan automorphisms on g.q 

Proof:	 On~ can by direct celculetion varify that the conditions 
(48-C) ere fulfilled. 
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4. Expliclt forms of the decompositions and f.urthe! 

Uslng the method described inSection 2 an~ explicit form~ of the 
nO = lR{Ls t ; 0.( S(/t I ,automorphisms fi, s", tJq on 80(2n,(;) we shall construct the Iwesawa q (278 )
 

and triengle decomposi tions. By the' construction we will use, following (L s &.. +Ls,-<:k)' i(Lso'-. -Ls,-o'- ) s ~ O] )
 
equalitles
 -

nO. RtLst;Ol's>lt l 
lp(X+ ~(X) = X+ r(X) (22a) q 

(L~ +Ls,_~' i(Irs~ -Ls,_O\) ; s <O} J . C27b) 
~(lX-UI-' (X» = ix-i tp(X) for any X€' i (22b) 

8CY+ e(y) = Y+ 8(Y) (22c) g~ = IR{Ls s' (Lo(~ -L~ó. ), iCL«~+L r3\i., )J. (27c) 
q 

O(Y- eCY» = - (Y- e(Y» for any YE:: ge (22d) i}
 The case O' n=2q. 

which are the direct consequence of the deflnitions (2a-b) and C4a-c) • For a subalgebra g~1 and 8 subspace g~, we heve 

The calculetions of the decompositions are simple and we carry only 

final results. g~, = ~{(Lst-Lt+qt,s+qs) - (Lts-Ls+qs,t+qt) , 

I. The case 9 ; q=1,2, ••• ,n. 1(Ls t+Lt+q s+q) + i(Lts+Ls+ q t+q) , (28a)
q t' s s' t 

For a subalgebre gt and subspace gP we get (L -L ) + (L ~L
B,t+qt t,s+qs s+qs,t t+qt,s)Oq eq 

i(Ls t+q +Lt s+q ) + i(Ls+ q t+Lt+q s,)}
(2)a) , t ' s s' t'g~q=R{(Lg"t.-LtB)' (L~'!l -Lil)"') ,i~L~~ +L.~",) , 

(Ls.l+Ls _.)-CL s+L_ g),i(Ls ..J-Ls )+1(L s-L_ s)<
U\ , '" d., "", ' ''''~ o( ~, j gP = R{CLst-Lt+ q s+q) + (Lts-Ls+ q t+q

() t' s s' .. t 
P l(Ls t+Lt+q s+q) - i(Lts+Ls+ q t+q) (28b) 

geq=Rt(L~+Ls, -d.)+ (Lo/. s +L_"", s) ,1(LSol..-Ls, _).-1 (Ld,S-L_a<" s) t' s s' t 

(Lst+Lt s)} (2)b) (Ls t+q -Lt s+q ) - (Ls+ q t-Lt+q) 
, t ' s s' t 

where s,t= ~l, ••• ,q and ~ ,~ = ~(~+1), ••• , ~n. iCLs t+q +Lt s+q ) - l(Ls+ q t+Lt+q) 1 
, t 's s' t' 

We put 
We pat 

(24){ L ' • •• , Lqq 1
 
"
 {(L,,-Lq+ 1 ,q+' i, ••• , CLqq-~~',2q) 1 (29a) 

a besis 1n a subalgebra h~ and 
q a bas s ln a aubaLge br-e h~1 and in a subelgebre h~Ií 

(25){iLq+1,q+l,···,iLnn 1 
\ 1 (L" +Lq+ 1 ,q+l)'···' i(Lqq+~q,2q')1 (29b) 

lin a subalgebra h~ • I ,. + .q For a set of the roots Pe' we get 
, +

For a set of the roots Po we get 
q P~, =f('ÀB-1l.)'(~t+q'-()s+q ); O<s<t, Ci\s+t\),(ílt+q +í\+q' '); s,t>O) 

1:1 • t s t s 

P+e ={(~s-~t),<í\s+(\t); O,-s ~t and .(}.s-Àt+ ~,t)O, ("s+;\t:+qt),-C'\-~s+qs); o<...s<t]) ()O)qt);q , (26) 
(i\s-;\~)'«(\s+i\d\); S)O, where 

s,t=1,2, ••• ,q ,<:1. =(q+1), ••••n.J 
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and further 

n~/ =RÇ(Lst-Lt+ q s+q·) ,1CLst+Lt+q s+q); 0",,-8 < t v's;> O.> t ,
l t' s t' s 

(Ls , t+qt- Lt, s+qs ) , i (Ls , t+ qt+Lt, s+qs) ;. s , t .> OV 0<. s ~-t 
V O <.. t " -6 } (31 e ) 

) 

g~1 =Rt( Ls s -Ls+ qs' s+qs) ,i (Ls s +Ls+qs' s+qs) 

Dl b)(LS,_(S+qS)-L_S,S+qS), i(Ls,_(s+qs)+L-s,8+qS)} I 

, =R{(Lts-Ls+q t+q)' i(Lts+Ls+q t+q) ; o z s «, t V s,>O.>tne s' t s' t 

(Lt,s+qs-LS,qt+t), 1( Lt, s+qs+Ls ,qt+t)	 ; S, t /0 v' O<:. s <:-t 
'v' O "- t <. -s } , (31 c) 

where s,t= ~1, ~2, ••• , :q. 

rII. The cese e". 

For this cese n=2q+1 end the formulae in this cese are ~ull enalogi
cal as in the case o'. We introduce only the formule e for ne" 

o 
g(r end n ()" • 

n~1/ =Rt(Lst-Lt+qt,s+qs),1CLst+Lt+qt,s+qs); o c s c t v s;>O >t 

(L t+q -Lt s+q)' i(Ls t+q -+Lt s+q); s,t.>O \I'O<::s<.-t s , t 's 't' s 1/ Oc t '-.-s ()2e) 
1• (L +L s+q)' 1(L.. -L s+q)' s > 0s ,rA 01" S ~ ,r/\ "", S j 

g~'1 =R[( Ls s -Ls+q s~q)' 1( Ls s +Ls+q s+q)' 
t1 s' s s' s 

()2b)(L -(s+q )-L_s s+q ),1(Ls -(s+q· )+L_s s+q ), iLg(d1s , s ' s ' s ' S ~\ 

" =Rt(Lts-LS+qs,t+qt), l(Lts+Ls+qs,t+qt) , OL..SL t V S) O'?tne 
(Lt,s+q -L q +t), i(Lt s+q +Ls q +t); s,t )01/0") s >-tss 't 's' t O I.. t {.-s ()2c) 

(~ , s +Ls+qs'o( i, 1( Lo( , s - Ls+qs'O\) ; s"1 O} • 

where s,t= ~1,~2,.••• ,~q end d..~ ~n. 

Dimenslon of the subelgebras g~ end h~ ere charecterist1c velues .	 o: Ll. n.ll of the glven r-eaL form ge .For the automorphisIllS , U q' O' we get 
from (23 b), ( 24), ( 28b), (2 ge) •	 • 

8f 

·1
 

t
 
li 

o dlm glfJ dim h~ 

Oi n(n-1) n 
~ 

()'I n(n-1) ~ 
tiq q(2n-q) q 

A comperlso~ o!these results wlth e 11st of the reeI forms so(2n,C) 
ln book /2/ p.85 lmplles e followlng theorem. 

Theorem: The elgebre g()" go" ere lsomorphic so *" (2n) end the elgeb
res ge ere lsomorphlc so(q,2n-q) for eny q=1,2, ••• ,n. 

I q 
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BypAHK. ti. E5-86-451 
KoHCTpyKqnH pasno~eHHft HsacaB~ n TpeyronnHNX pasno~eHHft 
AflH BeiJieCTBeHHbiX cilopM anre6p JlH so(2n, C) 

ITocTpoeHhl pasno~eHHH HBacaB~ H Tpeyronn~e pasno~eHHH 
AnH Bcex BellleCTBeHHNX ciloPM anre6p JlH so(2n, C). MeTOA KOHCTpyK
qHH OCHOBaH Ha BbNHcneHHH B HBHOM BRAe aBToMop$HsMOB KapTaHa, 
npn llOMO~ KOTOpb~ onpeAenH~TCH BeiJieCTBeH~e $0p~ ani'e6p~ JlH 
so(2n, C). 

Pa6oTa BbinOnHeHa B na6opaTOpHH TeopeTH'IeCKOH $H9HKH OJUIH:. 

Coo6weHHe OOJ.erume!Dioro IUIC111T}'Ta liJlepllloiX xccnenoBaHBii • .lly6Ha 1986 

Burdik c. E5-86-451 
Direct Evaluation of the Iwasawa and Tri~ngle 
Decompositions for the Real Forms of Lie Algebras so(2n,C) 

The Iwasawa and triangle decompositions for any real 
form of Lie algebra so(2n, C) are given. Construction of this 
decomposition is based on the explicit calculation of the 
Cartan automorphism with the help of which the real forms 
of Lie algebras so(2n,C) are defined. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR • 
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