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1. Introduction

Various noncompect orthogonal groups(algebras)have arisen in the stu-
dy of physicel problems; such €s De Sitter Groups 0(3,2) end C(4,1)
playing en importent role in relstivistic cosrnology, the Lorents
group 0(3,1) which is of obvious cruciel importence in relstivistic
physics, the 0(2,1) group figuring in Pegge pole theory ernd finelly
the conformal group 0(4,2) pleying en cver increasing role in per-
ticle physics, especislly et very high energies.

The unitery representations of.such groups era ell infinite dimensi-
onel, end no generasl theory for them exists.

// and triengle /2/ decorpesitions of such 8lgebras ere
the starting point for & construction of these representetions. Also
in our method‘of constructing skew-Hermiteen boson reslizetions for
an arbitrery real semisimple Lie £lgebre we use these decompositions.
Explicit forms of this decomnositions hsve been constructed by meny
euthors for perticuler exemples of these Lie elgebres. The ususl
indirect method for evelustion of the Iwesewe decomposition of & non-
compact semisimple Lie slgebrt invelves seerch for solution to cer-
tein §1mu1%eneous eigenvulue type equetions; for deteils see the book
by Hermenn /47 Cornwell 7%/ uses the frer thet for eny two Certsn
subalgebres, there exist sr inner sutomorphism which meps one into
the other for the construction of this« decomposition. Tiis inner

The Iwasewe

sutomorphism, however must be guessed for eesch perticulsr cose.

The present paper gives the Iwesews snd trisngle decomposition for
eny reel forms of Lie slaebres sc{.n,C) ir. & much more simply wey.
For eny real form of the elgetra s~(2n,C) we construct the Carten
eutomorphism end explicit form of this =zutomorprhism ther specifies
the decomposition directly. Orgeniz:ti.n ~f the psper is the fcllo-
wing. In Section 2 , we d~scribe in generel terms the construction
of the decompositions in the cese when the Certan sutomorphism which
gives resl forms is defined explicitly. For the elgebres so(2n,C) we
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Lic algebras so(2n+1,8) is triviel.

.

give explicit forms of the Curten sutomorphism in Section 3. In the
lest sectioh, these automorphisms will be used for construction of
the Iwesswa and triangle decompositions. The modification for the

2. The Twesaws end trivngle decompositions

Chapter 3,g)3 of Zhelobenko ar.l Stern
: Let E be & semisimple Lie slgebra. We

|
! {H“...,Hn} is & besis in b
. {h,E?k} = o (h)Ey
[E Eg] = Tan Bxen (Man = Nogs
\ B(EQ,E_A) =
| where B(.,.) is 8 Killing form on Z.
| Using tnis Carten-Weyl bosis of 7 we
) ping on ¥ by

‘f"(ﬂi) = =Hy

"F(E«) - for 81l 46 A-

0
'
<]

real form corresponding to
gy ={xed y(X) = x}
is compsact.
9% =1

9_,‘\}’
gth) =

y- o

=]

1f O is a Carten automorphlism on §,

Z as a set for

gg={xed; 69 = x}.

. In this section, we heve given & brief survey of the Iwasaws &nd
triangle decompositions. We followed Chepter 5 of Helgasson and

denote by ﬁ a Cartan subalgeb-

ra % end by A tre root system of g with respect h. Any semisimple
Lie slgebra hes & Certen-Weyl basis {Hyyeoo)H By 5 o el}} for which:

(1e)
(1b)
for d +A8c Al (tc)
(1d)

n)

can define an antilinear mep=

for 121,2,...,0 (28)

(2b)

This mepping is the involutive artilinear automorphism on E end the

(3)

A linear sutomorphism is called a Carten sutomorphism if

(48)

(4b)
(4c)

then 0 defines the real forms of

(5)

——

With the help of the Certen eutomorphism @, we cen construct very
simply a Carten decomposition of gg

&g = 83 @& gg , where (68)
gy ={regg 5 OO = Y) ) (6b)
P - . - -

gQ {Iege y Q(Y) - Y}' . (60)

is e meximel compect sublegebrs in the slgebra

The subalgebra 32
is a complementary subspace to.g% with

8¢ and the subspace g%
respect to Killing form B(.,.).

Semilarly we put
hg ={Xek, Oy =x] (70)

and then we have

hg = hg@h%  where (7b)

t

hg ={Yehg, OO = ) (7c)

ne ={reng, H(D =-t}. : (7d)
The h%; is a moximel commutetive subelgebre in g% .

. P )
Now, 1et{H‘,...,Hq} be & basis in hyy end further 1et{in+1,...,iHn}

be & basis in hg . Then {H,,...,H } is & basis in R. BY A, we
shall denote & system of positive roots with respect this basis.

For any oe¢ A we define

o(G(H) = a( O(H)) for any He h. (8)
After performing the following eesy celculetion

[ 1 o)) = olom, E | =« 8(H) (E) (9)

we become that 0(9 i{s 8lso the element of A .
Using this fect we mey define

+ . ] .
Py ={a; den, ata’] (108)
71*'9 = Zf@‘* , 7 =?!;/1 8g (10b)
Ae [
s .



a Tarmn

"ﬁg Zg ng =ﬁ;nge (10¢)
o(ePg

) where g% = C{E*}

gy ={Yegg s [H;nB]= 0} (104)

and we get the required Iwesawa and triangle decompositions of the
real form 89 at last

ge gz [} h% @ n+9 (Iwasawa decomposition) / (118)

o
3. The Carten sutomorphisms of Lie algebras so(2n,€)

+ o - }
Ny @ gg ® g (triangle decomposition). (11b)

The algebra so(2n,C) is the n(2n-1) - dimensional complex Lie algeb-
ra with the standard basis [Lij; 1,3 #1, +2,..., ﬁn} the elements
of which obey:

= <L . 2
Lyj = -Lj, 4 (12)

and the commutation relations
[LiJ’Lk]] skl T 5111'1(3' - Sj,-lLi,-k + 51,-1:1'-1,3' . (13)

The stenderd Cartan subalgebra % in g = so(2n,€) is generated by
"diagonal" elements {Ln; i=1 2,...,n} its dimension, i.e. rank of
g equals n. We will use the following Cartan-Weyl basis in g

=L . (142)

Hy = Ly

Lygs 0¢i<k (14b)

L
Fagh \I4n-4 1k 0 By 14n-4

1 1 .
E Z — E = s 0<¢i, k. (14¢)
ai+7\k Mr——‘4n_4 i,-k * -(Ai+}k) ‘[——M 1,k ’ ’

The relations (13) imply that (14b), (14c) are the root vectors cor-
responding to the root + (); -A.) and  (A; +A,) because for

H(;(‘,...,,\n) = 7;:‘ "iLii we get

(B2 ees20) oLy ] = (4g=R) Ly, for 0< i<k, eto. (15)

For the root system we get

A= {£Q-A), 1R 0< i,k en,d £k} - L8
Then the equality

=g £ AR) = A £3y) (7

implies thet in this case the mapping (2a=b).equels

W) = Ly - (18)

For eny q=1,2,...,n we define lineer meppings Gq on g in this wey:

Bq(Lst) =Ly . < (192)
0L, ) = "L, s > 0y(L, ) = “Ls _a> (19b)
0qfLy,a) = Lyp (19¢)
where s,t= +1, +2,..., +q 8nd  o,4 = +(q*+1),c.., +n.
For n=2q even we define further
i
Q(Ls)t) N LS"'qs»t"'qt ! (202)
i ) ¢
Q(Ls,t+qt)=Ls+qs,t ) 9(Ls+qs't)=Ls,t+qt , (20b)
where s,t=+1,+2,..., tq &nd Qg = q-s8n s,
and consequently for n=2q+! odd we define
Olrgy) =
(LSt) = LB+qs’t+qt ) (218)
o 1
B(Ls,t+qt)“1‘s+q3,t ) G(L*’*qs:t):Ls’“qt , (21Db)
o, ) = -L ', )=t 2
Sy S+qgy A ’ 8+qg,4 T Vs,d (21e)
Ul
QL ) =L s _(210)

where s,t = +1, +2,..., +q 8nd &= tn.
Theorem: Thh lineer mappings 9’, 9',’ @q ere Carten automorphisms on é’.

Proof: One cen by direct celculetion varify thet the conditions
(42-c) are fulfilled.



4. Explicit forms of the decompositions

Using the method deseribed in Section 2 end explicit forms of the

sutomorphisms &, &, @q

equelities
P+ Px) = X+ P (X)
PUX-L Y (X)) = 1X-1p(X) for eny Xe¢ &
O(x+ G(Y) = Y+ O(Y)
g(x- 6(Y)) = - (¥- 6(Y)) for any Ye &g

which are the direct consequence of the definitions (2e-b) end (4e-c).
The celculetions of the decompositions are simple and we carry only

finel results.

I. The case Qq; Q=1,2,e44,N.

For & subaelgebre g; and subspace gg we get
q

q

Btg TR{(Lgy~Lyg)s (Ly ~Lag )o1(Lyp +Log )
(Ls¢+LS,_d\)-(Ld”s+L_o"s),1(Ls,d‘-Ls’_bz+i(I&
0 .
59q=R{(L *Lg, (L L o)L L,
st ts)}
where S,t= +1,...,q 8nd o ,4 = *(q+1),..., +n,

We put

{LH,...,qu}

a basis in a subelgebre hg end
q

{1Lq+1’q+1,...,iLnn1

in & subalgebra hg .
q

For a set of the roots PB we get

q

C R ={RgmM) (Agray)

q .

(AS-A‘*),(AS+P&‘,\-) ; S>0, where

8,t51,2,404,q ,og=(q+1),...,n.}

6

O¢s &t and

418

S-L-d,s)}

5,41 (L L

)

on so(2n,C) we shell construct the Iwasawa
and triengle decompositions. By the construction we will use following

(228)
(22b)
(22¢)
(224)

(23a)

(23%b)

(24)

(25)

(26)

and fprther

+

ny = CR{LSt ; 04s¢ltt,

q

(Lyg *Lg, g )r L(Lg, "Ly ) 5850}
an = R{Lst ; Ors >t

(Lgy *Lg,-s HIgy Ly o) s<0}/
gl?q - 'R{LSS’ (Lgp ~Lag )» 1(Lyy +L gy )}'

. ’
The cese & n=2q.

For a subalgebra g;, and & subspace gg, we heve
b= R{(Lgy-L ) = (L -L )
39’ st t+qt,s+qs- ts s+qs,t+qt ’
H%v%mvﬁ%)+u%;%myu%),
L -L + -
( 8, t+q, t,s+qs) (Ls+qs,t Lt+qt,s) ’
i(Ls’t+qt+Lt’s+qs) + 1(Ls+qs,t”'t+qt,s‘)}
g = B{(Ly-Ly, ) + (Ly-Lg, )
2] s Qy,S5+qg ts s qs,t+“qt
i(Lst+Lt+qt,s+qs) - i(Lts+LS+qs,t+qt) ,
(Ls,t+qt'Lt,s+qB) - (Ls+qs,t-Lt+qt) ’
i(L +L - 1(L +L
( s,t+qt t,a+qs) ( s+qs,t t+qt) }.

We put

{(L1 17Lge1,qe1) e ees (qu"l?q'ﬁq)}

a basis in & subalgebrs hz,

end in 8 subelgebra ht,

0

EY TR TS PR 1 zq)}

For 8 set of the roots P’

9[

we get

(27e)

" (27D)

(27¢)

(28a)

(28b)

(292)

(29b)

t e . . Ty
PQ'_[(AS—N)'(Rt?qt-hS*‘qs)’ O{S(t, (As"&))({‘l‘t,,qt'.‘ls.._qs)) S,t?O)

‘(As-(\t*qt); s,t> 0, (AS+Atfqt)

»=(B4=244q )3 043¢t ],

(30)



T e TN e A

and further

= - ; tv t
ng “R{(Lgy Lirqy,svq,) 1L (Tst Laqy,avq)) 3 048 €t V702,

(L -L ), (L +L ) ;.5,t>0V0<s -t
t+ t,3+ s, t+ t,8+q
e 5 e B Voctems} (310)
)
o _ _ X .
89‘ -R{(LSS LS"‘QS’S"‘QS)’1(L35+LS+QS’S+QS) ’

(Ls,-(s+qs)—L-s,s+qS) ' 1(Ls,—(s+qs)+L—s,s+qs) } ' (31b)

= - ; O tvs,>0>t
¢ RSl(l‘ts Ls+qs,t+qt)’ 1(I"r.s+1‘=a~“'qs,’f-‘fﬂ.t) P 04sct Vs 202t
L ) 3 s,t >0V 0<s ¢-t

(L -L ), (L +
t,s+ s +t7? t,s+
»S+qg 1Q¢ »S8+Qg \/OLt(-s}' (31¢)

s,qt+t
where s,t= +1, 12,..., *q.

III. The case 8".

For this case n=2q+! and the formulee in this case ere full enalogi-
+
cel es in the cased’. We introduce only the formulee for ngr

ggu and D e

+
n

= - ; O <t vs>0>t
o’ R{(Lgy Lt+qt,s+qs),1(Lst+Lt+qt,s+qs), (s <t Vs> ’

(L <Ly ouq )s L(Lg 4,0 *Ly g4q )5 SHt 20 V 0<s -t
S)t+qt t,s Qg S,l+qy »3%Qg V0Lt cms (328)
- 0
'(L39ﬁ+L0\’5+qs)’ 1(L3’V\L°&-5+QS) » 87 }
o - - .
8o R{(Laglgrg seq.) 21 Pas arq,, o0,

2b
(LS,_(S+qS)-L_s's+qS),i(LS’_(s+qs)+L_s’s+qs), 1LM} (32b)

1(Ly L y » OcsctV sy o7t ,

ng: “R i( Lts‘-Ls"’qs ’ t*‘lt) ’ s+qg,ttqy

(L -L Y, i(L + +L +t); s,t >O0VO0>s>-t
t,s+qs S,qt+t t,s Qg S»Qqy 04t c-s (32¢)

(L, _+ ) ;syo}:

i(L
A8 L8+qs)¢()’ (0(

DS-LS"’qsm\
where s,t= +1,+2,...,tq and o= #n.
.

Dimension of the subalgebras g% and hpe are characiteristic values
of the given reel form gg .For the automorphisms o, &q’ 6’"we get
from (23b), (24), (28b), (29e).

e —— e

D p
(] dim 89 dim hg
" | n(n-1) ’2’-
"1 n(n=-1) n-
64 q(2n-q) q

A comperisor. of these results with & 1list of the real forms so(2n,C)
in book 2/ p.85 implies & following theorem.

Theorem: The salgebres Bg' s 8gn 8re isomorphic so*(Zn) and the algeb-

res gg are isomorphic so(q,2n-q) for eny q=1,2,...,n.
q

References

1 Iwesawa K., Ann.Meth., 1949, v.50, p.507.
2 Zhelobenko D.P. end Stern A.I., Representetions of Lie Groups.
(in Russian), Nauka, Moscow, 1983.
3 Burd{k &., J.Phys.A: Meth.Gen. 1985, v.18, p.3101.
Hermenn R., Lie Groups for Physicists. Benjamin, New York, 1966.
5 Cornwell J.F., J.Math.Phys., 1975, v.16, p.1962.
Cornwell J.F., J. Math.Phys.,1979, v.20, p.547.
6 Helgesson 8., Differentisl Geometry and Symmetric Spaces, Ace-
demic Press, New York, 1962..

Roocoeived by Publishing Department
on July 8, 1986.

9

—




Bypaux Y. E5-86-451
KoHCTpykuuss pasmoxeHwuit UBacaBW H TpeyroIBHHX PasNOXeHUH
Ons BemecTBeHHLX dopM anre6p Jlu so(2n, C)

HNocTpoenn pasnoxennsa HUpacaBu M TpeyronbHHe pasiioOXeHus
IUIs BCeX BemeCTBeHHWX ¢opM anrebp Jlu so(2m, C). MeTon KOHCTPYK—
IMH OCHOBAH HAa BHYUCIEHHH B SABHOM Bune aBroMopdsismoB KapraHa,
NpH NMOMOMM KOTOPLIX ONpeNesfnTCA BemecTBeHHHe dopMu anre6pwm Jln

so(2n, C).

Pa6ora BumonHeHa B JlaGopaTopux TeopeTHYecCKoi dmauku OHIAH

CooGimenne OGLEIHHEHHOrO HHCTHTYTE AficpHRX Hccnenosanmi. lly6xa 1986

Burdik €. E5-86-451
Direct Evaluation of the Iwasawa and Trigngle
Decompositions for the Real Forms of Lie Algebras so(2n,C)

The Iwasawa and triangle decompositions for any real
form of Lie algebra so(2n, C) are given. Construction of this
decomposition is based on the explicit calculation of the
Cartan automorphism with the help of which the real forms
of Lie algebras so(2m,C) are defined. ,

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna 1986




