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1. Introduction 

A number of physical problems ranging from an attempted relativistic 
extension of interneI symmetries in particle physics, ~hrough the 
spectrum-generating noninvariance (or dynemicel) groups for "C18ssi

\ \ cal" quantum - mechanical systems, to the lebelling of stetes in 
nuclear shall theory are more or less responsible for interest in and 
a deeper knowledge of the properties of unitory irreducible represen
tations of noncompact Lie groups. 

.f ~ 

,{, \ , J.1\' l', 
\~' , The Iwasawa /1/ decomposition plays the cruciel role in the construc

l ~ " 

(íl. tion of infinite-dimensional unitary irreducible representations of 
these groups by the induced representations method./2/ 

Also for our method /3/ of constructing skew-Her~ite8n reelizations 
r, ,;;, , for an arbitrary real semisimDle Lie algebra the Iwasawa and tr1" 

I. angle decomposit1ons are a start1ng point. 
,,~' 11 

Expllcit forms of this decompositions heve been constructed by many . 
xl, Authors for particular exemples of reeI semisimple Lie algebras. The 

• :tI ............~.......-~
 usual lndirect method for eveluation of the Iwesawa decomposition of 
l.,j

~ "p, t -.-.~._-- 8 noncompoct semisimple Lie elgebra involves search for solutions to 
cert~in simultaneous eigenvalue type equations; for details see the 

•1 book by Hermonn /4/ .
I 

The othex method has been formulated. bv Cornwell fj /. It is besed 
on the cononlcal form of Lie algebre and on the fact that for any'two 
Cartan aubn Lgo bras there exista an inner eut.omor-phãsm which meps one 
into the other. This inner automorphism, however must be guessed for 
each p5rticuler case. 

The present pape r gives the Iwasewa decomposltlon for real forms of 
Lie algebros sp(n,~) in a much more simple wey. For any real form of 
the algebra 3p(n,~) we con~truct the above-mentioned Certan automor
phism bnd expllclt form af this 8utomorphism the~ specifies the de
compositions dlrectly. Organisation of the peper is the followlng. 

s;' r 
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In Section 2, we describe in general terms the construction of the 
decompositions in the case when the Cartan automorphism which gives 
real forms is defined explicitly. For the algebras sp(n,~), we give 
explicit forms of the Cartan automorphism in Sect10n 3. In the last 
section, these eutomorphism will be used for construction of the Iwa
sawa and triangle decompositions. 

2. Tbe Iwasawa and Triangle Decompos1tions 

In this section, we have given a brief survey of the IwasawB and 
triangle decompositions. We followed Chapter05 of Helgasson/6/ and 
Chapter 3, e3 of Zhelobenko and Stern /7/. 

Let g be a semisimple Lie algebra. We denote by h a Cartan subalgeb
ra g and by 11 the root system of g wi th respect h. Any semisimple 
Lie algebra has a Cartan-Weyl ba s í s [Hl, ••• ,H E", ; o/, ~ ll] for which: n 

{ H1 ' ••• , R } is a bas í s in h (1 a)n 
[h,E"J =ó-(h)E~ (1 b) 

[E~,E~] = N~r.. Eo{+8 (N",,~ = -N_d, ,-13 for do +1} t Ó ( 1c) 

B(Eci\ ,E_d-) = 1 , (1 d) 

where BC.,.) i8 a Killing form on g. 
Using this Cartan-Weyl basis of g we can define an anti linear map
ping on g by 

Cf CRi ) -Ri for 1=1,2, ••• ,n (2a) 

Ip(EoI. ) -E_~ .for a LL d.. E A (2b) 

This mapping ia the involutive antilinear automorphism on g and the 
real form corresponding to r 

g'f ={XE-g; \fJCX) = x] () 
is compacto 
A linear automorphism is called a Cartan automorphism if 

e2 
= 1 (4a) 

e·'f=lf'·(} (4b) 

e(h) =h . (4c) 

If ~ is a Cartan automorphism on g, than edeftines the real forms of 
g as e set for 

2 

ge =tX t:: g; (). 'r (X) = X} • (5 ) 

With the help of the Cartan automorphism e, we can construct very 
simply a Carten decomposition of ga 

ga = g1@~ , where (68) 
tge ={ YE gg ; (}(Y) = Y} I (6b) 

gP =LYE ge ; 8(y) =-Y]. (6c)8 

The subalgebra gó is a maximal compact sublagebre in the algebra gB 
and the subspace g~ is a complementary subspace to g~ with respect 
to Killing form B(.,.). 

Semilarly we put 

h& =[X €oh, (}'lf'(X) X} (7a) 

and then we have 

he = h1 mhP 
G where (70) 

hb = {Yf-he , e(y) = Y} I (7.c) 

h~ :: fYt he ' e(y) ::-yJ. (7d) 

The h~ is a maximal commutative sublagebra in g& .
 

Now, let{Hl , ••• ,Hq}be a basis in h~ and furhter let{iH + , ••• ,iH 1
 
q l n 

t } ~be a basLs in he . Then { Hl , ••• '~n is a bas í s in h. By 11+ we 
sha11 denote B system of positive roots with respect to this basis. 

For any o( r: Ó we define 

o<8(H) = o( ( e(H» for eny li E h.o ( 8) 

After performing the following easy calculation 

[H, @(EoI.)]= e[8(1), Eo(] =d.( 8(H»)8(Ed.,) (9) 

B 
we get that o( i s a I so the elernent of!J. • 
Using this fact we moy define 

P~ =fd. i ~ E: ~ + ,r7.. 1 ~ ti} ) (1 Da) 

a 



.....+ E =_l_ Ln(} L:.g~ , n + 
g = n+ n g () 

(10h) E =_l- L ' i O<i ( 14d) 
P

27\ i V2n+2 i , -i -2~i ~2n+2 -1, 
e 

The relations (1) imply that (14b)', (14c) and (140) are the root vec,.J

n{) 
[ g -~ , ne = -n- {\ Se ) (1 Oc) 

tors corresponding to the root ~i - Ak' ;'li+ i\ k and 2 (li because+Pe n 
"I for H( À 1 '.·.,À ) = }(\i Li' we get 

. 
where gei.. = C{E",1 n t=l 1 

IlI: Jo (10d)ge = { Y E g e ; [ Y,h~] = oJ [H(i\r'··· ,i\n)' Likl = Oi -Ak)Li k, etc. ( 1 5) 

and we get the required Iwesawe and triangle decomppsitions o~ the For the root system we get 
real form go et lest 

6 =[!(~i-Ã.k)'!(i\i+i\k)' :2(\ ; O <i,k<n, i ~ k}. (1 6) t P +ge ge e;J h e (fl ne (Iwasawa decomposition) (11 e) 

+ o - Then the ,quality(triangle decomposition). (11 b)ge -e (1) Se @nB 

- (Ài ~i\) = (~k t.i\) ( 17)3. The Cartan Automorphism of' Lie AIgebras sp (n. (l ) 

The elgebra sp(n,~) is the n(2n+l) - uimensional complex Lie algebra 
implies that in this case the mapping (2a-b) equals 

wi th the standard bas s {Li j; i, j = ! 1, ! 2, ••• , !. n 3 the elements 
í 

o~ which obey !p (Lik) = -~i • ( 18) 

sgn i (12 )= -EiE j where fiLi j L_j,_i 1 We define a linear mapping e'on g in the bas í s [L i, j=:l , ••• ,!,n }
i j; 

= -L·and the commutetion reletions Bc L i j ) j i (19 ) 

and further we define for eny q= 1 ,2, ••• , [ ~ ] linear mappings () q on 
g in this way: 

[Lij,~J= ÓjkLn - &il~j + €ifj~-l~,-i -éiEjc\,-kL-j,k' (13) 

~ N 
The standard Cartan subalgebre h in g = sp(n,C) is generated by the 

"diagonal" elements{L ; i = 1,2, ••• ,n;Jits dimension, i.e. rank of 9q ( Ls t ) = Ls+qs,t+qt ' eq(LS:qs,t+qt) :;;; Ls t , (20a)
i i g equala n. We choese the following Cartan-Weyl besia 

) - L~q(Ls,t+qt - 8+ q 8q (Ls+ q t) = Ls t+q , (20b)
s,t s , , t

(14a)H1 := 'Li i e (Ls "') = .J 

q '''' 
-L

s+qs' V\ , 8q ( Ls +qs ' rJ.,) = -Ls,rJ",' (20c)
1 O<,i<k ) (14b)E =-'-L E_~1+~ := V4n+4 ~i"i-.\: f4n+4 ik e (LJ s)q (1'1, -Lo(, s+qs Bq(~,s+qs) = L~,s ' (20d) 

E =_l_ L E~ :=.-J--L- i-\; f4ii"+4 -k,l; O<1<k ) <14c) {) (L ) = L ...J •.. ;\i+~ V4n+4 i,-k 12q d:., f!> .... , "" (20e) 

where s,t = :1, :2, ••• , :q d.., f'J =!(2q+l), ••• ,!n and qs=q sng s , 

4 5 



Theorem: The linear mappings 
,

9, eq are Carten autornorphisms on g. 11. The case Oq' q=I,2, ••• , [.~] 

Proof: One cen by direct calculation verify thet the conditions 

(4a-c) are fulfilled. 
For a subalgebre g~ 

Oq 
and subspece g~ 

q 
we get 

4. ExpIicit Forms of the Decompositions 
t 

g e 
q 

RJ(Lst-Lt+ q s+q)
l t' s 

- (Lts-Ls+ q t+q) 
s ' t 

Using the method described in Section 2 we shall construct the expli i(Lst+Lt+ q s+q)
t' s 

+ i(Lts+Ls+ q t+q)
s' t 

, 

cit forms of the Iwasawa and triangle decompositions for the real 
forms of the Lie algebra sp (n,C) which are defined wi th the help . 
of the automorphisms 8, e q • By the oonstruction we will 

use following equalities 

J: (Ls t+q -Lt s+q ) + (Ls+ q t-Lt+q s) , 
, t ' s s' t' 

1{Ls t+ +Lt "'+ ) + i(Ls+'q t+Lt+q 8) 
, qt ," qs s ' t ' 

(25a) 

(LS,J..+L~,s+qs) - (L.,(,s+Ls+qs'~) , 

lp(X + tf(X) = X + ljJ(X) 

lf (iX - i r(X» = iX - i !f(X) .: 

8 (Y + e(Y» = Y + 8(Y) 

for eny X f:: g 
(210) 

(21b) 

(21 c) 

i(L~ ~-LJ s+q ) - i(~, s-Ls+ q ~) 
... , "" s VI , S ' '" 

(Ld,.~ -L~d--.)' iCLcIIl\ +L,;~ ) J I 

, 

8(Y - 8(Y» = -(Y - 8(Y». for eny Y E; ge (21d) gP
Gq 

Rt(Lst-Lt+qt,s+qs) + (Lts-Ls+qs,t+qt) 

which are the direct consequence of the definitions (2a-b) and i( Ls t +Lt+qt, s+qs) - i (Lt s+Ls+qs' t+qt) 

(4e-c). The calculations af the decampositions 

carry only final results. 

are simple and we (Ls t+q -Lt s+q ) 
, t ' s 

- (Ls+ q t-Lt+q s)
s' t' 

. (25b) 

I. The case 9' 
i(Ls t+q +Lt s+q ) 

, t ' s 
- i(Ls+q t+L~+q s)

s' t' 
, 

For a subelgebre g~, end a subspace g~, we heve (Ls,o.-+L~,s+qs) + (Lç("s+Ls+qs'd-,) 

t 
gO' = IRtLij - Lj i ; i,j = :1, :2, ••• , :n}) (220) 

1{Ls Ó\-L..,J s+q ) , V\, S 
+ i (L.../ 

"'" 
s-Ls+ q -J)]

s'''' 

In this case a sube Lgebr-a ht'=O a nd t ne set[Lll'~2, ••• ,Ln,n} f'cr-m 

' 

(22t ~p = ~-tLij + Lj i; i,j = :,1, :,2, ••• , :,nJ.go' 
We put 

{(L11-Lq+1 ,Q+l)' ••• , (Lqq-~q,2q)J (26a) 

a bas í s in h~1 • 1'~or 1-8 V.L til T" :.;~.,-c t Le :';lÍ.<> be s í s we Get 
a basia in 8 subelgebrú h~ and 

q 
p+ 
9' 

={À i -!K,;ti +,\, 2Ai j iZ k , i ,» = 1,2, ••. ,nJ (2) 

{ i( LI 1+Lq+ 1 , q+1 ) , • • • , i ( Lqq+~ ~ , 2q)' i 1.2q+1 , 2 q" 1 ' ••• , i Lnn } (26b) 

and this imp11es consequently that 

81ld 

n~, 

n e, 

gs' 

= R {Lij,Li,_j,Li,-i 

= R {Li j' Li , _j , Li , -i 

= h~' 

; 

; 

i<. j 

i) j 

i,j=1 ,2, ••• ,n 1J 

i,j=1 ,2, ••• ,n J 
(248) 

(24b) 

(24c) 

~ 

~l 

i~ 
+For e set of the roots Peq 

Pe :í 0s-i\), D;.+q 
q l t 

in a subalgebro h~ . 
q 

we get 

-fs+q ) 
5 

O(s<t I 

76 



(~s+"t), O,t+qt +(l.s+qs) ; s ;>0. , 

O,s -Iqt+t) , O's + \t+t) , 

O's-)..cJ-.),i\~-,(s+q ; s>O where 
s 

s,t=1,2, ••• ,q end rJ...= :t2q+1, ••• , :tn } 

end further 

nO. =1R{(Lst-Lt+qt,s+q ),i(Lst+Lt+ q s+q) ; O <s <t V s;> Olt 
q	 s t' ::I 

(27) 

(Ls,t+qt-Lt,s+qs),i(Ls,t+q/Lt,s+qs);o 8,t;> O VOZ s (-t 1/0 <t <-s, 

(Ls,1:I.. +~,s+qs)' i(Ls,~ -L~,s+qs); S) O} ) (28e) 

o
 

g Bq=~[ (Ls s -Ls+ qs' s+qs) ,i (Ls s +Ls+ qs' s+qs)' L ~ -L 15 o( ,
 
dt i(Lol.l!l +L13 J. ) ' 

(Ls+ q -s-L-s s+q ), i(Ls+ q -s+L_ s+q )J ) (28b)
s '	 's s' s , s 

nõ.q=~f(Lst-Lt+qt,B+q)' i(Lst+Lt+ q s+q) ; O>s.>tVs>O>t 
s t' s . 

(Lt+qt,S-Ls+q t), i(Lt+ q s+Ls+ q t)· s,t >Ov'O<.s<-tv'O<.t .(-8
s' t' s') 

(Ls,./. +L.J s+q ), .i(L ..L -L
J 

+ ). s <O 1 (28c),v, '", s· s , '" "" s qs) J 

where s,t = :t1 , :t2 , ••• , :tq end q,8 = :t(2q+1), ••• ,! n. 

Dimensions of the subelgebres g~ end h~are cheracteristic values 
of the given reeI form ge-. For the eutomorphisms e, e we get 

qf'rom (22 b), (25b) and (2 6e ) 

o dim g~ dim h~ 

fi n (2n+1 ) n 

8r 4(n-q)q q 

A comperison of these results with e list af' the reeI forms sp(n,~) 
in book /7/ p.85 implies a f'ollowing theorem. 

Theorem:	 The algebra ge' i5 isomorphic sp(n,~) and f'urther the algeb

ras geqare isomorphic sp(n-q,q) f'or any q=l,2, ••• ,[~]. 

8 

Conclusion 

In the present paper we give the explicit form of' ~he IwasaWB end 
li	 triangle decompositions for the real f'orms af Lie algebras sp(n,~). 

AIso for the real forms of complex Lie algebras gl(n+1,~) these decom
positions have been obtained (see our paper 8).Tne results for al

\1	 gebras Bn and Dn will be presented in a forthcoming paper. 
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