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The problem of explicit construotion of aolutione to equatione 
of motion of claeeical Hamilton ayatem with N degrees of freedom 
and N independent involutary conetant of motion can, in princip
Ie, be solved with the use of tbe Liouville theorem/1/. However, in 
pract1ce, tbe Liouville reduction allows the solution of rather simp
le problema, and tbe integration of equations of motion usually requ
ires the searcb for "roundabout tl ways, for instance, the construction 
of extra constants of motion on tbe baeis of a certain dynamic 
symmetr,y. This also concerns tbe class of integrable syatems/2 , 5/ 
deecribing tbe motion of particles interacting in pairs tbrough 
tbe potential V(JJ in an externaI field W(JJ • In the particu
lar case W(f) ~ o coneidered in detail in /2/ effective methode 
bave been found for integralion of the equations of motion for alI 
admissible potentials V(~) 

V(f) I ~1 2 (1& )C& 

V(f) = 3'-;~/'f (1b) 

V(~) ~ JI. ,1J(f) • (1c) 

where ~(~) ia the Weieratrassion elliptic function. In cases (18, 
b) tbe problem W&S aolved by several metbods /2/, wbereas for tbe 
potential (1c) tbe problem turned out to be nontrivial, and it W8e 

solved by introducing a spectral parameter into tbe Lax repreaen
tation and furtber uaing the metbods of algebraic geometry14/. 

Note tbmt in searcbing for tbe methode of integration of equa
tions of motion of particlea with interaction of type (1) allowed 
the authora of /J/ to oonneot tbeir trajectoriee witb motion of 
poles of singular solutions of nonlinear evolut1on equationa. 
Th18 connection Vae uaed in ref./6/ for integrating equations of 
motion of particles w1tb interaction (ia,b) in tbe nontrivial ex
ternaI field 

ulOJ= r,~4 + Yt J!.'" f!oi (2 .. ) 

W'(~) -.::. '(t clt"I +- r.. .yf.ts + ÕS d 1.1· (2b) 

However, aolutione bave been found only under certain in1tial con
ditiona and conatrainta on tbe interaotion par.metere, tbe moat 
1mportant of wb1cb are ti ~ O end at c: o 

Probably, the beet way for constructing a general aolution 
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is the introduction Df a spectral 'parameter into the Lax representa
tions for systems with interaction (1a,b -2) and application Df the 
methods Df algebraic geometry like those developed in /4/. At preeent 
it is yet unknown how to realize even the first part Df the programe 

In this note, we shall consider the most simple case Df motion
 
Df two particles interacting through potential (1a) and being in the
 
field 'of a symmetric anharmonic 'oscillator,
 

w(~) == i (A! '2. ~ 8) z., (J) 

We shall show that for arbitrary values Df the parameters A, B 
and 8~ there exists a class Df aolutions Df equations Df motion 
os systems Df that type containing two arbitrary constante and de
pending on time via the Jacobi elliptic functions: it is not of ne
cesaity to introduce the restrictions rl'<: o and #&~ o indispensab
le for the method Df ref./6/ . 

In what follows, we shall assume for convenienoe thBt 
(without 1008 Df generality in virtue Df (3». The Hamiltonian Df 
the considered system has the form 

to~ to ['lo 'lo oz. '2.]
H=.fL.:±-fZ. + ~r.. + i CAlCtt-g) .,.(AlC1. i-i?» , (4)

2. (xt-Xe)
 

Here p~ and Xi are momenta and coordinates Df particlee.
 
By uaing the Lax repreaentation for system (4) it ia not diffi 

cult to write the second conatant Df motion:
 

1'l.= \~~+';~~12., (5 )
 

where 9
 

'l. It -l: 
~,,= Pl pz. - (Axl i-1S )(I\lCz. +t;) - ("',-"t.) 'l. 

.h P,CA~L H~) ... Pa.(~~ ~~) ,2. 

From (5) it follows that 

it «, +i.~'Z) = \ ~ (~l -+ ;. ~~ ) (6 )
 

the factor S being real. By a direct calculation it can be
 
easily verified that s=2iüC.I+X,'1) ; setting !(+~~2.=IQLe we may
 
express the coordinate Df the centre Df msss Df particles in terma
 
Df the derivative Df angle e with reapect to time:
 

)(\ ~ 't'l. = :A (7 ) 
, .Lu.

(here'kfter u s a:.:t ). Uaing alao the equation Df motion 

2 

.(PI"f&~=-2.A["I(A~+8)" K~(Ax~+P.l)] an the relation following from 
(4,5) 

.• t • t 
1{\(+]COs9) =, «I. -t ~ C'lt"-,,LJ'Z. (8 ) 

we arrive at the equation only for the angle e 
111. 

1,9Ef-'!.ijt.+iAgé'l.+ ~4 t 14Ar.(~+lGO~e) :: O, (9) 

Note that alI aolutions Df equationa Df motion may be conatructed 
from aolutions to eq. (9), but the inverse atatement is not valido 
So, eq. (9) ia not a result Df the reduction Df equationa Df motion 
on the baaie Df the known in~egrala (4) and €5). Nevertheleaa, ae 
it will be shown below, with the help Df (9) it ia poeaible to 
find particular solutiona to theae equationa correaponding to a cer
tain choice of initial conditiona. 

'2,.We lower the order Df eq. (9) by the aubatitution e _ ~te) 

which gives the following equation for ~ 

~~L-~cà)'l.-tt1"'&?-+ t~= -24(A~Cf{+Ic.o~9)· (10) 

It may be verified from the right-hand aide Df (10) that the follo
wing aolutiona 

t '&.. 'l.
 
~(9),= I{A (,(\+'I<.t.) '= 6 = ~ ....~Ul~e
 

(11 ) 
aatiefy that equation under the condition that .\ and ~ obey 
the nonlinear syatem Df equationa 

(>,- gA&)~ - 'ttALI 

()."rs'Â~)!.- 'lt-'f-;: 64 A~c!''t. - gbA%.4 • 
(12 ) 

ThU8, the time dependence Df the coordinate Df the centre Df 
meea Df particles can be found by integrating equation (11) and 
then uaing (7). From (8) and (12) we may obtain al~o the relative 
coordinate aa a function of the anele a 

(X,-lCL)'L::. 4~L (, 'A+jtAfb -t t'eo~e). 
(1) ) 

However, as hae been noted above, not each Df aolutiona Df 
(9) ia &seociated with a trajectory Df the considered ayetem. This 
may be verified by aubstituting (13), (7), (11) into the equationa 
of motion tor the ooordinate Df· the centre of maBa and relative 
coordinate. The first Df them holda velid for all values Df the 
parametere ~ &nd ~ • The aecond ia to be written in the 

'3 



fonn 

IA..~ - i ~ It '" i 2.~ {A4 - lA.'l. ( '!.~~ LI. + 4' A8) , 
(14 ) 

where the following notation is used: 

(4Az.r'U. .. ('K,-'td'Z., (4AIZ) - 1 \I ... ('I(\"'~z) t. = ~ t-rCose' 
(15 ) 

Equality (14) takes place only in the case when the constants
 
~ and ~ are related by the condition
 

Hz..~'!.Ae" •r-,z" .... !O+UA-g)'Z.- (16 ) A+ 4 AB 

Note that the sign of parameter ~ can always be chosen 
posi~ive. Since t"'l. > O J not a L], values of the parameter ). are 
permissible. Condition (16) restricts the set of values of the 
constants of motion t 1-1 I 15 for which solutions to the equations 
of motion have the form (11), (13). On the other hand, having const
ructed sqlutions in the form (11), (13), we may parametrize them by 
one c onet ant >. instead of 'I and \-\ • Note also that, accor
ding to (11), (13), the obtained trajectory satiafies the simple 

relation 

x. '(to :1 l~A t (À -to 4 Ag) . (17') 

The second constant spacifying the obtained solutions should be 
found integrating the first-order equations (11). 

ij'ow let us determine the intel"val of admissible values of À • 

Apart from the inequality t(.\"'ll.A~\'Z.> U:-+'::~ following from 
(16) there should hold the conditio~s for the right-hand sides of 
(11) and (13) to be non-negative. For ~?O this gives tbe following 
constraints on >. 

À i z, ~ ~ - 4 AB • 
(18 ) 

whore AI is a negative root of the equation (~+4A&)t..(2A8-A):.2l(,~t.A1 

This root does exist and does not exceed -4AB for any values of 
the parameters A)S!., Btl'O and , consequently, the set of admissib
le values of {)j ia not empty (at ~=Q ).\ '" - '-CSt.A<\/3). By suba
ti tuting ~ .... +~ 9'2. equation (11) is reduced to the standard form 

~ t. = ~ (oH Cf t.)( ~ ~ ~ 4~) o 1 <i )..1-t'" o • (19 ) 

Values of ~ from the interval (18) satisfy tbe condition 
r>l~l ,which allows us to write tbe solution to (19); 

.l .. ~ = I~ C~( '1 (-l-to) \~), ,
0'2. ~r-À ~t '2-t' (20) 

where c..n(LL\ ~2.) ia tbe Jacobi ellipticcosine wi th modulud ~ 

Together with condition (18) expression (20) completely determi

l 
nes, in accordance with (11), (13), solutions to the equationa of 
motion dependent on two parameters A and to 

li· 
Wben ~c:. O ,tbe value for A may also vary in the interval 

(18) that exista for any A) B and 3'Z. • On the condi tion that 

4i-t.~ E:.B~ 
~ 2~~ (21) 

there may exist another type of motion. The paramete~ A is also 
allowed to vary inaide the interval 1',..:.). ~ 1''l.. ,where 3:, and 
~L are positive roots of the equation 

l.(Ã ... tbA')t.C.\ +-4 ..... ~) :. .t1H'. ~~ A i 
s 

not exceeding - .(bAB • According to (17), both the particles 
are localized in one of two potential wells of the anbarmonic oscil 
lator (A!2.+LS) t.. ; since in this case À> r- ,the solution to eq , 
(19) is of tbe form 

-t" ~ = sc( ~(t-~)\.!:t-) 7
O f. ~ ~ , ,,~~ 

where SC.(U\\l:.z)=$h(lA\k.2.')/Ch(14,~2) • From (21) it is seen that 
this type of motion occurs only in tbe case when the cbaraoteristic 
energy of' repulsion of particles in the well ( '" fito 375 ) is signi
ficantly smaller than tbe heigbt of the well ( ~ B7~ ). 

Thus, we have found particular solutions of the equations of 
motion for a two-particle system with Hamiltonian (4) dependent on 
two arbitrary constants. These solutions exist for ,alI values of 
the Hamiltonian parameters. In conclusion we notice tbat a similar 
procedure allows also tbe determination of particular Bolutions 
for a more general class of Hamiltonians with two degrees of 
freedom oonnected with semisimple Lie algebras 17/:" 

~ 'L 2. 12. e, 'L. 'l. (22 )f \-1= ~~ -t -t.:-'lo + I~ 'lo -to 1 r(A.xte+8) + (A"i +'&) J 
~ (lCl-"'t) \.~"'\(t.) -a-l!, 
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The equations of motion for Hamiltonians (22) may be written 
in terms of variables ~ and ~ (15) as followsl 

v-V-- t. "L. lU31
1.A« - ü lo ( 3.~+v -t 4"&)
 

\'('Ü,- i lÃ.1. = 12.t~C.A~ - 11.1. ( ~~+\.l + 4.Ag) •
 

(23 ) 
Set~1ng in (23) II

• t. 
u.-J..f+f'(I)s6 I ..r,.J.'l.+~co~6, 9 - A+r- w$6	 (24) 

(" 
and making not difficult but rather 1engthy computations we verify 
that (24) is a Bo1ution of the equations of motion provided that 
the par"~eters x I r, ~t and J..t. are re1ated by 

~ (..I., • .I..~) ': ).- \lA\!:. 

(t't..-..I.h(d.~-.1) = 'l.S6~ e, A1 

(t"I.-cl.~)t<l1.-.\)"'~56811A'\ • 
(25 )
 

Together with tbe positivity oonditiona for expresaions (24) re1a
tions (25) a110w, like in the case ~I~ .. o ,one to eatab1ish the
 
interva1 of feasib1e va1ues of ~ ,one of the free parameters
 
characterizing solutions to equations (23) in form (~4). As
 

~,lt.~ O, these solutione paes over to the equations obtained
 
above. The problem of exp1icit construction of the general solution
 
to eqs. . (23) dependent on four arbitrary constante remains sti11
 
open.
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,D;BYX B3aHMO,o;efiCTBYW~fX qaCTHI..I BO BHemHeM ITOJie 

ES-86-340 

PaccMaTpnsaeTcH rrpo6neMa HaxoJK,o;eHHH aHaJIHTnqecKHX pewe
Hllli ypaBHeHlfll ,D;BIDKeHHH BITOJIHe HHTerpHpyeMbiX CHCTeM ,ll;BYX KJiaC 
Cl!qecKl!X qaCTlll..l Ha rrpHMOll BO BHemHeM ITOJie aHrapMOHH~eCKOrO 
OCI..IliJIJIHTOpa. lloKa3aHO, qTO AJIH BCeX 3HaqeHl!ll rrapaMeTpOB ra
Ml!JihTOHl!aHa B3aHMO,D;eUCTBHH cy~eCTBYWT peweHl!H, 3aBHCH~He OT 
BpeMeHH rrocpe,o;cTBOM 3JIJil!ITTHqecKnx ~YHKI..Illli RKo6n. 

Pa6oTa BbJITOJIHeHa B na5opaTOpHH TeopeTl!qecKOll ~H3l!KH 
OHRH. 
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The problem of finding analytic solutions to the equa
tions of motion of completely integrable systems of two in
teracting particles on a straightline in an external field 
of arr anharmonic oscillator is considered. It is shown that 
for all values of paran1eters of the interaction Hamiltonian 
there exist solutions dependent on time through the Jacobian 
elliptic functions. 
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