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The problem of explicit construction of solutions to equations
of motion of classical Hamilton system with N degrees of freedom
and N independent involutary constant of motion can, in princip-
le, be solved with the use of the Liouville theorem . However, in
practice, the Liouville reduction aliows the solution of rather simp-
le problems, and the integration of equations of motion usually requ-
ires the search for "roundabout" ways, for instance, the construction
of extra constants of motion on the besis of a certain dynamic
gymmetry., This also concerns the class of integrable systems’~?
describing the motion of particles interacting in pairs through
the potential V(%) in an external field W(£) , In the particu-
lar case W(§)=o0 considered in detail in /2/ effective methods
have been found for integration of the equations of motion for all
admissible potentials V(§)

V)= §7E2 (1a)
V@) = §Y/ A8 (1b)
vig) = g2 Pa) " (1e)

where 573) is the Weierstrassion elliptic function. In cases (1a,
b) the problem was solved by several methods /2/, whereas for the
potential (1c) the problem turned out to be nontrivial, and it was
solved by introducing a spectral parameter into the Lax represen-
tation and further using the methods of algebraic geometry 4/.

Note that in searching for the methods of integration of equa=-
tions of motion of particles with interaction of type (1) allowed
the aguthors of 3/ to connect their trajectories with motion of
poles of singulaer solutions of nonlinear evolution equations.

Thizs connsction was used in ref, &/ for integrating eguations of
motion of particles with interaction (ia,b) in the nontriviel ex-
ternal field

W)= 113+ 1e 3"+ 1o 3 (28)

w’(g)—_-r,o&lg*r;%?g *TS%‘!E' (2b)

However, solutions have besn found only under certain initial con-
ditions and constraints on the interaction parametere, the most
important of which are ¥;<0 and 3‘40 .

Probably, the best way for comstructing a general solution
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is the introduction of a spectral parameter into the Lax representa-
tions for systems with interaction (1a,b -2) and application of the
methods of algebraic geometry like those developed in 4 . At present
it is yet unknown how to realize even the first part of the program.

In this note, we shall consider the most simple case of motion
of two particles interacting through potential (1a) and being in the
field of a symmetric anharmonic -oscillator,

Wig)= 4 (A2%+8)". 3)
We shall show that for arbitrary values of the parsmeters A, B
and §* there exists a class of solutions of equations of motion
os systems of that type containing two arbitrary constants and de-
pending on time via the Jacobi elliptic functions: it is not of ne-
cessity to introduce the restrictions y<0 and 3‘40 indispensab--
le for the method of ref.
In what follows, we shall assume for convenience that
(without loos of generality in virtue of (3)). The Hamiltonian of
the considered system has the form

He B2 v ade + hleadre) s (axt Sl @
Here p; and x; are momenta and coordinates of particles,
By using the Lax representation for system (4) it is not diffi-
cult to write the second constant of motion:

1= 1343%.1%, 5)
where*
k3
$o= popy - (eEeR)(AEeB) - A
3, = PCAX AR) + p.(AxyaR),
From (5) it follows that

%t(gc*'i?z) = .‘g(g("ii:) 6)
the factor being real, By a direct cslculation it can be
easily verified that S=2A0q+%) ; setting §‘+i§,_=10‘e we may
express the coordinate of the centre of mass of particles in terms
of the derivative of angle © with respect to time:

8
zA (7

Xy v %, =

(hereafter u= i% ). Using also the equation of motion

FiCpirped = - 2ATXAGB)4 . TAKE 4 )]
4,5)

an the relation following from

u-z - z
2(H+J s 0) = ;&,_’ + % (%q-%3% (8)
we arrive at the equation only for the angle 9

. . . . a4
106 -30%+4A80% + % t 24 A% (H+Teoep ) = )
9

Note that @ll solutions of equations of motion mey be constructed
from solutions to eq. (9), but the inverse statement is not valid,
So, eq. (9) im not a result of the reduction of equations of motion
on the basis of the known integrals (4) and (5). Nevertheless, as
it will be shown below, with the help of (9) it ia possible to
find particular solutions to these equations corresponding to & cer-
tain choice of initial conditions, .

We lower the order of eq. (9) by the substitution ©Z% 4(8)
which gives the following equation for y

i (2 o _9qA .
7#,_—%(%) + 4ARY + % = - 24A%CH+Teoc 0) (10)

It may be verified from the right-hand side of (10) that the follo-
wing solutions 4

yo)= A+ = 8% = A+ peosH

(11)
satisfy that equation under the condition that X and [~ obey
the nonlinear system of equations

(A- 8AR) = 4EALT

(A +RARYE. A% = 64A*R™ - Goaty .
(12)

Thus, the time dependence of the coordinate of the centre of
mass of particles can be found by integrating equation (11) and
then using (7). From (8) and (12) we may obtain also the relative
coordinate as a function of the angle 6 |,

(K%)= x (\Lt.!é_&& + tkenee)
(13)

However, as has been noted above, not each of solutions of
(9) is essociated with a trajectory of the considered system, This
may be verified by substituting (13), (7), (11) into the equations
of motion for the coordinate of the centre of nass and relative
coordinate, The first of them holds valid for all values of the
parameters A and t . The second is to be written in the



form

wil-§ Gt = tegg®At - Wt ( 22 £ dp),
' (14)
where the following notation is used:
@2y < Qu-g)?, (A% Y e ()t = N rpcos e “45)
Equality (14 ) takes place only in the case when the constants
A and n are related by the condition
192q%AY

-4 T _
r\v-_ s(AHbAE) A A AR (16)

Note that the sign of parameter can always be chosen
positive, Since K®*>0 , not all values of the parameter X are
permissible., Condition (16) restricts the set of values of the
constants of motion {H, I}

of motion have the form (11), (13). On the other hand, having const- -

ructed solutions in the form (11), (13), we may parametrize them by
one constant A 1instead of I and H ., Note also that, accor-
ding to (11), (13), the obtained trajectory satisfies the simple
relation ’

xxe = gpt (A7 448) . (1)

The second constant spacifying the obtained solutions should be
found integrating the first-order equations (11).

Now let us determine the interval of admissible values of \ .
Apart from the inequality j—O*lsA%S% %ﬂ;‘f—é following from
(16) there should hold the cond:l.tio_ns for the right-hand sides of
(11) and (13) to be non-negative, For B20 this gives the following
constraints on A

A{cX & - 4AR, (18)

where A, is 2 negative root of the equation (A+4A&)"(8k@-)\)=21(,3T-A1 .
This root does exist and does not exceed -4AB for any values of
the parameters .4,3",8>0 and, consequently, the set of admissib-
le values of {iA} 1is not empty (at B=o A(=—G(3‘Aq)z‘ )e By suba-
tituting g=+39’g equation (11) is reduced to the standard form

.2 + e , A -
‘ it r\_qrc“a)(u;ﬁg ). (19)
4

for which solutions to the equations .

%_e___g?

Values of A from the interval (18) satisfy the condition
p>l , which allows us to write the solution to (19):

{397.. =JE%\\ cn(&(&-to)l%‘?\_)y (20)
where cn(Wi¥?) ig the Jacobi elliptic cosine with modulud X
Together with condition (18) expression (20) completely determi-
nes, in accordance with (11), (13), solutions to the equations of
motion dependent on two parameters A and to
When B<0 , the value for A may also vary in the interval
(18) that exists for any A, B and §¢* . On the condition that

Ag® 32 p
_&3' < 2433 . (21)

there may exist another type of motion., The parameter A is also
allowed to vary inside the interval A, <X < X, , where A, and
3‘,, are positive roots of the equation

:T(,\Hbms)"(:\ +4AR) = 182 g% A 1

not exceeding - it AR . According to (17), both the particles

are localized in one of two potential wells of the anharmonic oscil-
lator (A3®*+8)% ; since in this case A> M , the solution to eq.
(19) is of the form

tyd - e e-wii)

where sc(uik®)=sh(uik®)/cnluik?®) . From (21) it is seen that

this type of motion occurs only in the case when the characteristic
energy of repulsion of particles in the well ( ~ As%a ) is signi-~
ficantly smaller than the height of the well ( ~ 8% ).

Thus, we have found particular solutions of the equations of
motion for a two-particle system with Hamiltonian (4) dependent on
two arbitrary constants, These solutions exist for all values of
the Hamiltonian parameters. In conclusion we notice that a similar
procedure allows also the determination of particular solutions
for a more general class of Hamiltonians with two degrees of
freedom connected with semisimple Lie algebras /7/:

2 < e 12 e T, 2
He Babe s B+ B ¢ Aldet eyt ] (22)



The equations of motion for Hamiltonians (22) may be written
in terms of variables Vv and « (15) as follows:

v d 0t e eeg®at o oz T g

uﬁ-ii‘: msS‘AA— U’(?%%! +4AB)-

(23)
Setting in (23)

Uedy+peas® , U=da+peosd 6"-A+}~ws9 (24)
and making not difficult but rather lengthy computations we verify
that (24) is & solution of the equations of motion provided that
the parameters ), My 4y and 4, are related by

%(d(*lt) = A-SAR
(K- ady(da-2) = 256g% A"
(B-dy)(de-2)=256g'2A% . (25)
Together with the positivity conditions for expressions (24) rela-

tions (25) allow, like in the case 9'*=0 , one to establish the
interval of feasible values of A\ » one of the frée parameters
characterizing solutions to equations (23) in form (24). As

8'*-> 0, these solutions pass over to the equations obtained
above, The problem of explicit comstruction of the general solution

to eqs. - (23) dependent on four arbitrary constants remains still
open, ‘
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BnikoBckuit 5.B., HHosemues B.H. E5-86-340

JUMNITHYECKHE pelueHHs ypaBHEHHH [IBHXeHHST
OBYX B3aHMOOENCTBYWNMX 4YaCTHI BO BHEmMHEM noJe

PaccmaTpuBaeTcs npob6sieMa HaxXOXOeHHA AHAIMTHUYECKHX peme-
HUM ypaBHeHHH OBWXeHHA BIOJIHE HHTEIPHPYEMbIX CHCTEM [BYX Kirac
CHUYECKHX 4acTul, Ha MNpsAMO¥ BO BHemMHEM [10JIe aHrapMOHHYeCKOTro
ocuumiaTopa. llokasano, uTO OnAa BcexX 3HA4YeHHH NapaMeTpoB ra-
MHIIbTOHHAHA B3aWMOeHCTBHS CYNLEeCTBYWT peleHHsA, 3aBUCHAIMEe OT
BpeMeHH NOCpeACcTBOM 3JUIMITHUECKHUX GyHKUHH fkobu.

Pa6Gora BhmomHeHa B JlaGopaTtopuu TeopeTHUECKOH GH3HKH
OUAN.

Ipenpunt O6beNHHEHHOT0 HHCTHTYTa AfepHBIX HcciaenoBanui. JlyoHa 1986

Bykovskij B.V., Inozemtsev V.I. E5-86-340
Elliptic Solutions of Equations of Motion
of the Interacting Particles in an External Field

The problem of finding analytic solutions to the equa-
tions of motion of completely integrable systems of two in-
teracting particles on a straightline in an external field
of an anharmonic oscillator is considered. It is shown that
for all values of parameters of the interaction Hamiltonian
there exist solutions dependent on time through the Jacobian
elliptic functions.

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.
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