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1. A "GEDANKENEXPERlMENT" 

In this note we want to study equalizing process~s in the 
model "n bodies with different heat capacities" (see Alberti/Uhl

/ 1 / )mann from a more conceptional point of v~ew. For this purpo
se we consider the total equalization of temperaturebetween two 
of the n bodies ~ith the following refinement: 

Assume the two bodies are realized as physical systems, e.g., 
as ideal gas, as black radiator, etc. Following an old idea by 
Sommerfeld 121 and s t ud y í ng ~S ~ O in detail one obtains s y s t em
depending algebraic inequalities. For illustrating we give his 
example: 

Let C 1, C 2 resp. T 1, T 2 be the heat capaci ties and t he tem
peratures of the two bodies. Permitting equalization one gets 
the mixing temperature: 

T m a 1 T 1 + a 2 T 2 with a 1 ::	 ~ l 
C 1+ C 2 ( 1. 1) 

2 C2 

Jand a ------ 
C 1+ C2 

Choosing now the bodies as ideal gas*) we have 

T m T m 
C11n-- C 21n 

~s + -- 
T 1 T2 

= (C 1+ C 2) lo T m_ C 11n T 1_ C21n T 2 , 

from which after exponating it follows: 
1 2 

a 1 T1 + u2T2.2: (Tl)ct. (T2)u 
(1. 2) 

i . . 
wi th T ? O, aI ~ O, I aI == 1 I
Next we will p~ove that this procedure is not only intuitively 
reasonable,but also mathematically correct. We start recalling 
Jensen's inequality 

*) The volume and other parameters are kept constant. 

hlJCih'dOmWn KHCnrryr \ 
aI~~B~ ~r.~n~nORa\Uf.Q 

r u,:~ \H_, ":,-,-cU: A. 
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. h' . h 1 / 1 (1 2 ) d 2/ 2 (1 2 ) Wh1C g i ves Wlt q: =" a ,q + q an q : == a q + q just: 

( 1 .3) 1-/ 2 ' 1 q1 2 q2with C1. g (~) +- C2 g (_q_) ~ C g(-) +- C g(--) 
x! :> O, '> O, Lai = 1 C1 C2 C1 C2 

and g (X) concave. 
Now we add to both sídes (n-2) surnrnands:lf S=S(~) were a concave function, everything wou1d be c1ear. 

But from 
C vitL > O 

aT T 
and
 

a2 S
 '1,-1; aev---. o2C 
- T v .2:.. O 

<:aT 2 aT 
it 0~ly fo110ws that S(T) is monotonica11y increasing. Neverthe
1ess, we have 

T o1 >_~~_ = O
 
aE
 (I. 4)and

2a S ·2 aT 
---- = - T . -- < O IaE2 aE 
Rence, S=S(E) is concave and for systems with E(T) ~ T - the 
ideal gas be10ngs to them - the proof is ready. But as one easi
1y checks, Sommerfe1d's method a1so provides correct inequa1iti 

es for other E (T)-dependencies. Th i s resui ts f rom ~-~- > O, i. e. 

E=E(T) is monotone, which guarantees that from T1~_ Tm~_ T 2 

there a1ways f oI Lows E 1 +Em ~ E 2. Taking into account this 

f ac t , th.e concavity of S(E) can be app1ied. SO., we find that 
the procedure can a1ways be traced back - by means of an additio
na1 monotone substitution - to an inequa1ity of the Jensen type. 
The essentia1 point 1ies in using S, E, etc., not as arbitrary 
f unc t í or.s but in the thermodynamic context which guarantees that 
the necessary properties ar€ fu1fi11ed a príori. 

2. TRE. CONNECTION WITH TRE PARTIAL ORDER "MORE C-MIXED TRAN" 

We continue with (1.3): 

C2)g(X m ) C1g(X 1) C2g(X 2.),(C1 + ::: +

. 1 ql 2 q2 m q1 +- q2
ca Ll i ng X =::: --, X = __-s-, and X = -------.-~---

C1 C2 C1 +- C2, 
one ob t a-i ns 

\ 2 q1+- q2 i q 1 2 q 2 
(C +- C ~ ) g(- ".' -.---) > C g (--) +- C g (~), 

C1 +- C 2 - C r C 2 

1 ' 

C
1 
g(--) +-. C g(..<!-2) +- L Clg(~) >

C1 C i=3 C1
 

q 2 2' n· i 

J (2. 1) 
q1 2 q 2 n, i qi
> C1 g( __ ) +- C g (--) +- L C g(--~)
 - C1 C2 i=3 C1 

Denoting the 1eft qi uniform1y by qi' (i.e.,q = (ql,q2,q3
 
... ,qn) and q ' = (q 1/, q2/, q3 ... ,qn)) and demanding - to for

get no one S(E) - the va1idity of (3.1) for alI concave g we
 
arrive at:
 

n i qi' n i qi

l C g (--;-) > L C g(-~-) (2.2)


i=l C1 - i=l Cl 

for alI concave g. But t~is is nothing - as shown by Uh1mann/3~ 
and Ruch, Schranner, and Se1igmann/ 4 / but 

, c 
q .>-- q , 

3. DISCUSSION 

Up to one restriction - see be10w - this argumentation can be 
reversed, and one obtains the {ollO\v~ng impression: Considering 
equa1izing processes it is essentia11y the same if one dernands 
that for one "abstract" system the Fe1derhof functiona1 for alI 
concave g does increase or one demands the increasing of theo~e 
thermodynamic entopy but for alI physical systems. Both kinds 

t 

]t
 
of view have the same physicar-content. In this sense the ap

pearance of alI concave functions in the first point of view
 
reflects the variety of physica1 systems in the second one.There

fore it seems rather c1ear that the partia1 order hard1y can 
be taken as the origin for a new thermodynarnica1 principIe as 
discussed occasiona11y - but on the contrary: in the above "Ge
d ankene xpe r i men t " it appears just as t ha t set of conditions 
which guarantee that the second 1aw of thermodynamics for no 
one physica1 system can be vio1ated. 
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The circumstance that it would be impossible to find for an 
arbitrary concave g a corresponding physical system is not a se
rios counter-argument, since the question wheter or not a phy
sical system "exists" is surely not the one of pure thermodyna
mics. 

Finally, we want to mention that Lesche!5! using informati
on theoretical arguments arrived at a similar conclusion. 
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85-86-231IlJ,uJ:bKa K. 
o 	HepaseHCTse AeHcesa H TepMqAHHaMHKe 

CT8TbR nPeACT8BfiHeT C050H BKn8A B HsyqeHHe COOTHomeHHB MeX
AY STOpt>IM 38KOHOM TepMO,AHHaMHKH H qaCTH'lfIb\M llOPRJt1COM "6onee 

... 	 'IeM C-cMel'l8ITHb1M" tIPH yp8BHHB8lOIllHX nponeccax. C nOMOJIU>IO MMClfeH
HOI"O :nocnepHMeHTa, npeAJ]OllteHHOrO 30MMep(le.m..q0M. H8HAeaa apry

loJeHTaqHfI, COl"n8CHO ltoTopoii QSCTHTIHIiIii: noPB1(Olt nOftBJUleTCB B 'JlliIAe 

iJ800pa YCJlOBHll~ KOTOPble rapaHTHp)'tOT TO, 'ITO BTOpoA saXOH Tep

~AHHaMHKH He MOEeT H8pymaT:bCB HH AJUI RaltOR 4;m3HQecxoA CHeTeMbi. 

Pa60Ta BblHolfHeHa B l1a6opaTopHH TeOpeTII'IecltoA ~3HJ[H 0WlH. 
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Zylka Ch. E5-86-237 
On Jensen's Inequality and Thermodynamics 

This note is a contribution to the discussion on the relati 
on between the second law of thermodynamics and the partial or
der "more C-~ixed than". Using an old Gedankenexperiment by 
Sommerfeld an argumentation is found, according to which the 
partial order appears just as the set of conditions which gua
rantee that for no one physical system the second law of ther
modynamics can be violated. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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