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1. INTRODUCTION

By "accessibility of states" we mean the following problem:
Let & be a state space; ¢* & S, a distinguished state, called
initial state; and ? a class of processes. Next, we look
for the set Z(q*) of all statés which are accessible from g¢*

by an allowed process.
But only a suitable simultaneous choice of § and ?P opens

up the possibility of proving anything at all. For the subse-
quent pair the question above can be answered completely:

LﬁtSESn: ={q:q=(q1,q2r-"rqn)lqi .>.0’
= q'=1, ninite},

i.e., the set of all finite-dimensional probabi-
lity vectors,

and 7 = g,: =l Q(t)]t?_o with
(i) [q(’z)]»_0 t= RT3t - qt) €8x
(ii) ™) T q€"); Yt,t”
with 0<t’<t” and ¢ & §;\3d8,
(iid) 1§m q@t7) = q(t”) 5 vEstTd,

i.e., the set of all continuous ¢ —concave pro-
cesses in the sense of UHLMANN, where the sign

" 5""symb011zes the partial order "more mixed
than with respect to the state e’} see’/L2/,
and also’%/.
To illustrate the latter definition, we should stress that
the solution of a master equation

(+) @s/at)q =Lq,

where L is a stochastic generator fulfilling Le =0 (i.e.,
the, fixed point serves as a reference state), does belong
to 9, which can be found in’Y toa.
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2. THE RESULT

In this note we will mainly present the solution for n = 3.
(The cases 0 = 1,2 are trivial), Using barycentric coordinates
for a convenient geometrical representation one recognizes the
hatched sets in the following figures as the desired regions
of accessibility. As they depend also on ¢ we denote them more
precisely by Z(¢* ¢). In these examples the reference state
should be fixed, here ¢ = (4/20, 6/20, 10/20). By varying the
initial state ¢* one obtains a good impression of the appearing
sets:

q*=(.lf.1 5 1 )

20" 20" 20

The general solution (n X 3) consists in an iterative const—
ruction procedure which generates Z(q*, ¢) after a finite number
of steps. By doing this one also obtains some interesting pro-
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perties of these sets, such as

a) Z(g% c) is a polyhedron.
B) Z(g*, ¢) is star-like with respect to ¢.

y) Z(g%¢c) is nonconvex, in general.

3. THE IDEA OF THE PROOF

We start with a rather physical model: One considers ?eat
transfer between n numbered macroscopic bodies character}zeq
by their heat capacities ¢!> o0, i=1,2,...n. By identlfyl?g
these ¢! with the components of a state one obtains a norm?ll—
zation which connects an arbitrary distribution of the avai-
lable amount of heat among the n bodies with an element of §,..
Next one studies the set of states which are accessible by all



. . . / / . . . _
possible successions of heat transfer between pairs of bo- et with x €[0,1] and 1<k<f gn, see’8/ It is just this genera

dies, where naturally heat is allowed to flow only from the lized version that opens up the possibility of answering the

hotter body to the cocler one. (The temperature of the i-th question for the sets of accessibility in the case of different

body is just qi/ci ). heat capacities. One has to take it - instead of the theorem
Quite a good starting point for such consideration lies in . o? Hardy, thtlevood and Polya ~ as origin f?r the above-me?-

a theorem by Hardy, Littlewood, and Polya/4/,(Theorem 45) which tioned construction procedure, and what remains to be done is

. . .. 1./5/
connects the partial order " & "* ' yith the above-mentioned straightforward because it runs by analogy with’®.
heat transfer. But since it is a result on double stochastic

matrices it is useful only in the case where the reference

state is the equipartition or, in other words, when all heat 4. REMARKS
capacities are equal. Nevertheless - as is shown in/3/ it g . Lo .
can be taken as origin for a construction procedure that leads . We want to stress again that (9%, ¢) is formed by all of
to the set of all accessible heat distributions in this special these processes. For a single one, e.g., for a spee&al equa-
case. . tion (+) one may only say that no state out of §;i\Z{q* ¢ )
On the other hand, recently the following generalization can belong to its trajectory. But even this is a valuable
of this theorem could be proved: piece of information, especially, in 'connection with the fol-

lowing remark.
# Although it seems that solutions of master equations are
typical continuous e -concave processes, there are examples
Let ¢°,q , c€S,, c €35, . of quit? different non-linear evolution equatio?s which’al§$/
., , show this property, as was worked out by Alberti and Crell’ .
(1) t1 2t2>..> t" and t1’ > t2°%..2t0 | Finally we want to mention that our considerations imply

Theoremn

!/

and a stronger relation than ” &= -
, e . Thus we define:
(I1) q¢° = gq. Let q*,q,cc-sn, c &98,.
Then: there exists a stochastic matrix T, with ¢"=Tg and e=Te Then q o= ¢ <% ¢ cZ(q* c ).
that can always be chosen as a finite product of matrices of L . . . .
the type: This relation should be a useful tool for investigating con-
¢ tinuous dissipative motion.
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Usmka X. E5-86-173
Kakye COCTOSIHUS SABAAWTCH [LOCTHXHMbIMH

C moMomblo c—Tpoueccon?

PaccMaTpHBaeTCsi dacTHas MpobneMa AMHAMMYECKHX CHCTEM,
Tak HaspBaeMas ''OOCTHXMMOCTL cocTosanui". Ilog 3THM TepMHHOM
Mbl MOHMMAaeM clenylmee: SBIAIOTCA ITH COCTOSHHA HONYCTHMbIMH HITH
HeT ¢ KAaKoro—To GUKCHPOBAHHOTO HAYanbHOTO COCTOSHHS C IMOMOMbLIO
onpepeneHHOro mpomecca. B 3Toil pafoTe M3yd4awTCsi MHOXECTBA
COCTOSIHUH, MNOCTHXHMEIX C MOMOWBK HerpepsiBHBIX c-npoueccoB. Oxa-
3LIBAETCS, UTO OHM MPEACTABISIT COGOH HEBHIYKIbE MONHIJPH .

PaGora BhmonHeHa B JlaBopaTopuH TeopeTndeckoil ¢usmuxu OUAH.

Coobmenne OGbeMHEHHOTO MHCTHTYTa AepHbIX MccnemoBaHuid. Hy6Ha 1986
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Which States are Accessible
by Continuous c-Concave Processes?
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We consider a special question concerning dynamical
systems called "accessibility of states'". By this term we
mean the problem whether or not states are attainable from
a fixed initial state by a certain process. In this note the
sets of states which are attainable by continuous ¢ —processes
are investigated. They turn out to be nonconvex polyhedra.

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.
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