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1. INTRODUCTION 

In the last decade there is a r~i~!y "increasing number of
papers concerning numerical investigations of dynamical systems. 
One of the most extensively studied discrete systems is the so
-called Renon system/é / given by the following pair of equa
tions: 

2 
A x n x n+1 Yn+ 1 

(H) 
Yn+l :: BXn • 

This is one 'of the simplest nonlinear maps of the plane into 
itself and it appears that it reflects a lot of important pro
perties of dynamical systems. 

If B = 1, then the map is area preserving. In the dissipati 
ve case, i.e., B < 1, the trajectories, not escaping to infini
ty can approach several kinds of att~actors: fixed puints, pe
riodic orbits, different'types of non-periodic attractors 
(e.g." strange, chaotic, stochast-Íc attractors). 

Up to ~ow there is no Aenerally accepted terminology (for 
possible definitions see· 8• 10/ ) . We will use the term 
"strange attractor" for those non-pertodic attractors which 
have sensitive dependence,on initial conditions, i.e. the lar
gest characteristic exponent (Lyapunov eXfonent) is positive. 
Such attractors are called "chaotic" in/ 6 • In the system (IP 
Henon found such a strange attractor for A = 1.4, B = 0.3/ / 
An ·exhaustive investigation of (H) was performed by Simó 9. 

In the study ~f systems of type(R) one difficvlty stems from 
ihe fact that there are divergent points. Thus, for some values 
of the parameter it ~an be even very di~fjtult to find non-di
'vergent points.For this and other reasons from the very begin
ning there were also considered systems cortstrained onto bound
ed regions (e. g., compact manifolds,). One 'possibility is to 
truncate__the system under consi'deration modui'o in, m i8 natural 
number. For a two-dimensional systems this m~~ns, for example, 

. . d	 ' 2 . 2/t h at t h e system l.S constral.ne onto a cartal.n -torus. So, l.n 
Chirikov and Izraelev studied . 

@b1>t}liÜieUH1~!i «HCnfi'fir! 
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, 2
 
<P 0+1 = [ <P o + k (t/J o - t/J o + 1:/6) - l (<p n - r,b O)]
 

<P n+1 = [t/Jo + <P -1:12],o +1 

where the brac.kets [ ] mean truncation modulo 1. For e a O, the map
ping is area preserving and has a stochastic component for seve
ral Y_é!l':J..~§__~~_J!;.J!g._teiI!L'~s~Q.çha~~i-c" is. heJ;e._!l~_~d. ~0.El~~ha~. 1.90
sely for irregular motion which is mixing and has positive KS-en

/ 21.If O < itropy,for details see < 0.1, the stochasticity is de
stroyed and only periodic orbits-appear.Then stochasticity again 
appears at e = 0.1. Thus, there is a gap óetween stochasticity 
in the area preserving case (l == O) and stochas·ticity in the 
'dissipative case (l > O). In/?1 McLaughil~ ob served that this 
behavior found by Chirikov and Izraelev is' not unívers·al,For 
this he studied the truncated Henon system 

x n+1 = [ Yo +1 - A ~n ] means truncation 

Yo+t = [ Bx o]	 modulo 2. 

The figures' in 171 for A = 1.4, B = 0.6,0.9,.0.9995, 1.0 respec-. 
tively seem to show a continuous trans-ition from stochas t c í tyí 

in the area preserving case (B = 1) to stochasticity in tne 
d i ss í.pa t i.ve ~ase	 (B .< 1). But; the figures show that x and Y va;y 
in the int'erval -2 ~ x ,Y s, 2 instead of in O.~ x , Y::;' 2 as i t 
should be if one	 truncates modulo 2. The reas·on may be that 
there was used the standard modulo~function in the machine (de
note í.t. by MOD).	 This function acts as· f ol Lows i 
1. 3 MOD 2 = 1. 3; 2.4 MOD 2 = 0.4; -1. 3 MOD 2 = -1.3 -; ....·2. 4 MOD 
-:2.4 MOD ;::'- 0.4 and so on , In contras·t to this, as· it ís' well'<:" 
known, the usual modulo-function (denote it by mo~) acts in 
this way: 1.3 mod 2 = 1.3; 2.4 mod = 0.4; -1.3 mod 2 = 0.7; 
-2.4 mod 2 = 1.6 and so on. 

Let us remark that in / 21 there was used t he mod-sfunc t i.on , 
But in the literature· the use of MOD can óe found in several 
places (e. g/l,41 h We will denote t he corresponding trun
cated Henon systems by H(MOD m) , H(mod m) respectively.C-lear
ly, these systems are quite different. 

In this paper we investigate som~ special properties of 
H(MOD m) and H(mod m) for in = 1,2 • .So in section 2 a mechanism 
of generation of periodic orb í.t s and s-ome kind of crisis for 
periddic orbits- are described. Section 3 contains some remarks 
concerrrí.ríg t he' ro1,e o f dissipation. AlI numer í.cal cal.cul.a t í ons 
were performed on 'ESER 1061 ·witb.' doub l prec i si.on,é 

2 

2. THE ROLE OF TRUNCATION 

It is well-known that in one-dimensional (d í scre t e ) syst.ems 
there cannot coexist different a t t r ac t ors ,-, while in multi..... 
dimensional. sys t ems even Lnf i n i t e Ly many attractors· can coexisto 
For the Henon system (H) in ./31 and 191 t he r e are given several 
examp Les for the coexí.s t ence .of a t t r ac t or s , It Ls clear. t.ha t 
in general a truncation will change the dynamics and hence also 
the structure of attractors. Let us give an example. 

Table 1 A = 1.0752; B = 0.3 

systém	 kind of attrctdtors chàrctcteristià exp6nent 

(H)	 24-orbit -0.0208
 
strange attradtór 0.'102
 

H(MOD 2)	 same attractor and exponent:s as in (E)

H(mod 2).	 strange attractor 0.73 

H(MOD 1) fixed point (0,0) -0.602
 
H(mod 1)
 

That one obtains the same results for (H) and H(MOD 2) depends 
on the fact that the 24--oróit and the strange attractor of (H) 
are contained in the square -·2.::; x , Y -;;. 2. The corresponding 
domains of attraction are quite different because in truncated 
systems one has no diverg~nt points. We give an illustration 
in figures 1 and 2. They show the domains of attr~ction for the 
systems (H) and H(MOD 2) in the context of table 1. Figure 1 
contains three types of points: divergent pbints located out
s ide the two parabolae, convergent points ins ide' t he parabolae. 
The black points go to the 24-orbit, the "wnite" points (one 
mus t . imagine a lattice) run to the strange attractor. 'Figure 2 
c.ontains only two types of points: again the black points go 
to 24-orbit, while the "white" points run to the strange attrac
toro 

Now we consider the system H(mod 1) for A=I anq vary the pa
rameter B. Then one gets the following interesting set of .perio
dic attrac.tors (period 1 ~eans here the fixed point (0.0»)= 
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Tabl:e 2 H(mod 1) ~ A = 1 

value of B perióds of cóexisting ctttràctórs 

0.002 

1 ~ 3 

0.246 

0.247 

1 ~ 3 ~' 8 

0.263 

0.264 

1 ~ 3 ~ 8 ~ 10 

0.267 

0.268 

1 ~ 3 ~ 8 ~ 10 ~ 12 

0.2694 

0.2695 

1 ~ 3 ~ 8 ~ 10 

0.26954 

0.26955 

1 ~ 3 ~ 8 

0.27D17 

0.27018 

1 ~ 3 

0.2736 

0.2737 

1 ~ 6 

0.27546 

0.27547 1 

Let us add some values of t~e corresponding characteristic 
exponents. 
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TêJ1Jt:~···'3 H(rrrod 1):, A =1 

~piod value of B eharaetepistie exponent 

3 0.002 -1.7339 
0.246 -6:053 
0.2736 -0.001 

8	 0.247 -0.222 
0.'27017 -0.178 

10	 0.264 -0.285 
0.26954 -0.275 

12	 0.268 -0.341 

These orbits are interesting for several reasons. 
1. First of all one may wonder that there is no period doubling 
except the transition Irom - B = 0.2736 to 0.2737 (3 '+ 6)., As it 
can be seen from the characteristic exponents the orbits do not 
succeed to bifurcate before disappearing (the exponent does not 
r~ach zero). They dissappear not by bifur~ation but by quite 
another mechanism. To understand this one has to look how the 
orbits' develop if B ls lncreased. Take for example the 6-orbit. 

Table 4 H(mod 1)~ A = 1~ 6-orbit for different values of B 

B=0.27540 B=O. 27543 . :B::;Q~' 2(.546 

(0.063246~O.275266) (0.062713~0.275362) (0.062184~0.275458) 

(o. 999.513~ O. 062273) (0.999753~0.062220) (O.999991~0.062167) 

We have explicitly given only two poihts of the 6-orbit for the 
different B-values. One see~ that one point (the last in the 
table) wanders to the "boundar yll x = 1. If it goes across this 
"bopndary", the orbit disappears. The same machanism can be 
observed for the other orbits. i.e., the vanishing of the 8-, 
10~, 12-, .•. orbit. But because it is more exactly to consider 
t;he system on the unit tOTUS than on the square, the "boundary" 
x = I is only a fictive one. So the term "boundary cr:Í.s:Í.s"· .for 
this mechanism would be misleading. What really happens is that 

7 



in course of the evolution of the orbit under consideration, 
one point of the orbit wartders into the domain of attraction 
of the orbit with the next smaller period. Thus, one couldcall 
this phenomenon "crisis by capture". ' . 
2. The next interesting point is the question how the orbits of 
period 8, lO, 12, ... ~rise. It seems that alI these orbits are 
generated by t he same ,!!!~çh,ª--l!!sm. To see this, let us give some 
coordínates of orbits explicitly. 
H(mod 1), A = 1, B = 0.268 

8-orbit 

~0.932547,0~071735) (0.010445,0.056024) (0.999612,0.014988) 
,+. I '" ,/, +(0.202091,0.249923) (0.055925;0.002799Y (b.015644,0.267~12) 

'~ 

(0.209082,0.054160) (0.267667,0.004193) 

10-orbit 

(8.929280,0.071816) (0.013509,0.055121) (0.000602,0.014724) 
(0.208254,0.249047) (0.054939,0.003620) (0.014723,0.000]61) 
(0.205254,0.055812) 

(0.999945,0.003846) 
(0.004057,0.267985) 
(0.267969,0.001087) 

12-orbit 

(0.928468,0~071823) (0.014265,0.054893) (0.000832,0.014657) 
(0.209770,0.248829) (0.054690,0.003823) (0.0,14656,0.000223) 
(0.2°f826,0.056218) 

'(°.000008 ,°.003928 ) (0.999987,0.00105Y) 
(0.003928,0.000002) (0.001079,0.267996) 

(0.267995,0.000289) 

Fpr the 8-orbit the arrows indicate the order in which the 
points run through the orbit. F~r the other orbits there is the 
same scheme, i.e., the clusters should be read from left to 
right and within the clusters from above to below. There can be 
seen a surprising symmetry within the pairs of points and withín 
the whole structure of the orbit (3-, 2-, ... 2-. 3-cluster). 
We do not know how this "pa í r creation" carr be expl aí.ned anaIy
ticallY'. 
3. There is a natural question: are there further coexisting 
orbi t s , namely orbits with period 14, 16, ]8, ... ? This is inde
ed the case. In the -.I>.arameter intervalO. 268 '< B < 0.2694 there 
are-cp;ntg. i nedfurther lntervals were õrbi ts ~'I per-iod 14, 16, 18 ap
pear.Up ~o this period we found the orbits numerically,but wé gu
e:,ss that there may be even infinitely many.To find further orbits 
8 
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thát there Imay be even infínitely·many. To fínd further orbits 
numerically-is~díf{iculttask for two reasons. First, the ín
tervals of B where these orbits exist will be very small. Se
condly, the domains of attraction also become very narrow., As an 
íllustration of thís last fact serves the following table. There 
was considered an equally spaced lattice of 2500 initíal points, 
and ít was counted how much of them run to the correspondíng 
orbits: 

Tab"le 5 Htmod 1)" A = 1" B =0.268 

period . numbe,r of attracted points rate (%) 

1 1385 55.4
 
3 625 25.0
 
8 356 14.2
 

10 114 4.-6
 
12 20 0'.8
 

Let us yet mention--t'li'at for the sy;-t~;-H(MOD' 1) there exist the 
same orbits as indicated above. The investigation of the struc
ture of the domains of a~traction leads to the following fact 
which may be worthy to note. A lattice of 10 000 initíal poínts 
(t.he sa:me spacing as for H(mod l ) leads to a l.most exactly the 
same -,rates of points ~onve!'Ei~_t~_E.he co.rresEon_<!i~ attractors. 
The ra,tes are 53.6%{25.9%, ]5. ]%,4.6%,0.~%respectively.Up to now 
we gave examples for values of the parâmeters A and B so that 
the behavior of H(mod 1) and H(MOD 1) was the same. But of cour
~e t~re 1lI:~ -ªl.§o 'y'alu~~which le_ad ~º-EU! t~_ diff ererrt .J~,ehav
íors. For A = 1. 4~ B = 0.3 ·the sys tem H(mod J.) seems to have on-
ly the fixed point (0,0) , but thís could not be proved analyti 
cally. On the other hand, in H(MOD I) there coexist the fixed 
p~int.and an 3-orbit which bifurcates by period doubling: 

Tab l.e 6 H(MOD 1 J" A =1. 4 

va"lue of B period characteristic exponent 

0.316 3 -0.00:3695 
0.317 6 -0.000148 

0.366 -0.003597 
0.367 -0.004508 

12 
0.368 -0.017801 

" '1 

9 



Let us add a remark concerning the question how one can find 
such periodic orbits and follow their evolution. To follow the 
evolution of a given periodic orbit for different values of a 
parameter the best way is to take a point of the orbit corre
spondi~g to one value of the parameter as initial point for the 
next value. This mllst be combined wlth some control about the 
rate of increasing or decreasi~g the parameter. lf nothing is 
known before, one can try to 'lõok for orb í, ts (o r generally for 
attractors) by systematic testing a lattice of initial points. 
This may be very time consuming. But in sys'tems like R and i ts 
truncations one can make use of the fact that for B = O i t chan
ges into a one-dimensional system which can be investigated 
much easier. Then take the parameter value,A near to the value 
in \l1hich we ate interested for the original system and investi 
gate this one-dimensional system. lf one finds some orbit, it is 
very likely (because of continuity) that it will persist for
 
small B. Now one can try to follow the evelution of this orbit
 
as described above changing if necessary both parameters. Re

cently there was described a method for a systematic search of
 
periodic orbits applicable also to higher dimensional systems
 
(cf. 1111 and the .references therein).
 

3. ~rnE ROLE OF DISSIPATION 

As already mentioned in the introduction McLaughlin studied 
the system H(MOD 2) for A = 1.4 and B varying (ram 1 to 0.6. 
There is only one stochastic component (likely a strange attrac
tor) ~or every B under consideration and the transition from 
B = 1 to B < 1 1s continuous. He ciaime~ that this is a conti 
nuous transition from the area preserving to thé dissipative 
case (cf.lntroduction). But the trouble is that for B = 1 the 
map is not globally area, preserving as can be seen from figu
res 3-5. Figure 3 shows the {mage of the sefuare -2 .::; x, y ~ 2 
under R(MOD 2). The regions indicated by the numbers "2" are 
covered twice. Figure 4 is the image of figure 3 (of course 
only the black region) under R(MOD 2). Here the numbers "2" al 
so indicate the regions covered twice. Finally, figure 5 is ob
tained from figure 4 in the same way. Let us remark that while 
in figure 3 there are no white islands, the succeeding figures 
are more and more complicated and foliated. 
In contrast to this, the system R(mod 2) is area preserving for 
B = 1 and has indeed such a continuous transition as de'scribed 
abovel We will return to this point in another paper. 
Let us add some comments on another remark contained in / 7/ . 

There is written: however, for the truncation used by Chirikov 
and lzraelev (i.e., mod 1), the origin becomes an attractor for 
B = 1 and alI iterates eventually falI into its domain of at 
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traction".We tried to verify this. It is clear, that for both 
systems, H(MOD 1) and H(mod I) the origin is a fixed point in~ 

dependent1y of the va1ues of A and B. For H(MOD 1) neither ana
1ytica11y nor numerical1y this cited fact cou1d be estab1ished. 
Theue were tested severa1 initia1 points (not toa near to (0.0» 
with sufficient1y many' iterations. But they did not reach the 
origino 
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For	 R(mod 1) we observed an interesting effect near the or1g1n. 
First remar~	 that for B = 1 the origin cannot be attracting 
since the map is area preserving~ But for A = 1.4, B = 0.9995 
near the origin appears some kind of pulsation. This is illust
rated by the	 following computer experimento We have plotted 10 
successive	 histogramms of 10 6 iter~tions of an initial point 
in	 any histogramm.' For the first histogrannn the initial point 
(0.5, 0.5)	 was used. In each of the following the last point 
of	 the preceeding 10a interations serves as initial point. Fi
gures 6-9 show the,lst, 3rd, 5th, 6th histogrannns respectively. 
In	 ~ll the further histogrannns the points never carne so near 
to	 (0.0) as in the 5th histogramm. Moreover, the histogrannns 
show only	 the part O .~ x ,Y -;:;, 0.1, but the points are dispersed 
ov~r the whole unit square. Thus, we could not identify any at 
tractor in	 this case. It would be interesting to give an expla
nation of	 this phenomenon. 
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HsyqaeTCH rroBeAeHHe rrpOCTb~ AHCKpeTH~ AHHaMHqecKHX 
CHCTeM, rronyqeHHb~ pa3HbWH 06pe3aHHHMH MOAenH XeHOHa. C no
MO~om qHcneHHb~ 3KCrrepHMeHTOB HaHAeH HOBhlH THIT HCqe3HOBeHHH 
rrepHOAHqeCKHX op6HT. TaK~e 06CYEAaeTCH rrepeXOA OT CHCTeMbl, 
AnR KOTOpOH rrno~aAo COXpaHReTCR, K AHCCHITaTHBHOH CHCTeMe. 

Pa6oTa BbmonHeHa B Jia6opaTOPHH TeopeTHqecKoH cPH3HKH 
omm. 
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Timmermann B., Timmermann W. 
On the Truncated Herron System 

E5-86-145 

The behavior of simple discrete dynamical systems, gi
ven by several truncations of the Herron map, is studied. 
With the help of numerical experiments a new kind of disap
pearing of periodic orbits is described. The transition from 
the area preserving case to the dissipative regime is also 
discussed. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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