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I. Introduction 

More than twenty yeara passed from the moment when Lorenz /1/ 
has discovered strange attractor of hia system with the he1p of the 
numerical computation by computera.For that time the Lorenz attrac­
tors were obtained for many other systems of nonlinear ordinary diffe­
rential equations/2-4/ by the numerical oomputation alao.The poasibi­
lity of using the Lorenz attractors for turbulence investigation 
leads to intensive numez1cal and theoretica1 research of the attrac­
tors /2-8/ • Be6ides~the numerical solutions of systems of ordinary 
differential equations are initial informations for further ~nvest'i­
gations. However the Lorenz attraotors are insteady solutions of 
systems ofordinary differential equat10ns and the Lorenz attractors 
oalculated by their differenoe sohemas oan be strongly differed from 
their original Lorenz attraotors. For this reaoon the e1aboration of 
the highly exact method for the numerioal computation of the Lorenz 
attractors of systems of ordinary differential equations is the 
subject of this work. 

It i8 8hown that most of syatems of ordinary differential 
equations having the Lorenz attraotors belongs to the class of bi ­
linear dynamical systems, the general form of which is the fo11o­
wing 

X :: Ax + .B (X,X) I (1.1) 

,A E: Rnxn where .:x:.E Rn and BCx,X-) i8 a vector-column of 
n quadratio forms 

yt n. Lj

B (X,X) L o Brx,:x
r 

i=1 J=l J 

(B1 E R Y"= i"", n), 

In general the right part of systems of ordinary'differentia1 
equations' having Lorenz attractors i8 an analytioal function and 
they can be répresented in the forro 

@b1J.eJliüJt."i.l..:JÜ tmC1ttfji~ 
r:"l"l,';',',;t''1';'' ~~I"''''''H\t~jf'Jt'':ln<'1:ll\!\ ' 
~~,,",.ooI.t:... t..__\ .... _!;,..jt.vrJ~~ . 

(..1 ;l' H~iC1TEKA 
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M
~ 0(1, ... /o(KXr ::.2: L..-J a.r Xo(t . Xo( K (1.2)o • 

1<::;1 0<:1= 1'0'" n 

c(K. =(ol~-1), ... , rt 

S1+ ' .. -tSK = m 

'( a~1./",o(K E. R ; ,..= 1., 'o., n ) . 

For any initial oondition the Cauohy problem aolution of system 
(1.1) or (1.2) oan ba axpanded ~nto power serias. It tol+owe from"ana­
lyticity of the1r right parte In this work the method for the nume­
rioal oomputation of the Lorenz attractors of the systems with any 

aoouraoy degree is elaborated on the basis of expanaion o~ the 
Cauchy problem solutions into power series. In partioular we shall 
ahow that.the numerical solutions in Lorenz'a diBOOV9r,y/1/ being 
Lorenz attraotors o~ his d1fferenoe Bcheme are not those of Lorénz 
system o~ differential equations. This toetifiea that the origi­
nal Lorenz attraotors of systems of ordinary differential equat.ions 
can be obtained only with the help of grounded oaloulat1on methoda. 

2. Computation algorithms 

For any point X E R
rt

. at the moment t E R the Cauchy problem 
solution <.pc-i:)::. EX:- of sys t em (1.1) or (1. 2) oan be represented by 
the veotor o~ power series 

oo 
• cp(t+ 't) = .L c., (-1:) 'l'm , 

m=o 
where Cm. (-O is ~ n-dimensional vector of ~aylor aoefficients 
em (t) =«; (t) / ' .. , c;:' (f) / .. " c;::' (-/;))'1' • By Lnduo t í.on' on m i t is E:'lasy 
to show that the veotor ~~or coeffioienta Bat1sfi~s the follow­
~ recurrent equat1on79,:o 

c.m+ i (1;) =_!- (Acm (f) +j'(CK C'!-)7 e _ f·V) Jm Km+i ~ 

(2.1)
Co (i) t: Cf(t) = X } 

n, n- rn , 

.A- CC, (.{.) ,em -K (i)) =~ L, L ô 
l!c~ (.{-) c~_ }(.l~) r'=1/ ... ,n. 

l=1 j= ~ 1<=0 _ 

Choosing an'integration step ~ and a length L of the appro­
x~ating polynomial we have the follow1ng system of difference 
equations 

2 

L 
<:p(-t+w =L cm[-ohl11. -t = o,h,:dt,l .'. (2.2) 

me o 

Then systems of recurrent equations (2.1) and (2.2) put together 
the algoritbms for the numerioal computation of the Lorentz attractors 
of system (1.1) with any acouracy degree with the help of correapon­
ding ahoica of the length L 

The simple method of ~rror check of computation of. the Lorentz 
attractors is gradual increase of the length L • For example, we 
wish to calculate N points of the attractor, the relative error 
of computation of every po1nt 1a not greater than d> O • Then 
we must cho os e the length.L such that for any other length 
L>L 1(<P~{i-)-Cf[·oj/q>'(f)1 <: t for alI t= 1,2, ••• N, where 
'P/Cf) and <P (i) are solutions calculated by ~ -approximation 
and L -approximation respectively. The method needs a lot of times 
of calc~lation with various length of the approximating polynomial. 

The other method, which allows one to investigate the er~or of 
computation with every length L , is studying the behaviour· of the 
deviations ~ (-U from the Gauchy problem solution by applying a 
small perturbation ~(O) at t=O. If <fiCO) = X then the initial 
perturbations em «» (rn= 0,1,. L) of the coefficients em CO)o o I 

are determined as em [o):: (*11"'1(0)- c.rn(o) , where ~(O) 

and CmCO) are the coefficients of the power series at points 
X"",: ~(O) and X r-espe ot í.veâ.y , We represent system (2.1) in 
the form 

x(,h· i) = P(Xli» , (2.3) 

where X(i) is (L +i ) x n, dimensional vector 

o (;([lJ)Co [~) I I F
C1.L-U h (X(-!:)) 

Xl~) =\ c~(.u , F CXCi)) =- I fm°((t)) 

CL, (-/:) FL(Xc+J) 

L m 
FoCXco) = .2: CmLt)n
 

m::o
 

Fi (X{fJ) = AÇ-o CXctl) t-J(f (Xo(.f))) 
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Fm (X(~)) =~ (A Fm-f CXlf)) +f CFK (X({.}) J. F _ -I< (x rf»))m i 

FL (XLi)) =t (A ~l-! (xw)+f (FK(xu·»)/ f L _! _I< ex W}) 

The behaviour of the deviations ~m(~) from the Taylor 
ooeffioients CI'\'\ Lf) is defined as 

9(.t) =Ft 
(X(o)+~(O))- f~ eXro»). 

Beoause of small amplitude of eeD) we oan use linear appro­
ximation. Then from (2.1), (2.2) and (2.J) the deviations ~~) 

from the Lorenz attraotor Cf li) are determined bY' the following 
system of equations 

9 (++iJ =: GliJxJOtO,	 (2.4a) 

7}Lf) =D·(Hf))	 (2.4b) 

'ôF(X) 
where G-(t,X.)= (~ ), is the Jaoobi ma.tr í.x with the 
ooeffici~nts X=X{fJ 

l).l-f 
GmyL-O= fi. ~m_1Lf), (fim =1, ... , L+O	 (2.40) 

Ayn (-lJ 'are (nx)=-matrices defined by the following reccurent 
equation 

,1 n, n n.. I'Y\ 

.Yt' { (\' Yci. \' \' .'. • ~ • 1tt Ol+ 4. (-I:) =tt;-~ LAro(d (fJ+LL 1BlJ'cl'(f)Ct{f)+drcf) Cl{.I:J)) (2.4d)
• + oi: i m._._ . r- K m-1( m -K J< 

.	 Li.. J- l K: o . 

()I,i= 1., ''', n.) 

JOl-t) = I (identity matrix) 

(2.4e)D .= (1 h.)( n I O) . 

So system of eq~tions (2.4) describes the behaviour of the deviatiom 
~~) from the Lorenz attraotor by applying a small perturbation 
~(~ and oan be used for ita error oheok in oomputation prooess. 

Generalizing the results for sY'stem (1.2) we obtain the analogo­
us :oomputation algorithms. The Taylor ooeffioients L~Hl of the 

4 

Cauohy problem solution Cflt) = s: of system (1. 2) are detennined by 
the following recurrent equation /10/ • 

M 
0(1, ...,o(}( "'1 aOe.Cf" (-{J=_l_ ~ I c\,., C. (-I::J ... C li)

lI1+i rtI+!	 L, Si s#(.
 
lC:,-i
 oI.i= i,. ", f1, 

oLK =~I<-l), .../(1. 

Si+ ... +$(= m , 

The m~trices of coefficients v{~(+) in sY'stem (2.4) are defined 
by the algorithm 

jl" M 
oIL o(K ZK ..J~ (~,)-! Q'l 0(1(J ({J=:.1... '" I t{ ... '"'' A lt) C ('H) C (+) ... C Cf)
 

1\1+1 "'t-~ L
 , - S<r Só SI SI( 
K=f O(l=!, ... ,!l 6'=1 

otK::: (c{/<- t), "', rt 

Si'fo ... -tSK==tJ'1 

J. Lorenz attractors 

. The computation algorithms given in the prev10us paragraph per­
mit to calculate the Lorenz attraotors of systems of ordinary d1ffe­
rential equations with any accuracy degreo due to choice of the 
length L of the approximating polynomial (2.2). For their illustra­
tion now we represent numerical solution of Lorenz system 

.i = - ()X +6y 

~ = rx - ~ - oi'Z	 (J • 1) 

i -= -b:z -+.r~ 

by the algorithms for the same data, with whioh the strangeattrac­
t or-s havê been discovered by Lorene , that is 6' = 10, r = 28, 
1:> :: 8/), 'iCO)::; i , "t(Cl}=- o , Xeo) = o and n=: O,oi • 
We wish to computate the first six thousands of points of the Lorenz 

a.t t rac t or wi th the r~.la:tive error smaller than 10-6• The computation 
has been realized bY' computer EC 1061. 

The Taylor coeffioients c., = ( c.; I ct , C~ )'1
 
of the solution of system (J.l) are determined by the recurrent
 
equat10ns
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ex ! ~ ~ 
!h+i HJ ;;;. n"H! (- ~Ch1 ti) ~ </em HJ) 

In 

c'f (+) ~ ~ (r C~ (f) - ct Cf)- Z C;[f) CC (.0) 
l'l1H. m·d. J:=o . /'h-K 

~ m 
Ctn 1.(-t-) =.-!.- (- bC~ (i.) + Z é~ lf) c.t, _/( Cf») .~ 

+ 1'h.t1 K= o 

~r' 
The coeff1c1ents J rn (t) of sy-stem (2.4) are def1ned by- the 

reourrent equat10ns 

.,rx d. ' JX'X X'/'
Cl (·V:: - (_f5'Vl H) T ~oi (f»)

n,+! OHl m rYI 

r~~ -i xx x'J ~ xs: r .x xe )1)
c;lrntA (.(.) z: - [rd (f) - J ({;) _ ~ (d «»: (f) + C.... lOd (f-) / 

"L mil 111 m K m -k "" m-« 
/(=0

l't\ 
J'xr d. JXl 'Çf ,xx If X":1.';j'~ 

Gtl'h l('{-) =-(-btLmef)+L, (tt (-{-)C (-{-)+C (·l:Jd (f»)
+-1 llH·<i • k=o K. m-:" /( m-J;: 

d.~ (·0 =J:..- (_6'ti~Jt(t) +6'J~ (.1:))
mt! 11'H~ ... 

J?t;1 (.0 = ~ (rJ~X(~:)_ d:n({-)_ f (J~~+)c: Ket)-I- C;ll-)cL~l ir)))
m+! m+4 rh ll1 K=o K - -k 

d~i l.{-) z: _1 (_JJA.~lU-)+ Z cd'IXtf)c'f (f) +C.t({-)c! ~~ Cf))) 
P'14! m+~ m. "=0 I( fh-l( t( "'-K 

J-l1: HJ =- _i (_6'd.i~(+) + 6'clr lj Cf)) 
~ti mtJ h1 m. . 
l~ Xi c'J m.. v: 2"l \)d.. ({.)= 3- (r'd. ifJ - el {.tJ_ ". (d Cf)c.l. (f)+ CXtf)d ...... /Clt»))
1l1+-i h1+~ rn m L /( m-/( "- ,H­

m.. "'=0 , 

d~l 1(+)= ---.L (_.I>c!r~lt) + .2, Cd.XKl:a.)c'J (f) +rX:(+)d~ Cf),))
"'.~ ln+1. '" K=O /'h_I( 'l::. K 

T.ne oomputat1on results have shown that for the length of the
 
approximat1ng polynom1al L = 20 the relat1ve error of the f1rst
 

-6 .
s1x thousands 1terations 1s smaller than 10 • The oompar1son oí our 
exaot oomputat1on results w1th the Lorenz computat1on results /1/ 
1s represented in table 1•. In 1t we see that thé error of the first 
thousands 1nteract1ons of the Lorenz oomputat1on 1s greater than 0,1 
and smaller than 1. Then 1t rap1dly 1ncreases. The error of ooord1­

,nate.•~ at po1nt t -= 16,43 (1terat1on 1643) exoeeds 1ts absolute 
value. Thus the Lorenz attractor d1scovered in /1/ 18 that of the 

'1. 

6 

( 

system of d1fference equat10ns of the double approximat1on of system 
(3.1). But 1t 1s not the Lorenz attraotor of the Lorenz system C3.1). 

In table 2 the values of ooord1nates x,y and z from numer10al 
oomputat1on w1th L • 10; 15; 20 are represented for comparison. W1th 
L=lO the error of the f1rst 2600 1terat1ons 1s smaller 10-6, then 
1t qu1ckly 1noreases and exceeds the absolute value of ooord1nates 
(1nteract1on 4000) • W1th La15 the error of the f1rst 3700 1terat1ons 
ia smaller than 10~6t then it increaaeS-fast and exoeeds the absolute 

1\ value of coord1nates (1nterat1on 5000). ' 

!! Numer10al ooruputat1on has shown ,that for every L ~ 2 the d1sore­
te dynam1cal system, wh1ch 1s the system of d1fference equat10ns of 
the L-approximat1on of system (3.1), has the Lorenz attractors. 
Although the Lorenz attractors correspond1ng to d1fferent value L 
coincide only in the f1rst 1nteract1ons their charaoter1st1cs of the 
relat1ve maximum of coord1nate ~ 11ttle d1ffer one from another, 
beoause the number of 1terat1ons from the relat1ve maximum to the next 
1s not large (less than 100 1terat1ons ). In table 3 we represent 
coord1nates x,y,z obta1ned from numer1cal computat1on with L~2D 

at 1terat1ons suoh that ~ gets relat1ve maximum for the f1rst s1x 
thousands 1terat1o~s. (the1r error 1s smaller than 10-6 ). 

4. Conclus1on 

,D1screte dynam1cal systems be1ng d1fference schemes w1th d1ffe­
rent degrees of appr~x1mat1on of a system of ord1nary d1fferent1al 
equat10ns can have the Lorenz attractors. Bowever out of 1nstab111ty 
of the correspond1ng Cauchy problem solut1on every of ones oan appro­
ximate the Lorenz attractors of the system of ord1nary d1fferent1al 
equat10ns only in some 1n1t1al 1nterval of time. T,he elaborated 
algor1thms in the work perm1t one to oaloulate the1r Lorenz attrac­
tora in arbitrary g1ven init1al interval of time with any aoouracy 
degrée •.

)J
, 
~ 

J 
--*­
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Table I I
 N ~ l} ·1The comparison of the Lorenz computation results with the exaot 'J:,~ LJ,* 2'- I~!~I 1}I~tl_ll!.:il 
computat1on results of Lorenz system 2412 013.7 008.1 038.9 012.9 008.0 037.4 0.8 0.1 1.5. 

2501 -015.3 -008.0 042.3----Lor~;_;~ti~------Exa~~lill-;;;;'----E;~;-~n~ 006.1 -001.9 033.1 21.4 6.1 -9.2 
N ~lut~_ 2569 011.9 007.6 035.7 -012.1 -004.6 039.4 24.0 12.2 2.7 

____-.J::. 't.... ~ ~~ ~~ lll -J.~-~..J1.:.tl IZ:--~I 2639 012.9 008.2 037.1 008.8 016.1 013.4 4.1 7.9 23.7 
0000 000.0 000.1 000.0 000.0 000.1 000.0 0.0 0.0 0.0 
0045 017.4 005.5 04S.3 017.4 005.6 048.3 0.0 0 ..1 0.0 Table 2 
0107 -009.1 -00S.3 02S.7 -009.1 -00S.3 028.7 0.,0 0.0 0.0 J. The compar1son of the strange attraotors of Lorenz system calculated0168 -009.2 -008.4 02S.8 -009.2 -00S.4 028.8 0.0 0.0 0.0 with different degrees of approximation
0230 -009.2 -00S.4 02S.9 -009.2 -00S.4 029.0 0.0 0.0 0.1 --------------------------------------,­

L "" 100292 -009.2 -00S.3 029.0 -009.3 -00S.4 029.1 0.1 0.1 0.1 :E, "" 15 L ~ 20N -----------------------------------,-­0354 -009.3 -OéS.3 029.2 -009.3 -008.4 029.2 0.0 0.1 0.0 ec Ix*-xl ec l.x~-xl x~0416 -009.3 -00S.3 029.3 -009.4 -008.4 029.4 0.1 0.1 0.1 
0478 -009.4 -008.2 029.5 -009.5 -00S.4 029.5 0.1 0.2 0.0 2604 0.4566 0.45666 0.4566
0540 -009.4 -008.2 029.6 -009.5 -008.4 029.7 0.1 0.2 0.1 3760 0.317Llxl0

I 
0.7Xl0-2 0.3I781xIOl 0.31782xI01 

0602 -009.5 -008.2 029.8 -009.6 -00S.4 029.9 0.1 0.2 0.1 3800 0.96803xIO
I 

0.939xl0-1 0.97743xl01 0.lxl0-3 0.97742xl01 
0664 -009.6 -00S.3 030.0 -009.7 -00S.5 "030.0 0.1 0.2 0.0 4000 0.48579xI01 0.44891xl0I 0.28708 0.873xIO-1 0.36881
0726 -009.7 -008.3 030.2 -009.9 -008.6 030.2 0.2 0.3 0.0 4200 0.22961xI0

1 
0.73339x10 1 -0.50165xl01 0~107xl0-1 -0.50272xl01

0789 -009.7 -008.1 030.4 -009.6 -00S.5 030.5 0.1 0.4 0.1 2
4400 -0.11660xr0 O.78613xI01 -0.37826xl01 0.1727Xl0-1 -O'.37987xI01

0851 -009.9 -008.3 030.7 -010.1 -00~.7 030.7 0.2 0.4 0.0 l
4600 -0.71247Xl0 0.48593Xl0 1 -0.23159xl0I 0.505xIO~1 -0.22654Xl0l

0914 -010.0 -008.1 030.9 -010.2 -008.6 031.0 0.2 0.5 0.1 l
4800 0.63338xIO 0.54932xl01 0.10503xl02 0.1324xI01 0.11827xl02

0977 -010.0 -OOS.O 031.2 -010.3 -008.6 031.3 0.3 0.6 0.1 5000 -0.75411xl01 0.10636xl02 0.81180x101 0.5023xl01 0.30950xIOl
1040 -010.2 -OO~.O 031.5 -010.5 -008.7 031.6 0.3 0.7 0.1 í20º-...Q.&2lliªyº~_~illI2xIu:_Çh3706~L Q.,.1Q2Q2Xl01~LI.Q2~1103 -010.4 -OOS.1 031.9 -o10.S -009.0 031.9 0.4 0.9 0.0 

~ ~~_.Jjif -1J 'L rd*-~--_-Y.._1167­ -010.5 -007.9 032.3 ' -010.9 -00S.9 032.3 0.4 LO o.I 
1231 -010.7 -007.9 032.8 -011.2 -009.1 032.7 0.5 1.2 0.1 2604 0.94351 0.lx10-4 0.94352 0.94352 
1295 -011.1 -00S.2 033.3 -011.6 -009.7 033.1 0.5 1.5 0.2 3760 0.50377Xl0 l 0.35xl0-2 0.50412x10 1 0.50412xl0l 

11361 -011.1 -007.7 033.9 -011.9 -009.5 033.8 0.8 1.8 0.1 3800 0.31441x10 0.2269 0.33444xl01 0.3xl0-3 0.33441xl01 
1427 -011.6 -007.9 034.7 -012.4 -010.2 034.4 0.8 2.3 0.3 4000 O.72303xI0

1 
0.1422'xI0 2 -0.68961xl01 O.I48xIO-l -o.69109xl01 

\ 4200 0.28980X10
1 

0.77004Xl01 -0.480S9xl01 0.65x10-2 -o.48024X1011495 -012.0 -007.7 035.7 -013.0 -010.8 035.2 LO 3.1 0.5 
1566 -012.5 -007.2 037'.1 -013.9 ":OII.7 036.4 1.4 4.5 0.7 4400 -O.77414xIO

l 
0.35132Xl0l,-0.42121Xl01 0.1659x10-1 -0.42278xl01 

1643 -013.9 -007.7 039.6 -015.5 -016.6 035.7 1.6 S.9 3.9 4600 -0.12754x10
2 

0.12828xl02 0.85592 0.7761xIO-l 0.77831 
1722 014.0 007.5 040.1 014.6 010.9 038.6 0.6 3,4' r.s 4S00 -0.45879Xl0

1 
0.19716Xl0 2 0.14067xl02 0.1061xl0l 0.15129xI02 

1798 -013.5 -007.2 039.1 -013.4 '-020.9 023.8 0.1 13.7 15.3 5000 -0.19669xl0
1 

0.73947xl0l 0.13041xl02 0.7643xI01 0.5398Xl0l 
18S2 014'.6 007.4 041.3 010.6 004.1 036.0 4.0 3.1 5.3 5200 0.I5532Xl0

2. 
0.16047Xl0 2 0.24051xl01 0.29207xl01 -o~51564 

1952 -012.7 -007.S 037.0 014.8 011.8 03S.2 27.5 19.6 1.2 fj ------------~-----------------------­
N z; l.llf-_:z J Z IZ':f-_ Z I ~ i2029 -013.5 -007.0 039.0 -013.5 -021.0 024.1 0.0 14.0 17.9 1i I, ------------~------------------..,--22IIO 014.6 00S.3 040.S 012.2 006.9 036.8 2.4 1.4 4.0 li !I 2604 0.15290Xl0 0.15290xl02 0.15290xl02 

22I8~ -OI2.S -007.0 037.9 014.3 010.2 038.6 27.1 17.2 0.7 3760 O.17720xl0 0.202 0.17923xl02 0.lxl0-2 0.17922xl02 
226S -014.4 -006.6 041.5 -016.6 -18.1 036.9 2.2 11.5 4.6 3800 0.34994X10

2 
0.Ilxl0-1 0.35005xl02 0.35005xl02 

2337 012.6 007.9 036.S 013.2 012.0 034.6 0.6 4.1 2.2 4000 0.19443xl0
2 

0.10491xl02 0.29834x102 0.1 0.29934xl02 
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N Z I:i1 _l l 9: I!Z*-'ll Z1 

4200 0.1773IxI02 0.5593xIO I 0.23283xI02 0.4Ix1O-I 0.23324xI02 

4400 O.34985x102 O.14397x102 0.20565x102 0.23x1O-1 0.20588xI02 

4600 0.12986x10 2 0.12476x10 2 O.25685x102 0.21 O.25475x102 

4800 0.35387x10 2 0.8159xI01 0.24719xI02 O.2509xIOI 0.27228x102 

5000 O.32I02xI02 0.20034x10 2 O.17677xI0 2 0.5609xI01 0.12068 xI02 

5200 0.17053x102 O.22472x102 O.22402x102 O.17123x102 O.39525x102 

--------------------------------------------­

Table J 
Coordinates x,y,z at iterations such that 2 gets relative 

maximum for the first six thousands iteration (L ~ 20, errar i5 
-6 )smaller than 10 

--------------------------------------------------------------------­
N s: 

~ :.e 
----------------------------------------­

45 0.17483xI0 2 O.56779x101 0.48308x102 

107 -0.91268xI01 -0.83380xIO I 0.28788x102 

169 .:.0.91632x101 -0.830IOx101 0.28893x102 

-0.92838x101 -O.84447x101 0.2901Ox102
230 
292 -0.93275xI01 -O .84260x101 0.29136x102 

354 -o.93778x101 e -0.84130xIo1. O.29270x102 

416 -O.94363x101 -0.84084X101 0.29413x102 

478 -0.95Q51x101 -O .84157XI01 0.29566xl02 

540. -0.95865x1OI -0.84396x101 0.29729x102 

603 -0.95566X101 -0:82192x10 1 O.29908x102 

665 -0.96678x101 -O.82757X101 0.301OIx102 

727 -0.98033xI01 -0.83717xI01 0.30306~102 

790 -0.98135x101 -o.81879xI01 0.30531x10 2 

852 -O. 10012x102 -0.83812X101 0.30773x102 

915 -O. I0084x102 -0.82786x101 0.31044x10 2 

978 -0.1OI95x10 2 -0.82373xIO I 0.31338x10 2 

1041 -0.I0366x102 -0.82927xIO I 0.31662xI02 

1105 -0.10392xI02 -0.79939xIO I 0.32024x10 2 

'1168 -0.I0752xI02 -O.'83777xIOI 0.32430xI02 

1233 -0.10746x1O~ -0.78824xI01 0.32902xI02 

1297 -O. III99xI02 -0.83408xIO I 0.3.3444xI02 

-0.I1337x102 -0.79556xIO I, 0.34102xI02
1363 
1470 -0.I1526xI02 -0.75318xIO I 0.34886xI0 2 

-O.12077x102 -o.76447xIOI 0.35935x10 21498 
1569 -0.I2856x102 -0.78009x1OI 0.37422XI02 

I 
I 

I 
I 

., 

I 
I 

l 

r 

! 
i 
I 

I 
I 

í 

I! 
• i,.1. 

'. I 

'I; 
l' 
~ .." 

i 

N 

1648 
172lJ 
1809 
1879 
1955 
2040 

' 2109 
2185 
2273 
2341 

2412 
2492 
2567 
2655 
2723 
2794 
2873 
2950 
3031 
3104 
3191 
3260 
3332 
3414 
3486 
3568 
3640 
3726 
3795 
3869 
3986 
4049 
4112 
4176 
4241 
4306 
4372 
4439 
4508 
4582 

. 

~ 

-O.14229x102 

O.I3661x102 

-o.14501x102 

O.12451x102 

0.13364x102 

-O.14404x102 

0.12717x10 2 

0.13346x102 

-0.14982xI02 

0.12121x102 
-, , 

O.I2969x10 2 

O.14011x102 

-0.13529x10 2 

0.15·426x102 

-O.12284x102 

-0.1302Sx10 2 

-O.14138x102 

0.13620x10 2 

-O. 14556x102 

0.13074x102 

0.15318x10 2 

-0.12159x102 

-0.12888x10 2 

-0.14762xI02 

O.12977x10 2 

0.14299x102 

-O. 132Ú~xI02 
-0.14923xI02 

0.12625x102 

0.13560x102 

0.16659x102 

-O .10332XI02 

-0.10633xI02 

-0.I0815xI02 

-0.10877xI02 

-0.I1I49xI02 

-o .II436x102 

-0.1I92Ix102 

-o.r2622xIQ~ 
-o.I3317xI02 

\f 
-0.79720xúl 
0.76726xIOI 

-o.69094xI01 

0.73607xI01 

- O.69381x101 

-O.65720xIOI 

0.81314x1OI 

0.71I03x1OI 

-0.72714xIO I 

0.7718Ix1OI 

0.803W7~1Of 
0.72255x101 

-0.75900x1OI 

0.85605x101 

-O.81997x101 

-0.83273xI01 

-0.78857x10 1 

0.72483xI01 

-0.8054Ix101 

0.75434x101 

0.84966x101 

-0.7591Ox101 

-0.74708x10 1 

-0.83302xI01 

0.77778x101 

0.72707x101 

-0.80329x101 

-0.77649x101 

0.82048x101 

O.82615x101, 

0.73035x101 

--O .80755xIOI 

-0.83436xIO I 

-0.83072xIOI 

-0.79304xIO I 

-o.79235xIO I 

-0.78187xIO I 

-O.79612xIOI 

-O_!.82.92~-
-0.77866xI01 

Z 

0.40128xIÓ2­

0.39186xI02 

0.41462x102 

0.36950x102 

.0.39140x102 

• O.41504xI02 

0.36863xI02 

0.38973xI0 2 

0.42184xI0 2 

O'.35968xI02 

0.37465x102 

0.40238X102 

0.38977x102 

0.42188xI02 

0.35896x102 

O.37348x102 

0.40006x102 

0.39426x10 2 

0.40744x10 2 

0.38084x102 

0.42007x102 

0.36151x102 

0.37756xI02 

0.40968x10 2 

0.37693x102 

0.40806xI02 

O.37986x102 

0.41713x102 

O.36609x102 

0.38515x102 

0.45611x102 

0.31825xI02 

0.32202xI02 

0.32638xI02 

0.3314IxI02 

0.33731xI02 

0.34439xI02 

0.35333xI02 

O.36519xI0 2. 

0.38386xI02 

~ 
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Ii x "t. 2 

4679 -o.16093xI02 -o.85661xI01 0.4J586xI02 

4745 0.II208x102 0.76551x101 0.J4II5x102 

48II 0.II791x102 0.81075xI01 o.J4928xI02 

4880 o.II969xI02 0.73549xI01 0.35959xI02 

4951 0.128IJxI02 0.76196x101 0.37481xI02 

5031 0.IJ890xI02 0.68720XI01 0.40253xI02 

5106 -o.IJ269xI02 -o.70104x101 0.38894xI02 

5196 0.14856x102 0.6500'7xI01 0.42462xI02 

5263 -0.II9IIxI02 -0.76939x101 0.35552x102 

5333 -0.12479x102 -0.75537xI01 0.J6845xI02 

5408 -0. IJ572x102 -o.77370xI01 O.3895Ix102 

5497 0.15255x102 . O. 78537xI01 0.42337x102 

5565 -o.II979x102 -o.762J5x101 0.J5754x102 

5635 -0.12900x102 -0.82581 xI01 0.37IJ6x102 

5712 
5793 

-o.14109xI02 

0.14165xI02 
-0.84576x101 

0.73292x101 
0.39507x102 

0.40476x102 

5867 -o.IJ227x102 -o.73492x101 O.38546xI02 
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By 	CyaH MHHb , E5-86-132 
o TOqHOCTH B~cneHHH'aTTpaKTopoB nopeHua 
CHCTeM 06~KHOBeHHhlX ~H~epeHUHanbHhlX ypaBHeHHH 

Paspa60TaH MeTO~ B~COKOH TOQHOCTH B~qHcneHHH aTTpaKTopOB 
nopeHua CHCTeM 06~KHoBeHHblX ,I:Ui~epeHUHanbHhlX ypaBHeHHH C aHa­
nHTHqeCKOH npaBoH qaCTblO. OH OCHOBaH Ha pasnOEeHHH HX pemeHHH 
~~aqH KOmH B CTeneHH~e PHAhI. nOKasaHo, qTO opHrHHanb~e aTT­
paKTOp~ nopeHua CHCTeM 06blKHoBeHHhlX ,I:Ui~epeHUHanbHhlX ypaBHe-
HHH MorYT /S~Tb nonyqeHbI TonbKO C nOMOm;blO paSHOCTHhlX cxeM :a~-

COKOH CTeneHH annpOKCHMaUHH. 

Pa/SoTa BbInOnHUeHa B na6opaTopHH B~qHcnHTenbHoH TeXHHKH 
H aBTOMaTHsaI~H mum:. 

CoofiIllellHe Ofi1.emmeHHoro HHCTHTyra JIJlepHblX HCCJIe~OB8HHii. lly6Ha 1986 

Vu Xuan Minh E5-86-132 
On Accuracy of Computation of the Lorenz Attractors 
of Systems of Ordinary Differential Equations 

The highly exact method for the numerical computation 
of the Lorenz attractors of systems of ordinary differential 
equations is presented. This is based on expansion of their 
Cauchy problem solutions into power series. It is shown that 
original Lorenz attractors of systems of ordinary differentia 
equations can be obtained only with the help of the highly 
exact method. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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