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I. Introduction

More than twenty years passed from the moment when Lorenz /17
has discovered strange attractor of his system with the help of the
numerical computation by computers.Por that time the Lorenz attrac-
tors were obtained for many other systems of nonlinear ordinary diffe-
rential equationa/2-4 by the numerical oomputation also,The possibi-~
lity of using the Lorenz attractors for turbulence investigation
leads to intensive numexrical and theoretlcal research of the attrac-

tors /2-8/

Beslides,the numerical solutions of systems of ordinary
differential equations are initial informations for further jnvesti-
gations. However the Lorenz attractors are insteady solutioms of
systems of ordinary differential equatlons and the Lorenz attractors
calculated by their difference schemes oan be strongly differed from
their original Lorenz attractors. For this reason the elaboration of
the highly exact method for the numerical computation of the Lorenz
attractors of systems of ordinary differential equations is the
subject of this work.

It is shown that most of systems of ordinary differential
equations having the Lorenz attractors belongs to the class of bi-
linear dynamical systems, the general form of which is the follo-
wing

x =Ax + B(x,x), .1

where XER™ | Ag RN ang Bla, ) is a vector-column of
n quadratic forms

n

B(oczx)—ZZBxx
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(BeR,; r-y..,n).

In general the right part of systems of ordinary'differential
equations  having Lorenz attractors is an analytical function and
they can be répresented in the form
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For any initial condition the Cauchy problem solution of system
(1.1) or (1.2) can be expanded into power serles. It follows froﬁ‘aha-
lyticity of their right part. In this work the method for the numew
rical computaiion of the Lorenz attractors of the systems with any
aocuracy degree 1s elaborated on the basis of expansion of the
Cauchy problem solutions into power series. In partioular we shall
show that, the numerical solutions in Lorens's disoovery/1/ being
Lorenz attractors of his difference scheme are not those of Lorénz
gystem of differential equations. This testifies that the origi-
nal Lorenz attractors of systems of ordinary differential equations
can be obtained only with the ﬁelp of grounded oaloulation methods.

2, Computation algorithms

n.
For any point X €R~ at the moment t€R  the Cauchy problem
solution P)=a of system (1.1) or (1.2) ocan be represented by
the vector of power series
o0
T Pus = D CuthT™
m=0
where Cp () is an n-dimensional vector of Paylor coefficlents
Cn) = (Cfn({'),..., C;H),..., Com (-U)T . By induotion on m it is easy
to show that the vector Q£k§é1l0r coeffiolents satisfies the follow=-

ing recurrent equat10n7§'?o
1 .
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(2.1)
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Choosing an‘integration step -K and a length L of the appro-
ximating polynomial we have the following system of difference
equations

L‘ m
Pk = 2, Co)h

m=0

t-o0h,z2h,. . (2.2)

Then systems of recurrent equations (2.1) ana (2.2) put together
the algorithms for the numerical computation of the Lorentz attractors
of system (l.l) with any accuracy degree with the help qf correspon=-
ding choice of the length [. .

The simple method of drror check of computation of, the Lorentz
attractors is gradual increase of the length L . For example, we
wish to calculate N points of the attractor, the relative error
of computation of every point is not greater than §50 ., Then
we must choose the length L such that for any other length
Lyl L(@m-dw)/ @'t < § for all t= 1,2, ... N, whexe
@/¢) - and PH) are solutioms calculated by L/ —approximation
and |, -approximation respectively. The method needs a lot of times
of calculation with various length of the approximating polynomial.

The other method, which allows one to investigate the erwor of
computation with every length L , is studying the behaviour of the
deviations &)  from the Cauchy problem solution by applying a
small perturbation Y(0) at t=0, If $0) =%  then the initial

perturbations B, (0) " (m=0,4...,L) of the coefficients Cy(0)

are determined as 0y, 0) = (%, (0)~ Cpy(0)

s where

Cm(0)

and Cp(0) are the coefficients of the power series at points
T+400) and X respectively. We represent system (2.1) in
the form

X(t+1) = F (X)),

where X (£) is (L+1)xn

Co) F, (X )
C t) Fq (X)
Xib) = cn; W | o FXen=| g
Cy () FL X))

L' m
B(XW) = S cuwh
m=z= 0

F (Xth) = AR (XH) + jscﬂxoa»)

3

dimensional vector

(2.3)



P (X)) -_(AF (xm)qs (R X, Fm_i_ (X))

F (X&) —(AFL 1(X(+))+f!(F (xm) FL .. K(xcu))

The behaviour of the deviations O w)
coefficients Cp, i) is defined as

from the Taylor

0w = B (X0)148¢0) - £ (o).

Because of small amplitude of {J(o) we oan use linear appro-—
ximation. Then from (2.1), (2.2) and (2.3) the deviations y.(f)
from the Lorenz attractor P(f) are determined by the following
system of equations

P+ = G, x) g, (2.4a)
lju): Do, (2.41)
PFX)
where Gtz (= ) is the Jaocobi matrix with the
coefficients X=X &)
-4
ij‘Uc): K‘ d»m%&), (ﬂ,m:d,.,., L+1) (2.40)
dml{) are (nx)=-matrices defined by the following reccurent
equation '
Vv | (G 2 oam
olm+4 ”(ZA,O(A &)+ZZ§ B"d (ucm“d w C, m)) (2.4a)
o=t {=1 =0 k<
N J o
()’,r’: 1,.../]\_)
a{a(%): I (1dentity matrix)
D=(Tpen,0)- (2.4e)

S0 system of equa:tions (2.4)_ descridbes the behaviour of the deviatioms
%b&) from the Lorenz attiaotor by applying a small perturbation
\j,(o) and can be used for its error cheok in computation process.
Generalizing the results for system (1.2) we obtain the analogo—
us :computation algorithms. The Taylor coefficients Cp, ¢/ of the
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Cauchy problem solution Fit)=x of system (1.2) are determined by
the following recurrent equation .

M

r _ 4 x1,..., XK o) otk
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olK=@(K-4),...,n
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The matrices of coefficients dm({-) in system (2.4) are defined
by the algorithm

M
(U-—— z Zﬂil.,...,a(k
K=1

m+1 m+d
or=4,...,hn 6=1
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3. Lorenz attractors

The computation algorithms given in the previous paragraph per—
mit to calculate the Lorenz attraoctors of systems of ordinary diffe—
rential equations with any accuracy degree due to choice of the
length |, of the approximating polynomial (2.2). For their illustra-
tion now we represent numerical solution of Lorenz system

.i = _gx_p{g_
9 = Tx-y -2 (3.1)
2 = -bz +-l’y

by the algorithms for the same data, with which the strange attrac—
tors have been discovered by Lorenz, that 1s 6 = 10, r= 28,
b= 8/3, yo=1 , z@=-0 , =X)=0 and h=001 .
We wish to computate the first six thousands of points of the Lorenz
attractor with the relative error smaller than 10‘6. The computation
has been realigzed by computer EC 1061.

The Taylor coefficients C,, = (Ch, Cz\ , ¢2)T
of the solution of system (3.1) are determined by the recurrent
equations




_nate 9 at point
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The coefflcients Ahm(f) of system (2.4) are defined by the
recurrent equations

G{T:H({) S ;‘474 (-(al:‘xu) + (dz%w)

An?ﬂ‘“ v (rd “w-d ‘L}uuZ(d H')C G (e)al m))
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The computation results have shown that for the length of the
approximating polynomial Li = 20 the relative error of the first
gix thousands iterations is smaller than 10—6 . The'oomparison of our
exact computation results with the Lorenz computation results 174
is represented in table 1. In it we see that the error of the first
thousands interactions of the Lorenz oomputation 1s greater than 0,1
and smaller than 1. Then it rapidly increases. The error of coordi-
t-16,43 (iteration 1643) exceeds its absolute
value. Thus the Lorenz attractor discovered in is that of the

system of difference equations of the double approximation of system
(3.1). But it is not the Lorenz attractor of the Lorenz system (3.1).

In table 2 the values of coordinates X,y and z from numerical
computation with L = 10; 15; 20 are represeated for comparison. With
1=10 the error of the first 2600 iterations is smaller 10’6, then
it quickly increases and exceeds the absolute value of coordinates
(interaction 4000) « With L=15 the error of the first 3700 iterations
is smaller than 10_6, then it increases fast and exceeds the absolute
value of coordinates (interation 5000),

Numeriocal oomputation has shown .that for every I 2 2 the disere-
te dynamical system, which is the system of difference equations of
the L-approximation of system (3.1), has the Lorenz attractors.
Although the Lorenz attractors corresponding to different value L
coincide only in the first interactions their characteristics of the
relative maximum of coordinate £ little differ one from another,
because the number of iterations from the relative maximum to the next
13 not large (less than 100 iterations ). In table 3 we represent
coordinates x,y,z obtalned from numerical computation with L2 20
at iterations such that Z gets relative maximum for the first six
thousands iterations. (their error is smaller than 10~ 6,

4. Conclusion

Discrete dynamical systems being difference schemes with diffe-—
rent degrees of approximation of a system of ordinary differential
equations can have the Lorenz attractors. However out of instability
of the corresponding Cauchy problem solution every of ones can appro-—
ximate the Lorenz attractors of the system of ordinary differential
equations only in some initial interval of time. The elaborated
algorithms in the work permit one to calculate their Lorenz attrac-
tors in arbitrary given initial interval of time with any accuracy
degree.




Table I -
The comparison of the Lorenz computation results with the exact N x 4 2 = y* 2 1<t g e
computation results of Lorens system 2412 0I3.7  008.I  038.9 0I2.9 008.0 037.4 0.8 0.1 1.5
2501 -0I5.3 -008.0  O42.3 006.I -00I.9 033.1 2I. I 9.
N Torens solution Exact solution Brror of Toxcaz | 2569 0II.9  007.6  035.7 -0I2.1 -004.6 osg.i gﬁ.g 12.; 2.5
_ - m . g D gy : 2639 012.9  008.2 037.1 008.8 0I6.I OI3.4 4.1 7.9 23.7
0000 000.0  000.I 000.0 000.0 000.I 000.0 0.0 0.0 0.0 { .
0045 OI7.4  005.5 048.3 O0I7.4 005.6 O48.3 0.0 0.I 0.0 U Table 2
0107 -009.I -008.3 028.7 =009.I -008.3 028.7 0.0 0.0 0.0 ’ The compaiiso
0I68 -009.2 -008.4 028.8 -009.2 -008.4 028.8 0.0 0.0 0.0 ] With di5terent ZigiiiseﬁiaiiiriiiiiiiEis °f forens system caloulated
0230 -009.2 -008.4 028.9 =-009.2 -008.4 029.0 0.0 0.0 0.I — ——
0292 -009.2 -008.3 029.0 =-009.3 -008.4 029.I 0.I 0.1 0.I . L =10 B =15 1220
0354 -009.3 -088.3 029.2 -009.3 -008.4 029.2 0.0 0.I 0.0 - ——
0416 =-009.3 -008.3 029.3 ~009.4 -008.4 029.4 0.I 0.1 0.I Xt lac*_a) ac*
0478 -009.4 -008.2 029.5 =009.5 -008.4 029.5 0.1 0.2 0.0 2604 0.4566 0.45666 0.4566
0540 -009.4 -008.2 029.6 -009.5 -008.4 029.7 0.1 0.2 0.1 3760 0.3171IxI0Y 0.7x102  ¢.3178IxI0% 0.31782xI07
0602 -009.5 -008.2 029.8 -009.6 -008.4 029.9 0.1 0.2 0.I 3800 0.96803x10° 0.939x1071  0.97713x10T 0.Ix1073  0.97742x101
0664 -009.6 -008.3 030.0 =-009.7 -008.5 030.0 0.1 0.2 0.0 4000 0.48579x10%  0.44891x10% 0.28708 0.873x10"Y  0.36881
0726 -009.7 -008.3 030.2 -009.9 -008.6 030.2 0.2 0.3 0.0 4200 0.22967%101 0,73339x107 -0.50165x101 0.107x10"] -0.50272x101
0789 -009.7 -008.1 030.4 -009.6 -008.5 030.5 0.I 0.4 0.1 4400 -0.11660x10° 0.78613xI0 -0.37826x10° 0.1727x10~! -0.5798710L
0851 -009.9 -008.3 030.7 -0I0.I -008.7 030.7 0.2 0.4 0.0 4600 -0.7I247xI01  0.48593x101 -0.23159x10% 0.505x10~] 0. 22654x10]
0914 -010.0 -008.I 030.9 -0I0.2 -008.6 031.0 0.2 0.5 0.I 4800 0.63338x107 0.54932x101 0.10503x10% 0.1324x10] 0. 11827x102
0977 -010.0 -008.0 03I.2 -0I0.3 -008.6 03I.3 0.3 0.6 0.I 5000 -0.75411xI07 0.10636x102 0.81I80x107 0.5023x101  0.30950x10%
1040 -0I0.2 -008.0 03I.5 -0I0.5 -008.7 03I.6 0.3 0.7 0.1 5200 0.91458x101 _0.l6IT2x10l 0.37068 0705025101 0. 107575102
1103 -010.4 -008.I 03I.9 -0I0.8 -009.0 03I.9 0.4 0.9 0.0 N y Yyl Y ¥yl yE
1167. -010.5 -007.9 032.3. -010.S -008.9 032.3 0.4 1.0 0.1 )
I231 -0I10.7 -007.9 032.8 -0IL.2 -009.I 032.7 0.5 1.2 0.I i 2604 0.94351 0.Ix107% 0.94352 0.94352
1295 -0II.I -008.2 033.3 -0II.6 -009.7 033.I 0.5 1.5 0.2 ‘ 3760 0.50377x10% 0.35x1072  0,504I2xI0] 0.50412x101
1361 -0II.I -007.7 033.9 -0I1.9 -009.5 033.8 0.8 I.8 O0.I 3800 0.3144IxI01 0.2269 0.33u4ux10f  0.3x1072 0.3344Ix10!
1427 -0I1.6 -007.9 034.7 -0I2.4 -010.2 034.4 0.8 2.3 0.3 4000 0.72303x101 0.1422x10% -0.68961xI0° 0.148x107% ~0.6909xT0L
1495 -0I2.0 -007.7 035.7 -013.0 -0I0.8 035.2 1.0 3.1 0.5 . 4200 0.28980x101  0.77004x101 -0.48089x10] 0.65XI07 _ -0,48024xI0%
1566 -012.5 -007.2 037.1 -0I3.9 <0I1.7 036.6 1.4 4.5 0.7 | 4400 -0.77414xI0%  0.35132x10% -0, 42121x10%  0.1659x10~] 0. 42278xI0L
163 -0I3.9 -007.7 039.6 -0I5.5 <0I6.6 035.7 1.6 8.9 3.0 r 4600 =0.12754x10° 0.12828xI0° 0.85592 0.776Ix107%  0,79831
1722 0I4.0 007.5 O040.I OI4.6 010.9 038.6 0.6 3.4 L.5 g 4800 -0,45879xI0F  0.19716x102 0.14067x102 0.I061x101 0.15129x10°
1798 -0I3.5 -007.2 039.1 -0I3.4.-020.9 023.8 0.1 I3.7 5.3 ! 5000 -0.19669x101  0.73047x101 0.13081x102 0.76w3x10! 0 .5398x10L
1882 014.6  007.4 O41.3 0I0.6 006.1 036.0 4.0 3.0 5.3 w 5200 0.15532x10°° (.16047x10° 0.2405I1x10% 0.29207x10% -0 51564
R R Rl R B v S T—— —
.0 -0I3.5 -021. I 0.0 18.017.9  {l] — Z_ ,
2110 0I4.6  008.3 040.8 0I2.2 006.9 036.8 2.4 I.h 4.0 h}' 2604 0,15290x10 0.15290x10° 0.15290x10°
2183 -0I2.8 -007.0 037.9 0I4.3 0I0.2 038.6 27.1 I17.2 0.7 , 3760 0.17720x10° 0,202 0.17923xI0° 0.IxI0™°  0.17922%10°
2268 -0I4.4 -006.6 O4I.5 -0I6.6 -I8.I  036.9 2.2 II.5 4.6 ! _3800 0.34994x10° 0.1IxI0™L  0.35005x102 0.35005x10°
2337 0I2.6  007.9 036.8 0I3.2 0I2.0 034.6 0.6 4.I 2.2 [ 4000 0.I9443X10° 0.I049IxI10° 0.29834xI0° 0.1 0.29934x10°
)
; i
!
J




N Z 2% 2| 4 1Z*_2| z*
200 0.17731x102 0. 5593x10I 0.23283xI0° 0.4Ix1071  0.23324x10°
4400 0. 34985x10 0. Iu397x10 0.20565x10° 0.23xI071  0.20588x10°
4600 0. 12986xIO 0.12476xI0° 0.25685x10° 0.2I 0.25475%10°
4800 0. 35387x10 0.8I59xI0%  0.247I9xI02 0.2509xI0%  0.27228x10°
5000 0.32E02xI0° 0.20034xI0° 0.I7677xI0° 0.5609x10%  0.12068xI0°
5200 0.I7053x10° 0.22472xI0° 0.22402x10° 0.I7I23xI0° 0.39525x10°
Table 3

Coordinates x,y,z at iterations such that

maximum for the first six thousands iteration (I > 20, error is

smaller than 10_6 )

z

gets relative

N

10

&L % z
45 0.17483x10° 0.56779xI0 0. 48308xIO
107 -0.91268x10! -0.83380x10! 0.28788x10°
169 20.91632x10% -0.83010x10 0. 28893102
230 -0.92838x10% -0.84447x101 0.29010x10°
292 -0.93275xI01 -0.84260x101 0.29136x10°
354 -0.93778xI01 -0.84130x10%. 0. 29270x102
416 -0.94363xI0% -0.84084x101 0. agulsxlo
478 -0.9505IxI01 -0.84157x10! 0. 29566x10
540, ~0.95865x10% -0.84396x10T 0. 29729x10
603 -0.95566x10 -0.82192x10% 0.29908x10°
665 -0.96678xI01 -0.82757x101 0.3010Ix102
727 -0.98033x10 -0.83717x10 0. soaosxlo2
790 -0.98135x10T -0.81879x10! 0. 30531xI0
852 -0.10012x10° -0.838I2x10! 0. 30773x10
915 -0.10084x10° -0.82786xI0! 0.31044x10°
978 -0.10195x10° -0.82373x10 0. 3I3381102
1041 -0.10366x10° -0.82927x10 0. 31662x10
1105 -0.10392x10° -0.79939x10% 0. aaoaaxlo
1168 -0.10752x10° -0.83777x10 0.32430x10°
1233 -0. IO746x102 -0.78824x10 0.32902x10°
1297 -0. 11199on -0.83408xI0" 0.33444x10°
1363 -0.11337x10° ~0.79556x10L 0.34102x10°
1470 -0.11526x10° -0.75318x10% 0.34886x10°
1498 -0.12077x10° -0.76447x10% 0.35935x10°
1569 -0.12856x10° -0.78009x10T 0.37422x10°

T

o T—— o — o — ™

N x Y z
I648 -0.14229x10°2 -0.79720xI10% 0.40128x10°
I724 0.1366Ix10° 0.76726x101 0.39186x10°
1809 -0.14501x10° -0.69094x10T 0.4I462x10°
1879 0.1245Ix10° 0.73607x10" 0.36950x10°
1955 0.13364x10° 0.6938Ix10% 0.39140x102
2040 -0.14404x10° -0.65720xI01 " 0.4I504x102
© 2109 0.12717x10° 0.81314x10% 0.36863x10°
2185 0.13346x10° 0.71103x10% 0.38973x10°
2273 -0.14982x10° -0.72714x10! 0.42184x10°
2341 0.I2121xI0° 0.7718Ix10% 0.35968x10°
2412 0.12969x10° 0.80347x10% 0.37465x10°
2492 0.1401IxI0° 0.72255x10% 0.40238x10°
2567 -0.13529x10° -0.75900xI0} 0.38977x10°
2655 0. 15426on2 0.85605x10% 0.42188xI0°
2723 -0.12284x10° -0.81997x101 0.35896310°
2794 -0.13028x10° -0.83273xI0% 0.37348x10°
2873 -0.14138x10° -0.78857x10% 0.40006X10°
2950 0.13620x10° 0.72483xI0% 0.39426x10°
3031 —0.14556x102 -0.80541x101 0.40744x10°
3104 0. I3o7uxlo 0.75434x10 0.38084x10°
3191 0. ISSIBXIO 0.84966x101 0.42007x10°
3260 -0.12159x10° -0.75910x101 0.36I5Ix10°
3332 -0.12888x102 -0.74708x101 0.37756x10°
3414 -0.14762x10° -0.83302xI0% 0.40968x10°
3486 0.12977x10° 0.77778x10% 0.37693x10°
3568 0. 14299on2 0.72707x10% 0.40806x10°
3640 -0.13218x10° -0.80329x101 0.37986x10°
3726 -0.14923x10° -0.77649x10% 0.41713x10°
3795 0.12625x102 0.82048xI0} 0.36609x10°
3869 0. 13560110 0.82615x10% 0.38515x102
3986 0. I6659xIO 0.73035x10" 0.45611x10°
1049 -0. 10332110 ~0.80755x10% 0.31825x10°
4II2 -0.10633x10° -0.83436x101 0.32202x10°
4176 -0.108I5X10° -0.83072x10% 0.32638x10°
4241 -0.10877x10° -0.79304xI0} 0.3314Ix10°
4306 -0.11149x10° -0.79235x101 0.33731x10°
4372 -0.11436x10° -0.78187x10% 0.34439x10°
4439 -0. 11921x102 -0.796I2xI0t 0.35333x10°
4508 -0.12622x10° -OJBZQZQLIQEW 0.36519x10°
4582 -0.13317%10° -0.77866x10 0.38386x10
11



By CyaH Muup N E5-86-132
0 TOYHOCTH BBLIYMCIIEHHS ATTPaxkTopos JlopeHua
cHcTeM OOHKHOBEHHHX AuhbdepeHIHAJIBHbIX YypaBHEHHNH

PaspaGoran MeTOJ BHCOKOWH TOYHOCTH -BHYHCIIEHHS AaTTPaKTOPOB
JlopeHna cucTeM OOHKHOBEHHHX AuddepeHIMaIbHLIX YypaBHEHH! C aHa-—-
JIUTHUYEeCKOil mpaBoit yacThiw. OH OCHOBAaH HAa pA3JIOKEHHH KX pemeHHH
sanayd Komi B CcTelleHHne pAaApgsl. [lokasaHO, 4YTO OpPHUTHHAJNIbHHIE ATT—
pakTopu JlopeHna cucTeM OOGHKHOBeHHRX AndxbepeHNuanbHEIX ypaBHe=
HHAH{ MOT'YT OHTH MOJIYYEHb TOJIBKO C ITOMOMBLI PAsSHOCTHHIX CXeM Bh-
CcOoxoll cTemneHH annpoKCHManHu.

PaGora sBumosiHHeHa B JlaGopaTOpHH BHYHCIIHTEJIBHOH TeXHHKH
u aBToMaTusanuu OHAH.

Coobmenne OGbelMHEeHHOrO MHCTHTYTa SIOepHbIX HccnemoBaHHil. Ily6Ha 1986

N X Y Z
4679 -0.16093x102 -0.85661x10! 0.43586x10°
4745 0.11208x10° 0.76551x10 0.341I5xI0
4811 0.11791x10° 0.81075x10! 0.34928x10°
4880 0.11969x10° 0.73549x10! 0.35959x10°
4951 0.12813x10° 0.76196x101 0.3748Ix10°
5031 0.13890x10° 0.68720xI0% 0.40253x10°
5106 -0.13269x102 -0.70104xI0k 0.38894x10°
5196 0.14856x10° 0.65007x10% 0.42462x10°
5263 -0.11911xI02 -0.76939x101 0.35552x10°
5333 -0.12479x10° -0.75537x101 0.36845x10°
5408 -0.13572x102 -0.77370x101 0.3895Ix10°
5497 0.15255x10° - 0.78537xI0L 0.42337x10°
5565  -0.11979x10° -0.76235x1I0! 0.35754x10°
5635  -0.12900xI02 -0.82581x10! 0.37136x10°
5712 -0.14109xI0° -0.84576x101 0.39507x10°
5793 0.14165x10° 0.73292x10! 0.40476x10°
5867  -0.13227x10° -0.73492xI0! 0.38546x10°
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On Accuracy of Computation of the Lorenz Attractors
of Systems of Ordinary Differential Equations

The highly exact method for the numerical computation
of the Lorenz attractors of systems of ordinary differential
equations is presented. This is based on expansion of their
Cauchy problem solutions into power series. It is shown that
original Lorenz attractors of systems of ordinary differential
equations can be obtained only with the help of the highly
exact method.

The investigation has been performed at the Laboratory
of Computing Techniques and Automation, JINR.
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