


1. Introduction

The»Iwasawalilahd trianglel/Z/decompositions pley the crucial role in

the construction of infinite-dimensional unitery irreducible represen~
tations of noncompect semisimple Lie groups by the induced represen-
tation method/J/. Explicit forms of this decompositions have been
constructed by meny authors for particular examples of real semisimple
lie algebres/4/. The ususl indirect method for evalustion of the Iwa-
sawa decomposition of a noncompact semisimple Lie algebra involves
search for solutions to certain simulteneous eigenvelue type eque-
~tions; for deteils see the book by Hermenn’>/. The direct method has
been formulated by COrnwellls/. It is besed on the canonicel form of
~ Lie slgebre and the fact thet for any two Certen subelgebras, there
~exists an inner automorphisn which meps one into the other. This
inner sutomorphiam, however must be guessed for each particular cese. ~

The present peper gives the Iwasawa decomposition for real forms of
Lie qlgebras gl(n+1,¢) in & much more simply wey. For eny real form
of the elgebra gl(n+i,C), we construct the above mentioned Certen
autbnbrphism; explicit form of this sutomorphiam then specifies the .
decompositions directly. Orgenisation of the paper is the following.
In Section 2, we describe in genersl ‘terms the construction of the
decompositions in the cese when the Certen sutomorphism which glves
real forms is defined explicitly. For the slgebras gl{n+1,¢), we
give explicit forms of the Cartan automorphism in Section 3. In the
last section, these automorphisms will be used for construction of
the Iwasewa and triangle decompositions. :

2, The Ivesews end triengle decompositions

-In this -.etion, ve have givena briefsurvey of thée Iwssawe and trien-
gle deco-poaitions. We followed ChApter 5 of Holgﬂs:on/7/ end Chap-~
ter3:3 of Zhelobenko and Ste
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Let & be 8 semisimple Lie algebra. Ve denote by © & Certen subslgeb- D The - subalgebra 89 is & maximal compsct subalgebra in the algebra gy

D t
re § and by A the root system of g with respect R. Any semisimple : :nd Ih;isub:pece 89 is & complementary subspace to ge with respect
Lie algebre hes & Certen-Weyl basis[ HyyeoooHp By 5 e A} for which: o Killing form B(.,.). -
~ ; Semilarly we put
{Hf’”"Hn} is a basis in h (18) : . .
[h'n 1 =¢(h)1-:o\ (1b) . hg =fxen, Oy = X] (7e)
:Eq,] WH& (N, = -N"'u( -4 ) fora+he A (ic) ; and then we have '
y . Hy
= ' (14) |
B(ED\’E“\*) EF hg = b5 1 where (7b)
where B(.,.) is 8 Killing form on &. ‘ hg ={¥e hy, O(D) = Y} (7e)
Uvsing this Carten-Weyl basis of Z we cen define an antilineer map- o h’é ={Ye ., 8¢Y) =-¥]. | ) (1)
ping on Z by . f :
. ,1 P ; .
‘{’(Hi) = for 1=1,2,ve.,n (28) % The he is & maximel commutetive subalgebra in g8y -
‘ o g ! Now, let{H, ,...,ﬂnge e basis in hP, end further 1et{1ﬁ 1""’“*:1}
SV(EA) = -E_, for alladedl « . . (2v) . be a besis in hé » Then {H,,...,H } 48 & besis in he ay A, Ve
This mepping is the involutive entilinear eutomorphism on g end the _ shell denote @ system of positive roots with respect this besis.
real form corresponding to ‘ ' For eny A e ve define )
g, ={xed 700 = 1} SR 3) | «%m) =4 (0 () for any Heh. (®)
is compact. ; ; After performing the following easy cslculation
A linear asutomorphism is called = Cartan automorphia.n if _ ‘
neer P [8, 65 0]= 66w, E]=«(6H)O (E,) (9
02 =1 ) ’ : (4e) we become that o(gis also the element of A .
o . ) Using this fact we may define
gy =y 06 (4v)
o) = % , (40) ‘ B o=t ke, »afaf) " (10e)
(h) =h . v : [ + .
If 6 1s & Certen sutomorphism on g, then @ defines the real forms of , e < +
- n : n, = g , n,=n,Ng (10b)
Z as & set for . : (4 o 8" %p
. aePe
={xed Oum = x}. | (5) )
' T "r'x'é = g%, nl=nlng (10e)
With the help of the Certan automorphism 6 ,we can construct very aePe [ 0 "o
ition of & .
simply & Certen decompos on » g ? where g o o C{Ea‘}
. ; .
= gt (6a) o y
= here = s Pl =
&g seegg, whe | | . 54 {Yege, [I,hgj o} . (10a)
t - = (6b) '
=Y : ‘
39 ={Ie By i 6o } ) & : and we get the required Iwasawe end triangle decompositions of the
gg ={Yege 3 9(Y) =-x}. : (6c) i resl form g4 et lest ‘

e



39 = gz ® hg ) ntg (Iwasawa degomposition) " (118)

g nz @ g; ® n; (triangle decomposition). ] (11b)

0
3. The Cartan sutomorphisma of lLie algebras gl(n+1,()

The algebra gl(n+1,C) is the (n+1)2 —- dimensional complex Lie slgeb-

ra with the standard basia{Eia, 1,3=1 2,...,n+l} the elements or
which obey

[E1gr Bal= 8 Byy - 84 By : a2
This elgebra is a direct sum of its one dimensionel clntrum (gene-

reted by the element E = ):iEii) and the simple subalgebra
. i=1

5 -1
8l(n+1,¢) vA, whose generators ere Eij' 143, Ai =Ey - nE
1 =1,2,s00,n.

The standard Carten subaigebra ‘{1 in E = gl(n+1,$) is generated by
the "diagonal™ elements Eii’ its dimension, i.e. renk of E equals
n+i. We choose the following Carten-Weyl besis (for details see the
book by Zhe-Xien Wen’/p.221)

By = By (13a)
E 1,K51,2,000ynt1s (13b)

- 1
g~ T {2{m) Eix

The reletions (11) imply that (13b) are the i-dot vectors correspon-
ding to the root A3 — 2y because for H( 11 ,...,]\nﬂ)-

n+l
= 12_131 E;; we get

[HOA yeeer@pey)s Byyd= (A4 -y By - C 0w
For the root system 4 we ‘getv _ 4
={a; =5 1¢4,ken, 1;¢k}- ' (15)
The equality
S0y = y) = (2 =Ay) (16)
implies that in ﬁ:is cass the mepping (2a-b) equals

PEyy) = By , an

/ .
We define & lineer mapping & on @ in the basis {Eij; 1,351,2, 000,01}
, v
g(Eij) = -Eji’ . (18)

further we define for any q=1 ,...,]_—-] linear mappings B on g in
this way:

B (Bat)"Eqrg, et 0q(Bqes,qrt)“Fat o (19e)
gq(ES)q+t)=Eq+S,t’ Qq(Eq+8,t)=ES,q+t y (19b)
al(’z‘.c,f,s):_llawlﬂa ’ é (D( q,,3) E s 0 (1.9c)

eq(Eo\ sﬁ)-—-EGﬂ( ) ) . (1 9d)
where 8,1t=1,2,..4,q . o(,/‘5=2q+l,...,n+|

end for (n+1) even we put

i _ . . .

B(Bg4)=-Byt qea 0'(Bgrt,qrs)="Est - (208)
¥ .

8 (Es,q+t)=Et,q+s ] {20b)
o

H(Eq+s,t)=Eq+t,s where s,t=|,2,...,q=-’l§-‘- . (20¢)

: ) / L]
Theorem: The linear meppings &, Qq, 0 are Cartan automorphisms on E.

Proof: One cen by direct celculation verify that the conditions

(4a~¢) are fulfilled.

4. Explicit forms of the decompositions

Using the method described in Section 2 we shall construct the
explicit forms of the Iwasswa ard triangle decompositions for the
real forms of the Iie algsbra gl(n+1,C) which ere defined with the
help of the sutomorphisma 9', eq and @'. By the construction we will
use following equalities ‘

@X + PX)) = X + Y(X) ‘ (218)
WX - 1@(0) = 1X - 1P(X)  for eny Xe§ (21b)
O(Y +8(D) = Y +H(T) : (21¢)
g(Y -8(Y)) = ~(Y - 8(Y)) for any Yegy (214)

which are the direct consequence of the definitions (2a-b) and
(4a-c). The calculations of the decompositions are simple and we oar-

ry only final results.



]
I. The cese 6.

For & subalgebra gt, and a subspace gpar we have

9
R .
g8y = R{Ey5 - E5i 1,3= 1,2,...,n+1} (228)
gg, = R{Eij + By 1,30 1,2,....n+1} T (22v)

In this case a‘subalgebra n® =0 end the aet{E”,...,En“ nﬂ}foms
@ besis in hP,. For P’, , with respect to this basis we ge

e e
={a, A 514k, L,k = 1,2,00,mm) (23)
and this imply consequently that ) N
ng = R{Eggi 1< 3, 4,3 = 1,2,000,01  (248)
ny = B{Egs; i73,1,5= 1,2,.,.,n+1] (24b)
and .
o _.p
=n? . 24c)
g@' g' ) . (

II. The case OQ, q=1,2,...,[%l-‘l.

For a subelgebra ga] and & subspace g’é we get
. , 0

gféq=R{(Est'Eq+t, q+s-Ets+Ed+s‘, q+t) 1 (Est+Eq+t , q+s+Ets+Eq+s . q+t) s
(Es,q+t-Et,q+s*Eq+s t.'Eq‘-l»t s) ’“Es,q+t+Et,q+a+Eq+s,t+Eq*t,s)’
By a*Ex,qra Fars,a Fa,n) 11 (Bs 0By qraBqra 0t By s )

(B, , ~By )5 UE, 4B, )}, ‘ | (258)
'R[(Bst qtt,q+s E'ta-Eq+s,q+t.) “Bat q+t,qts -E s.Eq+s,q+t)'
‘ (E s,q+t E1:,q+s"Eq+s,1'.>"'!'q+t, s)'“Es,q+t+Et,q+s-Eq+s,t-Eq+t,s)q’
(Es,""Eq,ms Eq+s " J‘ .) 1(3 Q8 Eq+s’“-Ed’s)}- (25b)
We put
{(311‘Eq+1;q+1)v°~?-(3qq‘3zq gq)} _ (262)
e basis in & subalgebre hgq and
6

. For a subealgebra gt.,

{L(B) 1 *E ey qry) oo o 1B Bpg 20)s uzzq+1 J2qr12* 1By ey J (260)
in & subalgebre ht .

For a set of the roots'PB we get

q
F q=‘[ﬂ }tlaq.q,t q+sl 3<t R -k.}tia . (27)
Ad\ -Aq+s s,t = ',2,..-,q, i-zq”“,c.-,n"“} '

end further

+ ‘ . S
n9q=R{(Est-Eq+t,q+s)’ $(Egy*Equt, qea)i 54 (282)

(E -E +E ), , .

i(Es ,q+t

t q+s)’
), 1(E

s,q+t t,q%s

(E

8, By, qte s, 4By, q+s)}

i(Est+E ), sot (28b)

nngai(Est’Eq*‘t,qﬂ) ’ q+t,qts

(E ), 1(E +E )

q+s,t q+t L q+s,t Tq+t,s’?

(E )y i(E

ds Q“'S d )8 q+s o‘s)]

R{(Ess qrs,qrs)r L(E

,’5 G LS )’ i(Ed!’S +EG,¢ )}

ss q+s q+s) ' - (282)

(E

- where 8,t = 1,2,4.4,q oA = 2qtlyees,ntl.

L}
III. The case a.
In the case n+1 even we have the automorphism 8" yet.
o and & subspece g, we get
t - - N
gg' -R{(Bst*Eq-ts,qﬂ.'ltl Eq+t. q+.)'i(Est Eq+s,q+tﬂ':ts )s

(29a)
(Es,q+t-Eq+s,t+Et,q+a q+t, ) 1(Eg q+t*Eq+s,t+!t,q+'lﬂ?fq+t,s)}l

-§q+t qte

) i(Est qts,q+t

+E

g "R{(Egy*E *Ere*E “EratEqrt,qre)

(29b)
Q"”tt-rt'Q"'-EQ"tt 3)} .

q+s, q+t qt+t,qte2

(E ),i(E

s,q+t-lq+a,t-lt q+e*Bqst,s s,q+t

The subelgabra hg,, hes & besis



{(E +EQ+I q+l)""’(qu “2q ZQ)} (302) ’ triengle decompositions for the real forms of Lie slgebras gl(n+1,C).

end the subslgebra htq hes & besis - However, we can use this method for the reel forms of complex lie
e . algebras B» Cn, Dn' Some positive indicetion hes been obtained al-
{1(EII'Eq+I,q+l)”"’1(qu'E2q,2q)} . _ (30b) ready; the results will be presented in a forthcoming series of pa-
. . pers. .
For a set of the roots 59" we have
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- where z,t = 1,2,¢¢0,q.
Dimensions of the subalgebras gp and hg: are characteristic values

* of the given real form gg * ‘For the automorphisms 9 9 ,9 we get
from (22b), (25b), (26a), (2%b) end (302)

p
8 dim g% dim by
e 1 Eigil) e+

g" | atzq-n q =2t
9q | 2q(n+1-q) Q

A comparison of these results with a 1list of the real forms gl{n+1,C)
in boo 2/ p+85 implies & following theoren.

Theoremn; The slgebre g, 1s isomorphic gl(n+1,R), further the algeb-
o —— e
ras gg ere isomorphic u(q,n+1-q) for eny q=1 2,...,[—511

q
and the algebre g, , is isomorphic u (n*l)

6
A conclusion i - Recelved by Publishing Department
In the present peper we give the explicit form ¢f the Iwaesewa and i " on December 3, 1985.







