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.1. Introduction 

The Iwasawa111and triangle 121decompositions play the crucial role in 
the construction of infinite-dimensional unitary irreducible represen
tet.ions of noncompect semisimple Lie groups by the induced represen
tation method131• Explicit forms of this decompositions have been 
constructed by many authors tor particular examples of reel semisimple 
Lie aigebres/4/. The usual indirect method for evaluation of the Iwa
sewe.decomposition of a noncompect semisimple Lie algebra involves 
search for solutions to certain simultaneous eigenvalue type equa
tions; for details see the book by Hermann151• The direct method hes 
b~en formulated by Cornwell/6/. It is based on the canonical form of 
Lie algebra and the feet that for any two Carten subelgebrea, there 
exists an inner automorphism which maps one into the other. Thia 
inner automorphism, however must be guessed for each particular case. 

The.preaent paper gives the Iwasawa decomposition tor real torma ot 
Lie ~lgebres gl(n+1,i) in a much more simply way. For any real form 
ot the algebra gl(n+1,i), n construct the above mentioned Cartan 
autombrphism; explicit torm ot this , automorphism then specifies the . 
decompositions directly. Organisation of the paper is the following. 
In Sectio~ 2, we describe in generel terms the construction of t1'.e 
decompositions in the case when the Cartan automorphia which gives 
reel forms is defined explicitly. For the algebras gl(n+1,C), we 
give explicit forms ot the Cartan automorphism in Section). in the 
last section; these autoaorphieaa will be used tor constl'uction of 
the Iwasawe and triangle decoapositions. 

2. The Insawa arid triansle decoapoai tions 

In this aeotion, we have ginn a brief surnj ot th• Iwaam alld trian
gle dec011poaitio~s. We followed Chapter 5 o~ Helgaaaoi/7/ anCl Chap
ter3,~3 ot Zbelobenko and Ster-r/21~ 
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Let g be a semisimple Lie algebra. We denote by ha Cart~n subalgeb
ra g and by ~ the root system of g with respect h. Any semisimple 
Lie algebra has a Cartan-Weyl basis f H1, ••• ,~ Ea(. ; o( 1o ll J for which: 

l H1 , • • • ,Hn} is a basis in h (1a) 

[h,E.,_] = 4',.(h)Ed. (1 b) 

[Eo<,El?i1 = Nd.6 E~·+I?, (N11.'l = -N_ot,-ll) foro(+'3E- £1 ( 1 c) 

B(E"' ,E--.1,) = ·1 , ( 1d) 

where B(.,.) is a Killing form on g. 
Using this Carten-Weyl basis of g we can define an antilinear map
ping on g by 

lftCH1) = 

'f'(E.,_) = 

-~ 
-E_<li 

for 1=1 ,2, ••. ,n 

for all .;,, E- t:.. • 

(2a) 

(2b) 

This mapping is the involutive antilinear automorphism on gand the 

reel form corresponding to 

g '( = {XE: g; ty(X) = X} 

is compact. 
A linear automorphism is called a Carten automorphi&ill if 

02 = 

B·t = 'f'•8 

B<h> = h • 

(3) 

(4a) 

( 4b) 

(4c) 

If 0 is a Cartan automorphism on g, then 0defines the real forms of 

gas a set for 

go=fx&i; 0·'f',.X> =x}. ( 5) 

With the help of the Cartan automorphism 0 ,we ~an construct very 
simply a Cartan decomposition of g 

g{J = g~(B~' where ( 6a) 

gt ={YE. s0 ; B<Y> = Y} (6b) 
0 

g~ ={Y"=ge; 0(Y) =-Y}. ( 6c) 
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The-subalgebra g1 is a maximal compact subalgebra in the algebra g(9 
end the subspace g~ is a complementary subspace tog~ with respect 
to Killing form B(.,.). 

Semilerly we put 

h0 =[Xch, 0•1f(X) = X) 
end t.hen we have 

ha= hi@ h1e where 

hi ={YE ht,, 8(Y) = Y 1 
h~ ={Ye he, [UY) =-'I 1-

The h1e is a maximal col!l]'llutetive subelgebre in st . 

(7a) 

(7b) 

(7c) 

(7d) 

Now, let£H1, ••• tHq1be a basis in ht end further l~t{1Hq+t••••,1Hn} 
be a basis in h9 • Then [H1, ••• ,Hn1 is a basis in h. BY Ll + we 
shall denote a system of positive roots with respect this basis. 

For any ~ "',0. vie define 
..., 

oc/(H) =~ ( e (H)) for any HE: h • 

After performing the following easy calculation 

[H, 0(Eo()J= 0[0(H), Eo(1=c;1.(0(H))0(ED\) 

() 
we become that o( is also the element of 6. • 
Using this feet we may define 

P; =[c1.; ""E:: A + , c,,. ;a! o( 0} 

...-+ 
n9 

~-n0 

= ~go< ' 
a.£P8 

= ~g-,(_' 

d>£PO 

+ ..-+ 
n0 = ne/) 80 

n;. no(\ ge 

where go<= e[Eo\J 
g: = { Y G g B ; [ Y ,h~] = O } 

( 8) 

(9) 

(1 OB) 

(1 Ob) 

(10c) 

( 1 Od) 

and we get the required Iwasen end triangle decompositions of the 
reel form g

0 
at leat 
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g - t,nhP + {} - g0 w 0 EB n0 
- + 0 -

gf) - n9 @ g[} e n0 

(Iwasewa decomposition) 

(triangle decomposition). 

). The Carten automorphisms of' Lie algebras gl(n+1,C) 

( 11 a) 

(11 b) 

. 2 
The algebra gl(n+1,0) is the (n+1) - dimensional complex Lie algeb-
ra with the standard basis{ E1j; 1,j=1,2, ••• ,n+1} the elements of' 
which obey 

[E1j• Ekl] = bkl En - b:i.1 Eicj · ( 12) 

This algebra 1s a direct sum of' its one dimensional centrum (gene-

rated by the element E = 
n:!:...l 
LE11) 
1=1 

ond the simple subelgebra 

sl(n+1 ,0) v An ~hose generators ere E1j, 1 # j ; A1 = E11 - ¼ E 

1 • 1,2, ••• ,n. 
..J .., 

The standard Carten subalgebre h in g = gl(n+1,¢) is generated by 
the "diagonal" elements E11 , its dimension, i.e. rank of' g equals 
n+1. We choose the following Carten-Weyl basis (for details see the 
book by Zhe-X1an Wan17lp.221) 

Hi= Eu 
E - 1 
~1-~ - ~) Eik 1,k=1 ,2, ••• ,n+1. 

The relations (11) imply that (13b) are the root vectors 
ding to the root_ i 1 -}.k because for H( Ap•••,1-n+1>• 

n+1 
= ~

1
~1 E1i we get 

[HCi\p•••,r-n+1>, E11J= Cr-1 -~k) Eik • 

For the root system4 we ·get 

A = { i\1· - i\.k; 1 ~ 1,k ~ n+1, i # k 1 , 
The equality 

~( ili - "-k) • ( (lk -·?.1) 

implies that in this case the mapping (2a-b) equals 

'f(Eik} • -~. 
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(t)e) 

( 13b} 

correspon-

( 14) 

( 15) 

( 1 6) 

(17) 

.I ,, . ,, 
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We define a linear mappi_ng 0
1
0n gin the bas1s[E1j; 1 1 j=1,2, ... ,n+1} 

&'(Eij) = -Eji' {18) 

further we define for any q=1, ••• ,rn;1J linear mappings Bq on gin 
this way: 

0q(Est)=Eq+s
1
q+t 1 Oq<Eq+s,q+t>=Est , ( 19a} 

0q(Es,q+t>=Eq+s,t' 84<Eq+s,t>=Es,q+t' (19b) 

~(E~,s)=-Eo1..,q+s , e q (Eo( ,q+s>=-E"' Is I (19c) 

0q(Eo<. ,l¼)=E1,~ (19d) 

where s,t=1,2, ••• ,q o<
1
t?, = 2q+1, ••• ,n+I 

end for (n+1) even we put 

~ 

${Est> =-Eq+t, q+s 0'(Eq+t,q+s>=-Est · (20a) 

0"(Es q+t)=Et q+s (20b) 
J I , ,, 

where s,t=1,2, ••• ,q=~. 0(Eq+s,t)=Eq+t,s (20c) 

I q N 

Theorem: The linear mappings 0, 0q, 0 ere Carten automorphisms on g. 

Proof': One can by direct calculation verify that the conditions 
(4e-c} ere fulfilled. 

4. ~licit forms of the decompositions 

Using the method described in Section 2 we shell construct the 
explicit forms of the Iwesewe er.d triangle decompositions for the 
real forms of the Lie algebra gl(n+1,~) which ere defined with the 

I f help of' the automorphisms 0 , &q end 8. E\1 the construction we -v.-'111 
use following equalities 

<f(X + ff'(X)) = X + 1f'(X) 

Y(iX - 11f(X)} = iX - if{X) 

0(Y +8(Y)) = Y +0(Y) 

0(Y - 8 (Y)) = -(Y - t9(Y)) 

for any X ~ g 

fo1• any Y (::- gB 

(21a) 

(21b) 

(21c) 

(21d) 

which are. the direct consequence of the definitions (2a-b) and 
(4a-c). The calculations of the decompositions are simple and we car-

ry only final results. 
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' .I. The case 0. 
For a subalgebre g;, and a subspace g~, we have 

g;, = f![Eij - Eji; i,j= 1,2, ••• ,n+l} (22a) 

g~, = f!{Eij + Eji; i,j= 1,2, ••• ,n+l} • (22b) 

In this case a subalgebra ht = 0 and the aet{E11 , ••• ,En+l n+l}forms 
a basia in h~• • For P;, , with respect to this basis we get 

P;, ={;\ 1 -\ ; i.( k, i,k = 1,2, ••• ,n+1} (23) 

and this imply consequently that 

+ 
= Rf/!ij; i<: j, i,j = 1,2, ••• ,n+l 1 (24a) ne' 

ne, = RlE1j; i7j, i,j ·= 1,2, ••• ,n+l j (24b) 

and 
0 

= h~, (24c) g&, . 

II. The case 0
0

, q=l ,2, ••• , [~1-
For a aubelgebra gi and a subspace ~q we get 

g1
4
=f!{(Est-Eq+t,q+s-Ets+Eq+s,q+t>,i(Est+Eq+t,q+s+Ets+Eq+s,q+t>• 

(Es,q+t-Et,q+s+Eq+a,t-Eq+t,s),i(Es,q+t+Et,q+s+Eq+s,t+Eq+t,s>, · 

(Es A +E°' ,q+a-Eq+s,d. -E .1.,s) ,i (Es•"--Ec:(,q+a-Eq+s,o. +Eo. ,s ) , 

(E -E ) , i(E +E >] .,,,I!, 1,o. ~,'?>. "''I?, / 
(25a) 

~q=R[ (Est-Eq+t,q+a +Ets-Eq+s,q+t> ,i.(Est+Eq+t,q+s-Ets-Eq+s,q+t>' 

. (Es ,q+t-Et,q+a-Eq+s, t +Eq+t,s> ,i(Es ,q+t+Et ,q+s -Eq+s, t-Eq+t ,s>' 

(Es~ +Eo. ,q+s +Eq+s,i,. +Eel, 18 ) ,i(Es~ -~ ,q+8 +Eq+s,.,_ -Ee< ,s>}. (25b) 

We put 

{ (E11-Eq+1 ,q+l)' • • •' (Eqq-~q,2q)} 

a beais in a subalgebre h~ and 
q 
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(26a) 

{i(E11+Eq+1,q+t), ••• ,1(Eqq+E2q,2q),1E2q+t,2q+1'"•••1En+1,n+1J {26b) 

in a subalgebre h~-

. + 
For a set of the roots Pa we get 

q 

P9 ={tls-}..t•i\i+t-i\+s' 8 < t, As-i\i_+t• ~s- i\,1 • 
q 

i\ ->-+ s,t=1,2, ••• ,q, r:J..,=2q+1, ••• ,n+1} 
c,(, q s 

and further 

n9q=f!{(Est-Eq+t,q+s>, i(Est+Eq+t,q+s>; s £. t, 

(Es,q+t-Et,q+s>• i(Es,q+t+Et,q+s>• 

(E8 ,d-. +Ec1,,q+s>, i(Es,de. -E<1.,q+s>} , 

n~=Rt(E~t-Eq+t,q+s>, i(Est+Eq+t,q+s), s ~ t 

(Eq+s,t-Eq+t,s>• i(Eq+s,t+Eq+t,s>• 

(E.(,S+Eq+s,«>,· i(E<,\,B-Eq+s,.1.> J I 
g~q =Rf (Ess-Eq+s ,q+s>, 1 (EIII! +Eq+s, q+s>, 

( ~.~-E'3,0(. ), i(Ec,.,~ +El?,,d.)} 

where s,t = 1,2, ••• ,q c( , ~ = 2q+1, ••• ,,n+l. 

III. The case 0
11 

• 

In the case n+t even we haTe the automorphism 0"yet. 

. For a subalgebra g~• and a subspace ~r we get 

(27) 

(28a) 

(28b) 

(28c) 

t 
g0' •R{(Est+Eq+s q+t-Et■-E-q+t q+a),i(Est-Eq+s q+t+Ets-Eq+~ q+a>• 

• • · • · ' (29a) 

(Ea,q+t-Eq+s,t+Et,q+a-Eq+i,s),i(Es,q+t+Eq+s,t+Et,q+a+Eq+t,s)}, 

~- =e{<Eat+Eq+s ~t+Eta+Eq+t q+a),i(Est-Eq+s q+t-Eta+Eq+t q+a>• 
, , , ' (29b) 

(Es,q+t-:sq+a, t-Et·,q+a +:Sq+t,a) ,i(Es ,q+t+Eq+s, t-:zt,q+a-Eq+t,s>J • 

The aubalgebra ~" baa a basis 
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{<E11+Eq+1,q+1), ••• ,(Eqq+E2q,2q>} 

and the subalgcbra h~,1 hos a basis 

{i(E11 -Eq+l,q+l), ••• ,i{Eqq-E2q, 2q)} 

For + a set of the roots P
0

., we have 

P;,, ={ il s-,\,ilq+s-\+t•;ts-ilq+t'f-q+s-,).t• 

and further 

s ~ t} 

n; .. =Rl (Est+Eq+s,q+t), i(EscEq+s,q+t>; s <. t 

(Es,q+t-Eq+s,t>, i(Es,q+t+Eq+s,t>; s, t JI 
ne• =R{(Est+Eq+s,q+t> • i(Est-Eq+s,q-rt); s ,- t 

(Es,q+t-Eq+s,t>• i{Es,q+t+Eq+s,t>; SJt} 

s;. =R{<Ess+Eq+s,q+s>• i(Ess-Eq+s,q+s> 

(Es,q+s-Eq+s,s>' i(Es,q+s+Eq+s,s>}. 

where ~,t = 1,2, ••• ,q. 

(3Oa) 

(3Ob) 

(31) 

(32a) 

(32b) 

(32c) 

Dinensions of the subalgebras ~ and h~, are characteristic values 
0 1 ~ 

of the given reel form g0 • For the automorphisms , 0
4 

, () we get 
from (22b), {25b), (26a), (29b) and (3Oe) 

B dim~ dim h~ 

0' n<rt > n+1 

0'' q(2q-1) n+1 
q = -r 

0q 2q(n+1-q) q 

A comparison of these results with a list of the real forms gl(n+1,C) 
in booi/21 p.85 implies e following theorem. 

Theorem: The 
res 

and 

A conclusion 

algebra g
8

, is isomorphic gl(n+l,R), further the elgeb
g0 are isomol"phic u(q,n+1-q) for any q=1 ,2, ••• ,[n2l], 
~ ' ~ 

the algebra g011 is isomorphic u (n+1). 

In the present paper we give the explicit form cf the Iwesawa end 

B 

triangle decompositions for the reel forms of Lie algebras gl(n+1,C). 
However, we can use this method for the real forms of complex Lie 
algebras Bn, en, Dn. Some positive indication hes been obtained al
ready; the results will be presented in a forthcoming series of pa
pers. 
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BypAHX q. E5-85-853 
KoHCTpyx~s pasnozeHHA HBacaB~ H TpeyranhHY¥ 
pasnozeHHH AnB B~eCTBeHH~ WoPM anre6p nH ~(n+1,C) 

nocTpoe~ pasnozeHHH HBacas~ H Tpeyranh~e pasnozeHHH AnB 
sc·ex se~eCTBe~ 4K>PM anre6p nH ~(n + 1, C). HeTOA xoHCTpyx~ 
OCHOBaH Ha B~cneHHH B HBHOM BHAe aBTOMOPWHSMOB KapT&Ha, npH 
UOMO~ JCOTOp~ OnpeA~TCH B~eCTBe~e 4lop~ anre6p flH 
~(n +1, C). 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH~ecxoA ~SHJCH OHRH. 

CooG•e101e OCh.e.Q~~HeiDioro HHCTHT}"''a IIAepHWX xccneAoaaJDIIt. ,ll.,CSxa 1985 

Burd{k ~. E5-85-853 
Direct ·Evaluation of the Iwasawa and Triangle 
Decompositions for the Real Forms of Lie Algebras 
gl(n+l,C) 

The Iwasawa and triangle decompositions for any real form 
of Lie algebras gl(n+l,C) are given. Construction of this de
compositions is based on the explicit calculation of the Cartan 
automorphisms with the help of which the real forma of Lie al
gebras gl(n+l,C) are defined. 

The investigation h4s been performed at the Laboratory 
of Theoretical Physics, JIHR. 
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