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1. Introduction

The Innn'”"nmi triangle fz/douumpoaltiuns pley the crucial role in
the construction of infinite-dimensaionel unitery irreducible represen-
tations of noncompect semisimple Lie groups by the induced represen-
tation method’ >/, Explicit forme of this decompositions hove been
constructed by marny suthors for perticuler exsmples of real semisimple
1ie nlgahrnl“ « The ususl indirect method for evelustion of the Iwe-
sews decomposition of & noncompect semisimple Iie elgebre involves
sesrch for solutions to certein simulteneocus eigenvelue type eque-
tions; for details see the book by Hermenn’ >/, The direct method hes
been formulsted by Cormn/s/. It is besed on the canonicel form of
Lie elgebre end the fect thet for eny two Certen subelgebres, there
exists sn inner sutomorphisa which meps one into the other. Thias
inper automorphism, however must be guessed for each perticular cese.

The present psper gives the Iwesewas decomposition for resl forms of
Lis elgebres gl(n+!,f) in ® much more simply weay. For any resl form
of the mlgebre gl(n+i1,f), wa construct the sbove mentioned Certen
sutomorphiamj explicit form of this sutomorphism then specifies the.
decompositions directly. Orgenisstion of the psper ia the following.
In Section 2, we describe in generel terms the constructlion of the
decompoaitions in the case when the Cartan sutomorphiss which gives
resl forms is defined explicitly. For the algebres gl(m+1,C), we
Eive explicit forms of the Certan eutosorphism in Sectiom 3. In the
last section, these sutomorphisms will be used for construction of
the Iwasswe and trisngle decompositions.

2. The Ismsawe end trisngle decompositiona

In this ssetion, we have givena brief survey of the Iwasawe &and trisn-
gle decompositions. We followed Chapter 5 of llww and Chap-
ter3,33 of Zhelobenko snd Sterw’ /.
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Iet § be o semisimple Lie elgebre., We denote by h & Curten subslgeb-
re g snd by & the root s,stem of g with respect . Any semisimple
lie slgebrs hes a Certun-Weyl baul[ HyyeeosBy By d¢A ] for which:

[H‘,...,Hn] is @ besis in h (1m)
[nE]=athE (11)
[BoBal= WyByy = N _ ) forasscA {1e)

B(E ,E)) = 1, (14)

where B(.,.) 1a & Killing form on &.

Using this Certon-Weyl besis of ¥ we cen define en antilinear map-
ping on g by

i) = -y
W(E) = -E_

This mepping is the involutive entilineer sutomorphlsa on E‘ end the
reel form corresponding to

for 1=1,2,ie.,n (28)

for all e A . (2b)

g, ={Xe& yn = x} 3

is compact.
A linser sutomorphism is celled & Certen sutomorphism if

g. W = sv" a8 (4b)
B(i‘i‘} = i; . {4c)

If § 18 & Certen sutomorphism on g, then & defines the reel forma of
g =a b set for

8y {XcEs Op0 = x}. (5)

With the help of the Cartsn sutomorphism & ,we cen construct very
simply & Carten decomposition of Z

8§ = B @8h,  where (60)

g5 =[Yegy s B =1} (60)

& ~{resgiom =-1). (6e)
2

The subelgebre g; is & mexine) compact subslgebrs in the elgetrs Bg
end the subspece g% ie 8 complementary subspace to g; with respect
to Killing form B(.,.).

Semilsrly we put

hg ={xeR, 000 = x] (78)
end then we have

hg = hp @ b where (7b)

h; ={f£ hB' ay) = !-j (7¢)

nf ={Ye by, BCX) =1}, (72)

The h%, is a peximel commutetive subslgebre in 55 4
How, Ief.iHI,... H ‘bo o besls in WP end further ut{mq”,...,mn]
be & besis in hg . Then {H,...,H | is o beala inTh. By 4, we

shell denote ® system of poaltive roots with respect this besis.
For smy £e A we define
450 =4 (8 (1) for sny He h. (8)
After performing the following essy cslculstion
(e, 6p]= 6[6m, B ]=a(8m)8 (2 9

ve become thet d"u 8lso the element of A .
Using this fact we mey deflne

Pé -{a;atd‘,a#qe} (10m)

S 30s ol
“PB

g = Pl "5';5“9 ) (10¢)
“Pﬁ

where g% = t{l*l
g, ~{ree i [xm}] = o} (104)

end we get the raquired Iwesawe srd triangle decompositions of the
resl form 39 at lest
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By ‘B ohs & ng {Iwssews decomposition) (118)

_ ¥ o
89 ng Qgp gna {triangle decomposition). {11b)

3. Thae Cerian sutomorphisms of ILie algahrnljgtnﬂ ,€)

The elgebra gl(n+!1,C) is the lnﬂ)z - dimensionel complex Lie elgeb-
ra with the stspdard hnill!ij; 1,3=1 ,2....,m1] the elements of
whieh obey

[eigr B ] 6y By = 84y By G2
This slgebre is & direct sum of its ons dimensionel centrum (gene-
o+
reted by the element E = ﬁxnn end the simple subalgebre
al

al(ntl,l:)VAn whose generators ere r.ij. 13, Ay = By - i‘i B
i=1,2,,..,n.

The stenderd Carten subslgebrs h in Z = gl(n+!,8) is genersted by
the "diegonsl® elements E,,, its dimenaion, i.e. renk of £ equsls
n+)l. We chooss the following Carten-Weyl besis (for detsils sse the
book by Zhe-Xisn Wer’ '/p.221)

Hy = Byy (13a)

'll-& = m’—r) Eu 1’h' '2.ono|m‘o “35)

The relations (11) imply thet (13b) ers the root vectors correspon-
ding to the root 3, - A, because for H(A‘.....anﬁln

o+l
= LA By weeet

i=1
[BOA eersBpeg)s Bypl® tag =2y By - (14)
For the root system & we get
A ={a A tet,kenn, 14K}, (15)
The equslity
(g ~R) = (2, = 2,) (16)

implies that in this cese the mapping (2e~b) equals

We define © linesr =epping & on § in the besis [B43 1,391 ,2,000,m01]

further we define for any q=1 ""'[n‘}"] lineer meppings 6«1 on  in
this wsy:

B Bat)*Eqes, qovr OqFqra,qrt? e > e
gq(E,.qﬂ!-sqﬂ.t. Qq‘zqu,t)’Ea,:pt s (19v)
A L Bq % qve" " By e
Bt a7 "Fa.a (194)
where ﬂ.t‘lla'ovv,q aﬂrﬁ'—' 2q“l’o--,n"‘
end for (n+1) even we put
BlE)"B oy, qss 8 Eqer,qes)"Bat (208)
F(By qot)"Ft, qas (20b)
wmﬂf*s.t’*q*t.s where 8,1=1,2,...,0585 L (20¢)

]
Theorem: The linesr meppings &, Gq. B'nn Csrtern sutomorphisms on E.

Eroof: One can by direct csleulstion verify thet the condltlions
(46-c) ere fulfilled.

4. Expliclit forms of the decompositiona

Using the method desoribed in Section 2 w2 shell construct the
axplicit forms of the ITweasws ernd triangle decompositions for the
real forms of the lLie algesbra gl(n+1,f) which ere defined with the
help of the mutomorphisza §', By #nd 8'. By the construction we will
uze following equalities

@ix + p(X)) = X + y(x) {218)
pUX = Lp(X)) = 41X - 1 p(x) for eny ¥eg (21b)
QLY +8(X)) = ¥ + 4(Y) (21e)
G(Y =8(1)) = =(Y - &(Y)) for any !ege [214)

which ere the directi consequance of the definitiona (2s-b) end
(48=c). Tha ecelgulations of the decompositions are simple and we ocar=—

ry only final results.



I. The cese 6.
Por & subslgebre g; &nd 8 subspace ;;. we have

g;. = R{B, 5 - Eyi 1,3 |,2,....m1} (228)
g = R{Byg + Byyi 1,37 1,2,000,m01 ) (22b)

In this case & lubalgobra n' = 0 end the ut{:”,...,zm, nﬂ] forms
& besias in hP. . For P s With respect to this besis we ge

[4] g
95. ={A, A i1ek 1,k =1,2,0.,00]) (23)
end this imply consequenily thet
ng = R{E 43 4¢3, 4,3 = 142y 000,m01 ) (248)
ng = (B4 173, 1,3 = 1,2,...,n+1] (24b)
end
° = hp -

II. The cess £, qﬂ.?,...,[ni-i-].
For & subelgebre gt end & subspsce g@ we get

& 8q
g5 =R{(E,, ¥ -E, 4% Y A(E
Qq at Tq+t,q*s “ta Tg+s,qtt

(B

+1t.+g

at’ q+t q+a q*a,qﬂ.)'

s, qet Bt qen’Bqes, t Bqot, PR ELLS e :t.qﬂqq‘..‘qqﬂ'.).

By By, qenBaen,u By, 0) 01 By "By qeaBqrn 0,8 1

‘%lr@ -‘S:d h 1('4,6 ‘!a.a }} ' (258)

) “'.t q*t,qts N T qts, q-'t"

1, L(E o

'ﬂ{(!“ q*t,q*s !tu qte,q*t’?

q*e,t” Q*tl')'

NG TPUICC SO W] R

By, qet 7B, qeaFqes, t*Bqet,n 5,9+t Pt qva

(By *E, cea'Bqrs,a*E, 0 108

¥e put

{(R) 1By g eeeen BoqRog 20 } (26e)

@ basis in e subelgebrs hP end

8q

Ll

LB "By qer Ve e M By 2000485 0y paereeeadBryy nyy ] (26D)
in & subslgebrs h® .
N

For & set of the roota P"e we get
q

9 [ R Aqet~Rqear 8¢t Ag-Rpupr A= My @7
z\‘ -Aq“ 8, 3 1,2,044,q, ¢=2q¢|,...,m|-}

end further

)y A(E }i set, (28e)

+
ngqrn{u:"-xq,t‘q"

(By,qet ™5t qeals

a1’ qﬂ. q+s

108y, qat*Fe, qra)

(E, +E ), 1(E

8 By ae R S} ¥

nttx Do MEL R s qag)s 828 (28b)

+E

-t q*t q+s

(E )y A(E

q+s, £ q#t s qét.l}'

(E, )y ME, B

q+s,t

Q“' d Q'UM}] [

)e L(E Vs (28¢)

o
‘pq'n{uu'tqﬂ q+s oo Eqen,qes’e

CE By )0 UE 0B, )]
where 8,1t = l,2....,q a,h T 2qt1,.eyrtl,

W
111. The cmse 0 .

In the case n+1 eyen we have the automorphism 8" yet.

For & subelgebrs g;., and » subspece gf  we get

'n{('lt q+e,q+t ‘u"q*t q*u)'“!lt q*s,q+t ltl q*t, q‘.);zgﬂ

(2 '|Q‘t- Q"lt t,qes” Q‘t ) s Q't’ Q*'rt‘lt|Q‘i‘ Q*t:'!h

)y
(29b)
l.Q*t’gﬂ*'-‘-'tsQ‘l-'thsﬂz}.

5:- -Bitl“"-lq,,. ,qﬂ:"tl"qﬂ ,qﬂ’ i u-t"!qén,vt"ta*xqﬂ-t,qu

".IQ".'Q"!t-"IQ‘.*lq+tl.).1('

The subslgebrs hS" hes @ besis
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{08 *Bgay qardreeen (Bg* By 200 ] (308)
t

end the subelgobrs he.‘ hos & basis
{108, 1=B 0y qordseeest B =Boy 20 } - (30b)
For a set of the roots Pé.. we have
* . = =253
8" '{}a"'lt"lq‘s'Aq*t"‘a”lq‘t"‘q'a o, E%S an
and further
+
g TR{EL OB Ly con)s LB By, iy)i BCt (328)

‘gs.qﬂ-sqoa,t)’ “gs.q*t'mq*l.t,; sct }'

ng. *R{EG By, oo)s UB B, o g)i 8>t (32b)
(By qet™Bges,t) 1(By qet*Boeg,t)i 82t }

& =R{(E ¥ ) LB, ~R ) (32¢)

qts,q*s qts,q*s

(E Y AE

8,099 Tqea, !.qﬂﬂms.n’]

where 3,‘ - '.2.!...Qo

Dimensions of the subaslgebrsas gg and h%: sre cherecteristic values
of the given resl form g4 . For the eutomorphisms e, 8y 4" we get
from (22b), (25b), (268), (232) end (308)

P
o] dil_s% dim hY
&’ 9-‘-!—”‘ ) n+1
g" | atzq-1) q =Bl
i9q 2qi{n+1-g) q

A comparison of these results with a list of the real forms gl(n+1,C)
in bookja £+B85 implies 8 followlng theoraem.

Theorea: The slgebre gy is isomorphic gl(m+1,R), further the slgsbd-
Tés 8g are lscsorphic ul(q,n+1-q) for eny q=|.2....,[_ ]

end thg @lgebrs g _, is laomcrphic u'(nﬂ}.

a!l
A conclusion
In the present peper we give the expliclt form cf the Iwsasws end

triengle decompositiona for the real forms of Iie mlgebres gl(n+1,C).
However, we cen use this method for the resl forms of complex Lie
algebras Bn' cu. Dn' Some positive indiecmtion hes been obtained al-
ready; the results will be presented inm & forthcoming series of pa-
pers.
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