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1. tnt~oductlon 

The IW8e8~/I/Bnd trlenale /2/4eaompoaltlons pl ay the cruc1al ro l e in 
the eon. truetlon of lnttn1te-dlaena1onel unitary irreduc1bl, ~epra.on
ta1.1ona of tlonco.-pact seade1JJple Lie group. bY the in4ueed. ~,prea.n
tAtloD mlthoa/3/ . Explic i t torma ot this deco.positlo~ ho•• been 
couatruct.ed ~ MIO" authors :tor pSr"tlculer .xe.lIPle. ot Hal ••ml.1mple 
1J., Algabre.,/4/. The u.a~ i nd1rect method: tor ..... lue\10» ot t.M I_

aa_ decoapoalt.101l ot a noncoapaot ulll181mple Lie algebra 1n'901"•• 
••erc.b tor 101ut10ns to c.rtain almul. taneoua .1~n..l u. t7pe equa.
tlona, tor detail. a•• the book b;r He~nJl5/. !be d1reot _Uaoc1 he5 
been torauleted b7 cornwU/6/ . I t 1. bas ed. on the cl non1cal tOni ot 
Lil 81~bre 8nd the t ee t that tor &l\1 two Carten lubelgebre., there 
a:daU an 1mwr eut t»Orphia. wh1cb . ps one into tb. other. Th1. 
lnoer luto.arphlam, ho_eyer aust be ~,sld ~or ••ob pertlouler c•••• 

fbI!! prelmt pap-Ir g1YI. the 1_.... dlcoapo81t1on tor Hal t'oraa ot 
Lt, el«lbree &l(n+t ,I) 111 • lIuch .on .s...pl1 ..,.. 'oJ" atl,J' ....1 .tora 
o.t the al.pbre 11(01 l,e), n eonetruct 'ltd .OO'ge ••nt1ooed CaJotan 

aut.o.orpbi••• e~1.1e1 t tor. o~ t.h1. autOlJOrpbi•• then .peo1.t1•• the. 

6eeo.poe1t1ona d~rectl1. Oraanl.ation o~ lba paper 1_ tne tollowins. 
In SectIon 2 ... d••er-lbe 10 .en.rIIl t.r.II ~ coaetruc'tlod ot t.)<Ie 
d,o~olitiona La the ca ol when the C&rt.n aut.a.orpbl.. wb1ch giyeB 
real tora. 1.. dlL1.ned expUel t17 . For t.he alaebre. &1(D+1 ,e) t .. 

at" Ixplictt fora. at the ca.rtaD eut08Ol"Ph1•• 1n Sectl_ ). In thl 
la.t l .eoUoD t the •• _utoeol"'Phl ... will be wald ~or aOD.t.I"UotloD ot 
t..lte I ..... aDd tr1.an.&1.1 cSeoo.po.l tionl. 

2. !be I ..... enO tr1ell4l. d.eoC!lpO.lUOH 

In thl....UOD, .. be.. II1ftD. brier aUJ"n:7 ot the 1___ aDd trlen
al. 4.0_..1Uo.... •• roU...4 CI>Iopter , d Ilel....o,.l1l IlD4 CIIap

tor 3.~3 d 2belobenlto .nII st • ..,/2/. 

f 'hClliUtlli~1 II!mtyTI 
U C1lJliIX EUI ~3nlll' 


@ ... _...... , §118T!:M.JTt~ 
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Let g be a selJlU i 1lple Lt. e1gabre. '18 dono te by h B Ctl.l'tl>O aub81geb The svbelgebrc g~ 1. 8 .lt2xllUlil COJIPact aubel.i;ebre in the e.l.gebre ge 

ro g 6nd. by 0 t he root & .. stem of g with :!"eapect 'ii. Any s ••lst-pl. 8rm the Dub.peee ~ 1s a co."leaentery sllbapece to 8~ .-1 th r espect 

Lh· bl gebre has • Carton- W.yl })(i.i. { HI' ••• '~ "E,( ; .,(t (j 1 tor .b1ch : to K1111ng .tOni B( . I • ) . 

~ Suml1srly _& put
[I1" ..•• Hn l 1& 0 beais 1.n h ,. ) 
[h.E.,) - ",(hlEd. ( I h) h61 'IX • Ii . /J 'r'(X) • X J (0) 

[E.(.E"!.l -::: H...~E.(+~ (N-A~ :;: .N_.!, _~ ) for -. +~ '" 11 ( Ie) unc1 t.btln ...e "have 

Bce:.... ,E.~) ~ I , ( 'd) 
h8 ... h~ ~ b~ .h~re ( 7b)

where 6(.1.) 11 a Killing form on g. 
h~ ~(rf h9 ' Om - Y1 (7< ) 

Uat08 till:! CorwIl-Weyl basi'] of g we cun 41!!:.t1ne en onUl1neor ::n.o.n
(7d)h& -11< he. ow =-xl· pin<; on i b3' 

tor t =1 ,2 ••• • ,n (20) The b'e is 8 08l1:1ul com:autctlyo aub61gl!'bre in ,g~'I'(H t ) < -~ , 
'P(E.. ) - -E_", tor 811 <1\ £ Il. • (2h) 

Thh :=lipping 13 Lb. lnvoluUve IInt1l1D.~r slltollorrh1&c. on ; end t.ho 

r eal form corresponding to 

8'1' = fH 8; 'I'(X) - XJ () 

i s c ompact . 

A ~lneor Bt1tomorphllJCI 1:. celled II Cartsn 6utolllOrphl&·_~ it 

2 (40 )0 
B, ,,, • 't' (} ( 4b) 


B(b) - h (40) 

It' () 1s EO Cortan autollorphilm on g, t,l1eo (J d.efine. the reel fOrllla or 
i .L!I 0 8at for 

(5 )~B 0 iX, iJ 0 ·\,.(1)' XJ. 
With tbe belp ot the Cer~ auto.orphi•• 0 ,.' ean conatruct verY 

.implY a Ca~ton deaompoa1ttoD ot i 

( 6el 88 - lI~e~. whero 

(6b)s~ -{hIl9 18m = 11 
C6c )~ '(HSe; 0(1) --d· 

2 

Row, 1etlHI , • •• {Hq\be Q beala in h~ &nd further 1!tllHq4 11 ••• ,1HnJ 
be e be&l. in h9 • Then [H, , ••• ,8nl 1. 8 be.i~ 1n h. ay ~ + we 
she11 d@Dote a ayst•• ot poslt1.1!' roots with respect tnt, beals. 

'OT An.)" ~ \. 0 wo dr!.tln.e: 

"I'ca) 0<>\ (B(8» -tor 1IIt\Y B~"h. ( 8) 

A-tter porlortalng the tollowing ea.oy cEllcul8'Uon 

[H. B(E,,)]- e[I1(H). E • .",« S(H))O (E",) ( 9) 

....·e become thet g( 0 1• elao the element o~ () . 
Using this .teel .. may derine 

P; -{o(;" L d + ." ~ ~ @ J ( 10e) 

~+ + ..... 
n9 = ~8" n9=n8~g9 (IOhl 

~,P8 

~-
• • -~~II-~ n9 nO - ngnge (IOe) 

~"Pti 

who" s'" - c[B..J 

gO 
 - (I O~)of IlS ; [T.h~] 0 J11 e 

find n f!;~t the Nquired I ...... end tria.ngle dl!l'OOnrpOllt1OM or the 
1"1!:.1 "tor. 8 at leat

9 

3 
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t P > 
gf} • go 4> hi) (jj n61 (twasewe deeo.poaitlon) 118) 

> 0 
g9 = D 9 	@ g9 (II n/I (~ langle d.CO~061tloD). (11 b) 

). ~n. 	CaT:an automorphism. or Lie a l gebras gl(~I,e) 

The algebra 81(n.t,~ 1. the (~ 1 )2 - dimensionsl CO.p18E Li. algeb
~ With the .t6~erd beliat lSij; t,j. l,2' $•• ~n+1J the ele.ent. ot' 
wbicb otley 

[Eij' ~1 1·0kl 81l - bu~· 	 ( 12) 

,hi. &lgebre 15 B direct eum or it, one 4~en61onpl centrum (gln8

r&t.&d by ths al...nt, !::a {!!J 1.: ' ond t he aillpl0 subllgebref;;j 11 

al{D+ I , C)vA ~hO.' ge.nentorl ere r.1j, 11 ;),At:a" flU - ~I! n 
1·1,2, ••• ,n. 

The .UlndElI"d Carten aut.-lgebre 
~ 

b in g 
~ 

'" g1(n+-l,¢) 1...n.rated by 

the -d1egonal- el...nts Eli' it. dl~enslon r i.e. renk or &.~uela 
n.l ••e choo •• the tollowina Certen-We11 be§l. (tor det811a ••• the 
boo~ by Zhe-Xlen ••a'7/p •22 1) 

~ = 1111 	 ( De) 

1,PI,2 , • •• ,n+l. C1]b)E~l-~ 	 • ~) Elk 

The relation. (11 ) lapl1 th.t (')b) are the root vector. eorre.pon

dlDg to the root. At -}. k beCt\U8(,! -ror H(}., , .. .. t}t n+l ) · 
n> 1 

• L ~1 BU ... get 
i =1 

(14)[H( ~ 1' ... ..~ 1>+' ) ' 11J· u 1 - ~ k) Ilk • 

Por the 	root eys UIi 4 .. get. 

( 15)A '{~1 - illl:; " 1.k ~ n+l . 1 ~ II: 1· 
Th. equall 'tY 

- ( il l -	 "ilk) • ( ~ k - i\ ) (16) 

1.pl1•• 	t~l i n thi. o••e the ..pp1na C2e-b) eq~t. 

'f' (Iile) 	 • -~. ( 17) 

4 

..~ dotino a Hr_esT :1£Ipplr..g l/on g in the buuS.s i E1 j ii, j:al ,2 I '" ,n+'} 

fi(E1j) 	 = - Ej\' ( 18) 

tw-1.her wo ooJet1r.e tor 0"31 q:al , ••• ,fn;-tJ l iDOar laGppi na,s 8 on g in q 
t h1s '"'By : 

(1910)Gq ( Est ) :II:Eq+e ,l>t-\.' Gq (Eq+8 , q+t ) :II:Bat 

(19b)BqCE~lil+t) ·E,~+ •• t.' 9q(E~+art ): ~s.qtt ' 

llt (&..A I e.l.-r~, l l""'. • eq(~~,q+s)~-E~" ( 19.) 

e. ( E . )=E! ....11 11-, ' J I 	 il9d ) 

j 
 ..here St t a ! ,2, ••• ,q ~,I'\ = 2q"" t • •• ,n---' 

end tor (n~l) even ~8 put 

• 	 E (200)(9 (!:st) --'1+t 1 q+s (} "( I:q+ t r Clot s) "--Es t 

O"(E",q+t.)~Et,q+lS (2 0 b ) 

. _!l±LB~(i.iq-t'., t.) ::gCl+t, IS where sf t- I 12 ••• • ,q~ . (20.) 

, . 
Theora. : T-he linear "pplngs 9, c9ql 9 e~ C&rtsn automorphlsu on. g . 

~: 	~ een b, ~lr~ct celculotlon v.ri~y that the cond1tlona 
(.~-e) Ore ruLf111od . 

4. £xp11e1~ tor~ ot tha decompoalttona 

1 

Ue ing the method dc '~rtbet1 i n ~ecU.crn 2 •• ahall construct the 

explIcit f orms ot the I~.8" erA triangle decomposit1ons Lor the 
reel :fOrtUi or t he Lie ols.bro gl(n-+'IC) ..hl eb f'!re det.lned ..1th the 

hel p. ot Ute 8utollOrp~ 1au fi I Oq .. nd. 8#. W lb.. construction we w1.U 

uae following a~ua11ti.s 

(X + reX»~ • X • ~(X) (21.) 

r'(ll - 1 'fI(X)) • iX - 1 'f' (X) ror ellJ' J' g 
~ 

(21 b) 

e(Y > B(ll) • Y • II(T) (21') 

G(l - 8 (Ill' (t - 9(Y)) "tor Bn.,Y ! oft BO (2Id) 

.bl.eb ere, t.he direct COMll.I.nce of the l!I et1n1tlol'l. (2a-b) and 

(4a-c). the cBloulatlan. ~r tho d.coopoettlon, are simple und .e oar

ry ollly t1.tw.l. resul to. 

s 



I. The esse 8' .. ,
For 8 8ubolgebre and s 8~b.p8C' ~I we bove8V 

8~' • ft{!'lj - Ejl' 1,j- 1. 2 .... . ,n+l} (22" ) 

~, • R{Bl;l + lIj1 ; 1.j. 1.2 ••••• n+l} . (22b) 

In t his eese 8 SUbelS:bra ht - 0 and the Sl!t!E'I' ••• ,1D't1 ~,) toras 
B baate In h~' . tor PO' • with respect to this bealb .. get 

Pl/'• = {;I 1 -\ i '( t, 1 ,k. 1,2 ••••• 0+1) (2] ) 

end tb13 imply eonae~~~ntly t hat 

+
nO' A{~1.j; 1<j, 1.j - t.:?, • •• •n... ,l (248) 


ne' • I!{Elj; 17j. 1.j l , 2 , ••• , n+1 J (24b) 


end I
0

8 , . ~, . 	 P4e)
9 

I I. !be ce •• Sq. q-I,2, • ••• [~l 

POi' ••tabela_bra 8~ end. aubI!pece seq we get 

81q-e{(Iat-~q+t ,q+.-Et • +Eq.... , q+t) .lCE.t+'Eq+ t ,q+8+I't.+Iq... s ,crt t.) , 

(1. ,q+t-!t rq••+.q•• ,t-~q+ t,. ), l(•• ,q...t+!ttq+.+I~"'5It~lq1l,.>' 


(:I....+ZGIoJq+.- ~+1:... , a ) , 
I'«ra.do -1",11' ,1 (18, .... -lei" q•• -Eq+a 


(B -E ). 1(1 +. )] ( 2 5<1) 

~,~ 1,. ~ ,~ _,~ , 

~q&R[(S.t-lq+ t,q+.+Et.-lq+.,q+t )ll(·.t+~q~t ,q+.-Et.~q+ •• q+t), 

(1"q+t-.t,q+.-!q+'tt+.q+t,.,,1CE.,q+t+Bt,~+.-!q+.,t-1q1l.," 1 
(1• .,( +lt~ , q+ s+Iq.. I ,,,+.1:,,,.) ,1 (I.,do. "I"" .q+t-+Zq+. , .. -I... , . » • (2 5b ) 

W. 	 put 

(2600){U:,1 -Iq+l . <1+1)· · · · · (I<I<I-~ <I.<<I) 1 
e beal. in 8 lubal«ebre h~ eOO 

q 

(, 

t1(E, 1+'Iq+I,q+') J 0.0 ,1(Bqq+lzq ,2q) .1..l7q., ; 2q., " •• 0 , iEn+ l In+I] 	(26b) 

1n • sub<>lgeb,.. h~. 
+For tI eel !)t 1.he root. Po. •• g~t 

Q 

(27)Po 
q 
= {~.- ~.iIq+t-~q ••• • < t. ;<,-o\.t. ~.- " ... 

A.., -.lq-t . S it a 1.2, .. .. , q, ~~ 2q+l • ••• ,n+l1 


eoo !urt.her 

nSq'-R{CJ:.t-Eq--tt , q+ O)' i(Eat+Eq+1 , q+a)j S L. t, (280) 

(&'.Q+t.-2t,q+S" 1 (E.,Q+t+Et . q+S" 

(:Be,ol+E~,q,+,)' 1(J.,~-E(II,.tq"8)1 ' 
(2ab)n~:Rl(B~t-Eq<tt , q.... " 1 (Eet+KQ..t,Q'i a) , e ') t 


(Eq+s,t.-Rq+t.,),l(Eq.s,t+Rq+t •• ), 


(E.,(.e+!'q... . , ... ' , 1 (B .. ,.-Eq+e...-,' ] I 


(2ee)I~q-R{(~••-!tq+s , ct+ ' ) ' 1 (BI • +Eq"'.' Q.+ s ) • 


(~,l!I-E1t" ,. l(Ed,,1!, . BI\,d. ) } 


where a , \ - 1, 2 ••• ~ , q ~ • .., ~ ?q+1t···.~I . 


IU. Tb, ca.1 ri"o 

111 the ce•• D't' eYI!:.D •• ha.e the 4ut oIDDrph18:11 Bit ,yot. 

"or II lubalge'bre. «~<j ao4. Iw.pece~, we get 

t 
All { (Zll+J;q+. , Q....t -It.• -Iq+t, q+1' , 1 (Est-Bq+1 .q+t.+I t • -Iq+ t, q".' ."(1' 

(2901) 

(B. ,q+t-Kq+a , t+1t ,q+'-Sq+t,.),1 (Bs ,q+t+Bq-t., t ~ 1t..Q.+a+.lq ... t ,.') I 

<. -a{(K.t+lq+. q+~+.t.+Zq+t q~ .),1 (Eat-Eq+a q+t-.t~+Iq+t q•• )' 
, , t • (2gb) 

(&8 t q+t-aq+' t t -It.q,+1.Sq,+t, I) t 1 (K ••q+t+Rq-+8,1.-S, ,q+' -J:q,+t •• )] • 

'l'be .uwl,gebn ~. bA' • be.l. 

1 
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. , 

{ ( ~, ...EQ.... , ,q+1) t··· I (!:qq+E2q ,2q) J 300 ) 

ond the t:lubolgotTc h~~ blIs e best a 

l i (E11 -Eq."q... ,)" " I t{Eqq-E2q ,2q) 1 DOb) 

For 8 Ge~ of the root a P;. we have 

()1)P;II ". { ;1 IS -,1.'1. , ;'qt1l - \+t' ,18 - ,l.q+t ').ct. lI - \. • "" t J 
I!rtd further 

()2e)n; . ::IR ICEs l +Eq+8 , q'l t), H£st- Eq •• , I'l+t)i at.. t 

(£s, q-tt-E=l+s,t), iCEa,q.. t. ...Eq... ,t)j 4£ t JI 

()2b)nO' KRl(!8,,"Eq. ,.,Q..t" H Est-EI'\"S t'l"t); :I.,. t. 

(E. ,<t+t-Bq+s,t" 1(E. ,<l+t+!:q:+8,t) j .) t } 

()2e )g;. =~ j (EaS~eq+8 t q"S ) ' 1 (Ea8-XQ~a,q+e) 

(E. , q+,-Eq+.,." l(E.,Q+ s"'Zq+s,s) J 
wh~re ,t = t,2, ••• , q. 


Dlmensions of' the subelgebraa ~ e nd h~ are chel"8eter1, tLe values 

ot lbe giveo reel r orm gf' • Por the e tJtQaorphlsn 8, Oq I g9.a get 

f,·om (22b) , (25b), (26. ), (2?~) 8r.~ (JO.) 


B ~I. ~ ~1.lII hP 
I) 

8 ' !Up) 0+ 1 

9" q(2q-l) q • n;.t 

~q 2q(n.'-<l) q 
, 

It CO:"!1p&.l"l.on oI Coh••• x_.alto with It l is t or 1:b-e r(>111 tol"C..io1 6l(n,.1.C) 
in boo-/2/ F. a5 implie8 B .tollowina theoreo. 

":htorl.. 	The als_bra Ie' is iaomorphle gl {n+l Jft), further th~ algeb.... Re. are 1.o~iphtc u(q,C.I-Q) ~Qr any ~=I ,2,·.·.(flilJt 
q • 

8J)d the algebra Be' 18 lao.orpbie tl C~1). 

A conclu.a1on 
In \.hI pr~.'nt paper .". giva the eIJJl1d.l t01'1!l ef" the l walawe ar.d 

~ 

~8ngle 4ecoapo~1tton8 for the r@e~ fO~1 ot t1e .1g.b~. gl(n.' ,e) . 
Row-eYer, .. e&n uae thi...t.hod tor t.h.e: ree:l tona. o~ coeplu: Lie 
e:lgebre e Bnl Du. Some po.it.tve Indicatioo he. been obte1ned 81Cnl 
r eady; 
per•• 

tb. rea~t. will be preaented in 8 fOTthco.~na ••ries ot pe
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