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10 Int roduct 1c:.n 

I~ this parer w. continue f~ft tnve.fignfton o f rhp ~ fructur. of the 

!Hate snAce of 1... (JJ) begun 1n 115/0 

The na~er 1B organized 88 follow•• Geetion 2 contain . the n.c.esery 

defintttona. notation. end auxiliary reeulte. In ••ction 3 we orove 

the m.tn rp.aultG about the nure state .pnce And the vector stete BD.~ 

ce of L· Cll ) 0 These two sets of erate. coincide. t~reover there 11 

giv8n 0 repre.entation theore~ for the pure (and vector) et~te Ipac. 

analogous to the boundod ca••• 

~ 'or.ov.r s octton 3 eentain•••veral rpsulte concerning ••quencas of 

s t ~ teBo Only 'OflS of tho~ corrs.pond to the bounded c •••• 

In section 4 we investlgate the .tate space of ~oro Aener.l OpM_el _ 

gabr"• .A CD) 0 A1IIong other thing9 it 1s proved that the erat. epeea 

t. the w"-closec:J convex hull of the vector atates. If A(II) i •••If

adjoint and topo logically i r reducible (cf.nef.A.3) then the .tete 

annce i~ the w"-clo.ed convex hull of pur. Itates. 

~ P reli m 1narlB~ 

Fur ,.. d ft n ~o linear "'entfold 21 in n eeparfllble Hilbert ep.ce .. the 

set L·Cb) _ { r.: A~cll. AMIf Co Irl ie III .... elg.bre with reepect 

t o the u~u lt l or.ra t1 o n s and the involution A_A· • ~M,,, • An 

Lp· - n11 lft:Jr,. .A (2I ) is II "-eube1geb ,." of L· (ZS) cont aining the iden

t 1t y OS'l ret tJ r 1. T .... . (! ,.nph topology tA on 1t induced by AC'a) 1. 

!l ivon b y t h. ' .. ... 11." n f """ i m ' rI"s IIf ----""''f' for eU AfA(.). 

lIeno e. t ",.(., • t ",.,.1'1' by t . I hi t topologizet ion of. gtv•• r1ae to 

rt , enu tdcaal r lf}'1t1J III Hlfl rl . ,Iac.• • ttl C • c b'tt 01 lind. canonical 

d ",ol I' liIlr ( 'D .1)' ,. li'HIl t ' h t tl .. nron!') topoloQY 1n JJ' • Let 

Q' . cr (b 0 .. ) l." , I,,, ..... ,. 1. r',Jpo l t) t')y In 15 • Q."'",lIIb.r that a ••au.nce· 

( , .,) ,1) I .. " ·lii:onll.r l"'" 1 1..1 I . "U (11.. ....!:.- O ) if e nd only 1f C,,,,) 

1_ 1 -"OU'ltl'I' .,ntl 4. 'i. 'f.. t • II ' .. r till ft til honc" 10r ,, 11 'ft" 
,." n ll ·" l qftbrA A ( D) III' 'tll,u' 

f11u."d 'f !II. /'\" e., (Ii ••4\1.1" .. 1. \,1_. ,l' 1> \ . J , ,. I:OJltf1 l .,_,
H~ 

--It I~J ltl"l I t b • :t;, It " It ,,,,- ; 
- A . A ' 

In op"-elgebrsl5 there eRn be 1J e f1 nud e lot of tonolo,) j es (cf ,9. q . 


1 10 / - / 12/ . / 17 / ./18 / ). l'Ie lfIention only thoee used here: 


the unif o rm t opology "(I) g iven by the f ••ily of semi nD rln ~ 


A 1\ I.. U....,. ~up 1< ~ , /\ ~ >\. 
't.", , ..&J,. 

"'he .... e J1. r Un5 o ver ell t.A -bounded !lubset~ of 11 
the topology -c,. given by t he family o f 5emi n o rms , 1\.". W'lt here ,J(' 

now .... u n5 over a ll reletively t .. -compact su bsets of tJ Lot e r on 

we w111 frequently lse the feet t hut "ttJ end n l) t only defined'!. ere 

on C· ( n} but also on L ( n, b ') . hence on r!.(~ ). too / 12/ ./8/. 
The moat impO,.tant domains ~ Bre those where t ie 0 Frech6t -t opolo

gy.1.e, '21ltJ ie complete Dnd t ca n be given by {II An' I : n t t-l~ 

with An • A~, • Ao ~ Ai ~ .,. , A spec ial type of such domains ie 

of the f orm b 'b- (T). n"!S(T n ), T ., T" ~ 1.0& ... 
In whet follows wo ellwDys e$sue e t h a t '('+(1) ie selfAdjoint and 

bIt] ie An (F)- SDece. Som e of the re~ults e re v a li d 1n ~o r e gen nra l 

~it ustion~. To e lmnlify notations " ' f! d e note fI b o und~d opRra t o r 1\ 110 

(L+(D) end its c l osure i\ t:1} ( 'af. ) by the :lI eA., l e tter A, . Th e f o llow

ing sete Bre tltlo -sided "-idoals in .c+( tJ ) ;:In d ,",lay an i ",po rt o " t 1"010 

1n rhe descriptio n of "(17 ."t~ C/P/ , / 11/. /1?/ ,115/,1 i 0I ,1">f1/ ): 

n ( b ) • \. T; T 'at Co tJ •T" 1(. c:. b \ \.T; AT. t..T" boun d e d f 0 .... a 11 A ( L~ ( n ~It 

J_( Il ) • { T, T t .f. (at ) 1\ t'. ( l! ) I • { T " " . AT" • .1.( '>( ) for 0 II 

A , ,c.( Il ) I 
Here ..:f_ (X ) denoto !!! the "-ideal of co_nnct operators on II 
No..... we collect oo me ruope rties n .,,.,dntl l il tnr on, 

",.Opooition 2 .1 

Let )( bft the uni t boll in ';Il • 

i) The foAily t o X I 9 (: I'''b ) , [j ill! O . Ii - I ,·xi"l tt!. "'R (U) t - dflnse in 

tJ \ 10 ill fun d a • • n t al .ve t o- of t - buullIled ~ I'l ts. Honce "(. .. Clln lJ e 

D1V!!" by t he s • • ino r •• A - I nAU 1\ • 0 • • Above. 

11) Let U • \ ).d( 1 t ~ (b ) flu)d I .. , fir ) I. PM..' for ('"ne il . 
• • • " 

J.. , J" ( b ). Then 


, • A f; ~(b ) and l1 _ Ult ol.( A_lo ) ,1 "' 1\ .n f o r all _ > 1: . 

Il III ,_ 0 It 

111 ) lH~) hi "( . -d 'ln " " Sri L t ~ .'lI' ) !I "''''f'! jn J..· Ct) 1 An d e. ( 'at ). 

The ideal ..f_ ( ll ) g 1ve e II (h. ~ c rt "tl()n 0 1 t h", j"" ~ 18 t t., tdy t -COllP8 Ct 

s ete 1 ... b ~/ . For c~mrlu,ene.a wc inc lu de 0 r r oo' , lt 1 e bellerl 

on the f o llowing fact ~hJ eh ••e~ 1I to bo no t In cl ud~d if\ ~I ftndllrd 

book s 0 1'1 Hilbert 5pecel ( Illoft llur hore nr i!' grat e ful 1 . ... . fJ . h u re' en f U f 

&Ur;&tilAttn K e .... nr l prou l l : 

, -
(j 
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Le t 'It bt' 1I tlepd r" :lb l o Hl lbflrt sp .... c e . then the fllmlly 

t c 'l( : C & O. C '= ~(1l) . R (e ) clM"e 1n 1(.) 
( 1 ) 1 5 R f u n .h'lln p. n t"l ~ya t efll 0' ,.. .,lIU.1v"ly \\ 1.1.. - CO"lflo c t :58t!. 

10 '¥. 

, r o p o!! 1 t 10n ;J . " 

Tho r". lty t ~ l( ; ~; ~ 0, 5 b!_C tJ ). Q. (!..) t-don ~e 1n D S -l 

u:la t a 1 1, a f u n dalllll ntAl a'1 &lalll o f relo tl \1a ly t-com pac t ao t!!l 1n 

II 
Prot;) f : 

It HI ".!ty t D fu,e t h o t any 1Iet o f the f Ollli ly 1!. relat ively t-comrOC[. 

To p r ove t he othe r dLr ~e t j on ~" f1r- 5 t or ~l l re mark th~t the proof 

c f (1) (o r !!I om ~ o ther conai~e r etlon. ) gives immediatel y the foll ow

l n~l ft!. t l.~ t lon: if ,xc.1t. 1 ~ l"' f! ln t Lvely 1 'i -COmpect and ''i'" fI 

fo r o Il '1'blC, t hen C C A n be c ho s en to !.atlsfy 8 ' 'Gil' 2a. 

tlo" let .JIl c t\ he ,.." l a t I ve Iy t -CU tftj.\llI C t. hence t -bounded. Oy Propoe 1

t lon ... . 1 t he re is II U 11 0 , U t: ~(D) with 0 X:J..u. .. ' Without I'"tlstric

tl o n o f Cj6nerBl1ty WI) a ssume that 10\\' 1 . Put B. ~ )odE),
• 

. - ?n - :"(n -l) c'" 
.. • \ dE. ' ~n '" ( 2 , 2 1, n z 1, 2 , ... , "ll .... Pn 'K 4J, 

o 1. 

Then Un" r n u P • BP t: s...· ( b ) (ev on t C { tJ », P E.1!:I(tt ).n n n 

and I .. ~ Ii rn 

Moreove r .J.l. -rel a tively t-co "p .,c t 1l'l'lp l1 e!!l that Jl, - PnJJ.. c. 'It .. is 

r elBl ively n I- COl'l'lllac t ond f n ... 11 'J(::t..LL Lr f o llow5 ther On X 

.. Un 'K .. ':) ..u ... , whe re 'l(n. t !!l t h ., u ni t bAl l I n 1C... . 
- .7"n .. 2 

t:onssq u'Hltl y fo r .1 1 It,.u... lt i s "" Ii. tUn"' '::! • Apply1ng 

(1) to JJ. .... 'x .. w" !Jet iJ CIUI,dc t ti~ to ~(~) wUh S~ 1II 0, S ~ 'X" :JJJ. .. 

ond 
...- :'n .. ..,

( ;' ) " 1 Sn ' I , 2 - .:-- ;;>0 .. 2 

Cl earLy .:'~ elln b. co n tiida r ecJ IU on "la Ne nt of n ('K.). rut S o • 2 3 /2• 

, ' $ ' 1\ 1I? . ','. Then , ~ 1\ . I ~~' II 1/2, ,?31 7 8(1d OS ( 1\ '; ' ,1 /7 , ... -3 / ?'\'L 
n n ~ ~ n n n n 

- !. . ~ 'lCt\. ::> .M. ... ' 


The ope ra t o,- !, • L ~ !:. n has th p. 10 110win1 prOpe rt Ies ~ 


1) ~ • ~ ~ t, coep.c t b ecause " :; ~ Itrn ~O. tl" C t and the serlee 
" L IitI I 1e U • -convergent • ro'H) bft !!lean from 

n 

I 5 ~ • L ' ::.in '. 21/:! L I :; ~ \\ I / ?' • ?' L 1/;on ( '" . 

i'iS X:a.,.u.. , Indeed let 'ft..Ll, '1 = ) 1... , tt" t:..Ll .... Then there eXl ~ t 
1 / 2 -3/2 -n'-t ( I r. ~ II. -!' » ).( wUh S n""'" - "f.... Becauee ,,,-,, 2 it 

n 
follows that "'t. ~ "t\. hac norm l"'tl\ " L 7.- • 1, i ,e. ~ t 'l{ 

~ 

end S "'\ . ... t JL 

111) 5 t: J_ (ZI ) . Beca u:5e 5 t .f_(~) it is en o ug h to ehow thAt 


S l-' ( b ). Let A lL·ell) be orbitrery. then 


I AS ~, • ' AB' I? .-' /2 5 ~ \ • l AB'/2 , . a B-' /? 5 ~ ~ • 


The first term 15 bounded boceuee 01/2l ~(D ), for the second fe ctor 

lamark that 

,a-1/ ?s u,i. u"'",B-1/ 2 S III \\i.s.. ~ ,S-1/2 S nl . II Y ,l. , C'" "I.'\ L n n ," L n n ,. 'i' 

IHher., C • sup' a- 1/ 2 S \\'" eup ?,2 n \\5' \ • 7-?n . 2 " 16. n 0 0 o 0 

1Hore over 5 - ex1s , •• So S 18 t h ~ desired operator. The Dft$o r t1 on 


about fU S) cen be proved as In the e,(b )-CASft u eln o if nocessa ry 


8 largert-relati ve l y compect set J(' ~ ..u. 


q.s.d. 


Next we con:51der Unoar fun c tlonale on cloae d Op"-elgebro5 A ( D) , 


w. r.stl"ict ourselvu!!/I to te- -cont.lnlJoul fu"cllond l~. 


Let E( .... ) _ t",:u• .I ( ll ) t"1l1' : '-" ~ 0 , 1.0)(1) '" 1 '\ be the etate space 


of .a.. ( I) . Here ~ 11. 0 meane w( A»)' 0 fo r all A ,p.. (If) with 

<''f , A 't'> " 0 for a ll 'ttb ( s trongly po ~ 1tl\1 e f unc tion o h ). 

Further let "0 (..A ) 2'" ( ,A',.A ) bo tho wM-t o p o l ogy 1 n ,A. (If )t~' 
":e need the foUo ..... 1n; ~ Llbe.e t!l o f E (A ) I 

vector states : Vo(A). twt. E( A): P;){ A) . < ", A ", > for ~ollle

".Ir ,' ''I'. , I I 

\lact or stete spa ce: V( .A) •••(A )- cJ oe ur~ o f Vo(A ) ; 

pure ~tAte~: Po(.A) - \...,tE(.A): ~, t; .A1 ,101)~ 111 0 , loW.. ' 1,0) ilnpUes 

u... . '). '-J. >.t CO . ll ~; 

pore state spa ce P(A) . 'tI". ( .A }-clo.u,..e o f Po( A), 

Clear ly . Io.)tPo( A) if and only if tit) tunnot be r Sf' r e$rnf.d ,IS " nu n 

trlvial con\l8 X cO.Dinalion o f ~... . ~L" E( "' ). The corr ooDonl,h n lj .uba~ t l'\ 

o f !.·CU) l"C. l ' ar. deno t ed slmply by C, V ' v , '"'0 ' P r o.pocUvoly . o 
and 1'. ( t..' (b » WII denote by .... To de f 1ne nor ll'l."11 Bnd a l ng u Lnr func 

tlon81& on t... ( J) ) we 1", roduce the '0110,,1ng two -"Ided tiI-!dael. i n 

L' (I» / 13/./9/./14/,/17/, 

J'. (I» ·t T <L'(%» , AT. AT" E J"I ( 'at ) fo r All to t 1..' ( '21 ) \ 
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'(b) tF~L" ( tl): dim F li" 00 ! 
e (ll ) c "". -clo!5ul'"l!t of 3' ( z> ). 

Here oJ.., eX) denote~ t h o III-ideel of nu c lear ope "'8to"'~ on 1t 

Os fini t ion 2. 3 

A linear fun ct i ona l "-l on Lft (b ) 18 !Said to be 

normAl if '-.) ( Al • Tr AT fo r SO "'8 T f. .1.. {b end all A t. L'(II ), 

singuhr if t.:l is t. - c on tin uoue and wCC) o for all C t e (lJ ) • 

let ue remark thel: whtl.n no rmal functlonela ara automatically~

continuous (even '\:.'"lI -co nt lnuou. , / 17/) "'8 h a ve include d the '(.a -con

tinuity in the up. fln ltlon o f ~l ngular fu n c t lonels. Mor e o ver the no

tion of singularit y use d hp.rp l a a direct generalizatiOn of that 

from the bounded csse Dnd has n o thing to do n1th that used by Ino ue, 

cf. lII.g ./6/ . 
In /15/ WPO dS!5cri b . d B nroced ure re la ting ~. -continuous functlonale 

on ,t."( 13 ) and "fIJ. (lU baae d o t'! t h e "C.a. -d en e J. ty of ~ ( If ) Caee P,..o

poe1tion 2'. 1.11 1 ». Let wt. J.... (tr ) l"t.l' (" ..... (It ) t"C;pl '). by "'eet,..i c 

tion to ~(tI) en d ,, _ tone ion to n (1(. ) (to .t."" (1J » on& gets e 

uniqu" ~ -continuous funct iona l o n nc.) (on l..+ ( 2I» wh1 ch ". de

note by ~ , ~ ) . So ~e propert io s o f this p,..ocedure w~re collected 

in / 15/ . 

3, The vect o r atete ~pe c 8 and the pu,..e stata apece o f L+(~ ) 

This aection 115 de vo ted to the d.acrl~ ti on of P e~d V. In / 5/ Gll m_ 

pro~ed ••o n g or h AI'" t h inge the f o ll owin g result about V( ~ (It) and 

"( '6 ( ~ )) . 

Thaora. J. 1 

P ( n Ill)) • V( "6 ('al) ) • Z ( Q ('¥. )) • \. ..HE ( "" ('al)) , .., • " ..... 

• (1- ') ) 10,).. . 0 , ~" 1 . toO", - vt!!lcco r et a tl'l , ua... -lingu lllr at a te on 

Yo (1t) 1 . 
Ou r 81. I. fO y.ne r81t28 t hl. t heoreM to the unbounded cftae , n.~.ly 

to L+ (D). To do thie we n i l1 u n e reeult of '-ab /?1/ " hlch ".15 
g.;nerel1-ztld by Ander a on J? 

Theorem 3 .2 

Th"r. 11! 0 fi.ed "' Olluanell ( """ ) c.1(. .1 ,.1- 1 ~ o thut f or any 

c.Hpe 'P.!,(1t» ~ Z( n("¥. )) there a xleU nn ult rafilter 'I.l o n " 

with 

t.)(A) .. 11", '\&.<,,,_, "",_ > 

6 

, 

It 1~ e n ough to t e k e (",\,, ) t o be n0 1'"i,, - J en ~e 1n the unlt !lphere of X , 


so we can eu p pO!le ( "'A. ) C 1$ Cell e uch a !5oQuence ( "t... ) H 1'J1 1tl 


!le q uence. 


In ena l ogy to t h ~ bounded eose we defit1 8 


2 _ {~.E l "'. Aw\ + (1 - A )w... n" ~ f, 1, W"V ' .o .. - !l t ngularl · 
o 
Then t he fol lo~ ing theor on t~ valt d . 

Theof"e_ 3. 3 

Le t ("'1:.. ) b e <l fIx ed )' ,';1 Is a8QU @l nc e. rol'" e ve r y w t Z th('tl'"e 1& a C . 

f n ( ZJ, ) end en u lt refilter 'U. on ~ so t hu t 

w(A) .. limu<C"t .... Ar.,,"'''> 

Proo f; 


Let ...,. z . t..) .. ). w~ .. (1- A ) 10,)). • t.J", • <t. <\' , •• ) ,~", , ~.11 


8 nd w). !llngula r. 


Then t..:I , 10,)", , Coo) . a nd the c orre!ll)ondin g $UH e!l c::; ... , "'. on n (ll ) 


csn be eat 1motl! d by "oae !! e al norm • [J. U I wlth o • 0 , 0 ( '8 ( '11 ). Lf! t 

• 

B • ~..). dE ~ • F r o .. /15/ we kno w chot w"," <; .. ;> ~L' !lin oulB r • 

1.e . o W .. ).;'", .. ( 1 - ).) WL t Z( nelt ». 

For n 4i N end fi xed o <~< put Pn • 

•4~ _dE ,..... 0-'" S )......... d E . Then 

n ~.. ;l-B- ot '8 • 0 1-'" Pn ' IIIo reo v er On . .. ~('¥. ) . I n / 15/ it WA!! !l ho"n thAt 

n 

i:l (O- Oft Ao- .c ) 111 a Ceuchy U'luonce fol'" e ll A '- ~ ( ar ) and f (I- ) .. n n 

11m w(O-« AU- "' ) define !! II pc ::o ~tlve Jine er fun c tion s l on 1l ( ~).n. ... _ n n 
Moreo ver 

( 1) ~ (a-AD·) .. W(I,) . 

The e.,_ e csn be done fa,.. w. and w& ..,htd heds to g"" S... Furt her

mor a 

9 (I) .. Hili W (0 -?.t ) • ;l·ll. w,\ ( 13 - =- ") + (1- i\). 11. t:i .. (U-? ·) I:_ __ n •• _ n ...._ n 

• ~ !i.(I) • (1- ~ ) ! .(I) • 

N Q I\' l et ue d1 et ing\l 1.h ~0 1l1t" •• 1 r,u'''' t.a l!'!!!I . ! ( I) • <.:' IH ld the CflU 

chy-~chw.rl: Jneqult l j t y giv • .9 ~ o . It r n c. w. . U (by (t» ) ,.h1eh 10 • 
con tr.dl e tJ on. If ~.( l) .. " or ! .. (1) ..- ('1. then u,._ n o r ~L.O . 
But th1a lIIe.n. t het w 1s • &lngulur 1Io t ut n or 9 ,,"et a r ete t e on .(.· (b ) . 

Th en _e art! do n •• Fo r elngu lllr at.Ce" thS. r~ r r f'l. ~nt ll t l o n th jJor,._ 

was 91ven 1n / 1 5/. For v ecto r s t ate. t he r.rr~,entDt tQn 1& o b ta tned 

liS fa 110w II • Te lit. ony IJ • • ( 1) ) wlth B 1-.. ., . fo r aome ~ ( h a Ving i n 

m1nd thet t he ".c to r IIt.!e 18 genarll ted by ~ ). The u ltr.f ilte r 'U.. 
ft xed Bt k l eed ll to the de. ir.d r~rr~sen te t 1on. 

- _:>... .... -?"'" __Lc 
So we mey IIUppOGIl W (Sn ) > c. w~ (8" ).,. c. w , ( B ) > c forn 

7 
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all n ~ n o lind 	 Ii.)",e c > ll . Theil the f o l 10wl 1'1D !H .:1 [ @1!S u r Q d ftfined o n 

n ( at ) , 
_ - oJ.. - .. 	 _ . ... . 

~ ... ( ~ .) ,. W ( Hn 	 ~-~n )/ I,ol ( Un ) fo r n ~ no' 

\'/ e show ~'t t ;: ((3, ( at )) . Thh , 0 11 0"8 f r OIll t he d"eo"on~ Ltion 

0 .... ( :. ) _ r .... w(u- '"' ;\0 - o() .. ( 1 - }.) w ( '1 - "" Ail-- ) ) I W ( El - ~ .c. ) 
,J l,..I'\ . n n L n n n 

. }-I ... ~: ( 1\) • (1- ,..... ) g~ (,\ ) 
_ . " .. _ . "" .,c 

l'I i t ll }A .. - ~"-l"' ( ~n ) / Cal ( Il ' d nd !: {,\) ,. i:3 .. (3~ ..: AO~ 0( ) / n 
-- -? . ..,
LV .. { nn } I. l • . . 

F ro . t h e p "'OJlAr tl ~~ of W 1f fv l lowi> t"" t 9'! fl rp. vec tor stats& a n d 

9~ i1f"e !! in!1' l l IH .. t dnul on "C:, ( 1( ). h en c e S" t Z( ~(~ » . 

tlo r trOvd r 

l i n ~"' ( d, ) g (, )/ ~ (I) a ... (A) f o r ,.,11 A 4:~H at ) •.. 
!'I O G' ~ Z( ~ ( X	 ») bRC "' U~ thb, \.oe t 1. 8 w"- c l ofled. Oy theo r em 3 , ;:0 t h ere 

1.3 	 e n ultru f l lt r r 11.. so t h u t 

G ( 1\ ) '"' Ii ", 'U.<",\ •• ,\ "t.. ) f o r all A E'8 (at ) . 

Fr o . ( 1) it l ~ 	 seen t hat for a ll I. t'6 ( -at ) 

t:; CAl -: Y(11 .... :.300() 9 ( I ) 6" (J - .~O · ) • l1 m~ C 't. ,AC " ... > with 

1 ' 0 
C:E R - ( g (l» 	 I ' t. e. ( b ) . The ~ t ..Hld1J r d e ~ t 1m8tlon ( cf . / 1S!)for 

)( t L" ( 15 ) : 

\ I..:I (X) - l1 m'\.L<C ""Il' XC ~ '> \ " \ W ( ' - i:i P 'n X'''r'l ) \ + \ ::; ( f'nXPn) <) 

- 11 111 '1.1.< C "t... XC ,\ ,. > _ 0 Fo r' n _ 00 1 l!u'Idll t o the da ~1 red ,.
!!I u lt 

w (X) .. 1 1 'lll",,<C ,. , ),C 't ... > 
q .e . d. 

Co r o lla ry 3 . <4 

Th e fo110",,1119 .in cl u~lo n!l "rc vp 11d 

l 'o C Z C. V . 

EII P.clally . :l n y pure II t li t e o n L"( ll ) h•• tho r Ap r " !urn t e t l 0 n 

(..l( A) .. lifl "",< C ",\•• AC " ",, '> 

for e o." u lt ,..'l fL lte r 'U. ., n fl C ~ , ( D) . ( 't. ) B ~ .i n fh.on•• .1. 3 . 

~ 
The f 1r"t 1nclu.lon follo," from /15/. "h",.~ it fltill~ p r ove d thet P'1 re 

~ t a t ~s a r e e1ther vect o r ~t~t~1I o r p ure ~ ,~~u l & r st a t e ll . The s e cond 

1 nc1u$10n 15 Itn lm lle t.lla t e c:on :uHIU~nC I!!I o f t h e rornHle n f e t ion g i ven in 

Theora JII 3 . .3. T he p r oo f 18 t h e 891.0 8I !I t h llt o f Corol l a r y 4. 6 In I 1S/ . 

q.e . d. 
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Le llllll 81 3.5 

The ve c t o r s t e t e ~ re c o end the pu re st et e s race o f L"( b ) co incldA. 

i.a . V · P . 

Pr oo f I 
S in ce an y vec t or !!I ta t e i ~ p u n~ 1 15 / . v e P f o 110\'l5. On t h e oth~r han d. 

le t wt P . Fo r given A . .. ..A E.L.. ( l) ) . [. » 0 there i !!l II nu re 1Ite t e n
 
~' so th pt \ ~ (Ai ) - w,'( A ) \<.1. /2 , i .. 1 • •••• n . 


1 

1 

If u · i e a v ec t o r a tllt e . "' • • r e do n e . If not. I.o:j' ClU ~ t b e .. pure 9 i n 

gu l er . t a te , Uu t t h e ~ingulB r 3 t at a!!l are co nt ain ed 1n t h n v e c t or StA

t e spa ce ( /15 / ,Coro l l ery 4 .6) , 80 t he re is a v e c t o r s t At e w " wirh 

\L&3" (A ) - 1o)'( A } \<.£. /2 . 1- l ..... n. l. e. \lol (l~ i) - w"'( Ai ) \<£. 
1 i
 

10 , . 11 L Thi!l me a n s P C. V, hen co P .. V , 
 q.a . d . 

NOw we pr o v e the main re sult 01 t he pa per. 

Theo r em '.6 
y_ p . z . Fo' L' ( II ) o n . he. 

Proo f : 

Acco r d in g to Co r o lla r y 3 .4 a n d Lem.D 3 .S it reme1n5 to p rov o thAt 

y cZ . The proof u!!les the i d a" o f G U _ m's o ng in a l p roo f /5/ . Le t 

(,,)c, V e nd foo,) o . ,,~.+ ( 1 - ). ) 1.0.)& tha co rre spon ding d e comp o !S 1tl0n i nto 

no r mal a n d !!Iln gu ler 3 t;)tes ( / 1 S/ . Th e o re m 3 .4 ). l f ), . l4 ,." (I) D, t h a n :II. 

a r e done. b e ceu !!I a th e &i nn u l a r ~ t a t es ero c o n t ai n e d 


in V . S O Ie t ). 1-0 . It r a.a l ns t o p r ove thAt un. i s 9 v ect o r ~ [et.,. 


By 1 17 1 w" is 't:.~ -cont in u o us , 1 .e . 


1>.) ..... D and we 

4rl CAC \ f o r ell J. tL"(.D ) fi n d some C t..:! ( IT ).I Io.)f\. ( 1\ ) \ . 	 
Le t C • "~), d E,. cnd p ut P _ \ dE), (wi t ho ut r e st ric ti o n of g e n e r alit yn ._ 

wa suppo !le C ~ 1 ) . The P e re f in it a dlmensi onel , Pn1t cb . ~ l nce 'oll V n 
t ha l'e i5 8 ne t o f unit vector s ("tot:",) 1 c ~ !!I O t he t ~ .. (1'0 -li . w.c. 
wit h ~ .. <'" . 1 .... ) . The fLr et st e p i n the r,.oo f is to c on :Hruc t til 

seque n ce ( "+,,, ) c: b !!I O t her 

1 ) (".J~ . .. i\1oJ,, ( Pk . Pkl 

11 ) Pk ~,," , • ">leI(, ' 

T he !!let t P1 'f.c. ..... , ;) ) h i. -boun d .,d and c o nt a l ned i n the flnit o 

dilTlen !!lio nal e ub s p e c e Pi it c. 1) • So there 1 . " eubn et t 1ilA.) .""· :J l 
an d ~,tb with "ti~"" !......!.... "'t~ .. PI ", " . Lot u s r e . .. r k , hlt tP1 
{ PI "j l"'l1 1s e t - b o unded !!let ~n d PI APt t .!_ ( J:I ) c C ( b ) fo r III t l 

A t...(+ ( b ) . I t 18 


w (P1· P ) - i'<.:)" ( "1' ~ 1) + (1- i') to:» .,< r 1 · ,\ ) .. ).~ ,, (P l ·P l) " 
t 
Cl'. ~ lin\ I.).i ....,{ Pl·P l ) " G'... 1 1m < P l ~~ ("' ) · • P l '.iW.) - < 't~, · '\....) , 
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TO avo l rJ C:('I1"' f l1C.J t ~d no t ion !' l e t ue de no t e I h~ !!oubn et e 3g a1n b y 

t 'f.. ,,,. 0 1. 

le t ",\I(l b IJIJ c h o!ifl n so t hA t r ,",,,,, -. " "i... then t h e same con s idera k 

t io n ~ a ~ oi;ovt! ~how the t 1n vic" 0 f the boundednet i!o 0 f \. '\"1 Cf '" \ 


we find a "t .... ,t!:Jwit h r k .fl 'f", ...!......!...'\w..... MOreov e r from I''k r k.l - PI.!; we 

!l e o that r k "\kH · "k< 11 _ f' k. .. l "f.) • 11_ '\ flk. ..1...• 11m f'k 'f.... . ~ ..... 

ThUD , t he 9J(iat ence of tllO sequen c e ( ~It) 115 os t ab lt s he d . 


The s e corHJ s t up i~ t o f'H-f)VP. t hftr "\,,, ...L.. "\ ~ l) • let k ,. I, t h en 1 n 


vlll!!1w o f f\ 'h.. .. "til' 1' 1 'til = "'tt. .,.,,, 1"'1 .. "1 : 

'Il 1I.("'t. - "tt ) ,-a. >t\\ '\("k - f' l ) ""t .... \11. • <,"", . (I )k - r l )l\ t'· ( r"k - P l ) "t.. > 

.. Col,,_ «f'k - Pl) A " "(Pk - I' l }) .. ).t.,JO\.(f'k« Pk- f'l }",tA(Pk - f' l)Pk » .. . , . 
- l'-1,.,« P1, - "1)i\ A ( ' k, - P 1 ») ' "II C(PIo. - P l) A A( Pk- P l)C II , 

~ :? ". C( Pk - r ) 1-1\ ;. o"C Q ---..0 f o '- k . 1 __ 00
l
 

T hi s ~e on$ (., . ) is .:l t - Cfluch y ~etluence , e o t hf! Pl 1 & 6 ~ .b 

t ••


"\'10, - "", . 'Io r 60ve "' , 1",\1 " 11 111 1,. 1 - 11ft lal_ ( 1 ) .. 11" (AI.<) (P, ' P, » k.,,_ ,'" ... 
_"-11m UI~(I 'k l "'~Io,)....(l ) " A. 

, ItO" U-) - I,oo .... CP kA,"k)\ .. \t.:I .... ( Pk Af\ l 

• \Q",( A) - 1()~ { Pk I\PkH + ( 1 / ~ ) \<"\ .. ,Pk Ar k , .. ) 

- <"t,A ,,>\ wh 1 c h go el \ 0 z o r-o for k - to 


T hue. Col .... 1~ B v o ct o,.. etn t n lind Itt.re f e r-e to> 4. l. 

q.e.d . 

In the .oconJ pnl"C of C~) 1 •• ct lU ll W~ ndd SDme I"pau ll onC t, ,..n 1 n fl 

t he er.- .aqu." t lalty cOlflfletclno& And c.lo~~dnlt.e of 8o.. n ""' , ... of 

f onG lionl'l l e. 0: ince t 'w .... - copo]oqy I i!! n tH aer- rtz.ablt! one h ,,,.. t o 

wor k 'W it h "fI t . t o t; un"l\J~ r r:-l ' .e(ln,ule rl" [:01ll1 ' 18 t O"" 8 " _ In t hr b c,Hm 

de" ce.e .it t tl I..nQ,m t hnt tha u.t o( nflraal r unclJontl l - 'I'! "".lIkly 

soqusnt1 011y COl'lnlnte V l /, l ib/ } . Thl: ,..nsult 15 not vu)ld ror L'tb ) 
8 21 "',. shAll 8"' ~ _ I"t us et ft r t "dlh 11 l cm lfl h wtllch 1~ " we o!.;.,r v,Ir' l ant 

of Theore ", 1]1 . ] of , I , 

1 ••1119 !. 

Le t (.0).... r.o: t ~ be 0 !o" 'I ulI'Pnce of "to - c or'lt In u o us. f u nc t ion.-.1 ", on 

I } (1:) ). \l'h"rflt 1,0)': ,' 1"1; 'ltl ,~tll • ..," 1e f1J(edi on\J elng",lar . ,-,uppose 


<.l.( A ) _ " f o r n ll / , (L.' t ll ) (1.e _ ~ .. ..!!:... ('I) Th(!ln ....,·.0 ,,,,d 


r Leedy <4':.. ~ ( , 


HI 

, 

PrOD f : 

It i s GnUUt)h t o p r ove f 'HI t u:a~ (I ' ) ~ 11 for ~lJ r"'oJ en ,(I n: t.~ ( !J ) . 

Ind eed. t " o 1 111I'Jll r e peca g a n era t "d b y the o r o J PCtlon" 01 1! ( b ) ' 3 

"'CD - de n:.'Je i n Il ( lJ ) h e nce 1n L'" (11 ). ;0 l e t I' ( ~ ( b ) •. 'al - 'lC ... c b 

Conside r 1!1>{¥'.. ) OS., M- !lub31grbr;' o f " .( t) ) Hf'lrt df')no fp rh,. ,.. ,.1tri. c 

tlon~ o f t he f Ullctl\Jn,)h lIbovc lJy (;3 .... ;::;~ , wI.. Thl!n t l, .. .,. fuUH 

t he c on di t iOt1!'! of Tlleore. 111 . 1 / 1 / . T lwt ~" {ln~ (Olio !! I • " "" "f> ( l nltv 

t,;; .. (1 1t~ ) • c.o"{ P ) • l . 
rt , ~.cI. 

Tht. 1 .. ..,." con b e ue~d t o rrev," I' I"1l!'ul t ..."1~" d "flI(H"! c.. t r .• t .... e I " ; 1 

,,1C8 w9y t h o d t fftH-enc p bfl t ll1'tJon l h ll t;Qr.....clr l fl flrf' o f net t ' lnrf !!I!r-UOO 

C8 e • 

le lllma :3 . 8 

The eet Vo of v e c t o ,- . t nt es o n L'(lSl 1:!:, 6'". - :.It'JC', u Rnt1 n ll y cOIII I, let a. 

p,-o o f: 


Let (Q...... )c V b." cr - Cauchy eequence. Thon con.ldnrlng (0) ..... ( 1\ *")

''''- 0 .. " 

it i8 i rnlllel..lJ..tel.y stlen rhet aHP l l. "\ f\.\\ < IX) f o '- n1. 1 I . ,- L1 ( b ), 1 ••• 

(,"",,) 1~ ~ t-bo undB d sequonce . ily Iropot'l 1r l on :> ,1 t h er e 1~ 8 0 ~ p . 

1:J{.1S(J) ) _l"I d a seq u e nc e ( ~'" 1 c. ft . • ~IL ' . 1 l'! () t h At tl 'f"," """, • 
This le eds tu 

,~(A)\ .. \<."",... 1, ,, ...,\-\( 0 ",,,,,. A0 't .. ')\ "1 'l1l0 1l for all f, U •.' ( ,, ),i _f!' . 

( ~"IL) i8 a s oq u e nc e of tll'!IJ 1co"t in Il OUS f u n c t i ona le . OOC" U:H! ( io,)"", ... ) 

1e e "ask Cflruchy IIUIQueoce, t ht! ftquat 10 n ~ (A) _ 11 111 r.o.,.{A) d e fine!!. 

o po e itiv e 11"08 " f un c ti onal o n L..'" ( t:I ) tln ~' ~ ( 1) • 1 . t10r"o ve ". 

du e to th o IIIqu!cont 1n ui ty of \. Col", ... "'!..., l • •• It o ",» -CON t ln\.j('IU fIJ . 

T h ere foro r.,:, eV . p . l ( cr.Theort!lm 3.(, ) nnd 11.0). A ~" tP-l )~L 

'-... It. '1,10 ' <Da,.' 3i n gu l a ,... The 80quen ce I.o.l.. - - ~,.... ( " - ~ ... - '->"t.. ) . t.) 

(1-)' ) "" 1. fulfil .. l h~ euudrC'lU n n- o · L..m~~ 3.7. Henco ( 1 - ). ) loOt. ... 

.0 .;. n d loA . ~1 • Col", f or !',,'1 Ift. "," .. ll , " "\' _ 1. 
tl .... d • 

\Ie add 50_ e e l.pl" r .,IIItif"kfl . 

R•••"ke J . o 
q Tt;. proof of le_ . 3 . 8 COn bl! " 1 11\ 1", btl mo dified t o IIho", t ho t 

th. e e l o( a l l rro ,1Cive vectol" funCl1 o nn l:. \ Col , _ <'1 ,- 't ) . 'f f It\ 
111 111'". - .equrnl l ell'l co. p1eta_ 

t ~ il) It 1" l"1 .... 10 1 tne\ "'til\. _ 't 1.,,11821 ~"""....!.. CD ...,. , l /h81 obout 

the convert"' ? t ft t '",\"" ... '''1-' - 1 ,~"" ... _ '-" " tI. 1 n t he t ••rne 

abtH/II. Th a n ( "",, ) 1ft l -bcwndf'd . rlre "'@aJ.. co."oc t n .. e~ of tllf! urJSl bn: ] l 

0' 'at J.lllrtUes I III!' e al st enc e or B eub '5 e'1ul!ncc ("t.... ) which 111 I'II!I ..k l y 

con",.rgfltnt. IUI V t o 11;4. 'at , i ,fl. 
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< "\n..... 'i') _ <"J.l"f)f or ell Cft'X • hence "'tlilio ~ "X 

Let ('ij ) cb be en ortho normal beei~ of ~ PJ • <'fj,' ~j) 

Then \<.,\.... U) .)\2 _ \ < 'X~ . )\"and \<'""r" . p J ",,, ),"_ \< "\ I P "t )\1.. 
.. ... 1 ~ • 01 ... • J 

:::I \< ~\'{~)\1. • l.e. n,,\\\&, . \\'1,1. • 1. Horeover put 1 • "t • then 
, . 

\ <. "t .... ,'/ "t )\ .-.... \<..~,,,\)\end ( "'t " . p.,."t .......) _1<""\-"",. ,)\1. - \~\l1. .. I , 


l. e. \< ?t , ,,\)\:::1 1 and c on :uHlu e nflv 7\ -,. ~ wlth \A\ .. 1. 

This ceo be interpret ed lUI follow&: ~ ... ..!.:.... ~"'\ l lOplie~ thet a ny 

l\ IL -con .... ergent sub~equence of ( .-,. ..... ) convergee to the ~8me element 

l"tl in the projecti ...... a reca t4tl a~s Oc 18red with 4l , i.8. [}l.l 

_ Cl /~ ,where - 1~ the e qui .... alence rn letlon ~ - ~ if and only 

if "t AX f or 80 m8 j\ with 1').\ = 1. This 1~ quit ~ netural beceu~e 

w",\, on "..:'t ( tr) determlne~ only [,\-1 but not -t uniquely. 

For the next result ~e need a cl mrle lemme. 


Lemma 3.9 


The .... ector f unctionAl (..)~. ""t ( A) .. <. ~ , A ",\) ,,\,,b. "'\ '1 0 , "tE ~ 


ie "C.b-con tinuou ll if &nd only if "tl:b . 


~ 
One directi o n 115 tri .... ial. The o ther directi o n follow~ f r o m / 15/ . But 

for co ~p leteneo s let U5 g i v6 a direct c rave. 

S uppose that ~'f,"'t ie ""1:1 -contlnuoue, 1 .0 . I<~. A ..,. .,. \" l BAS 1\ for 

ell A (l.."t(b ) end "orne 0" 0 , Hf: e5 ( tJ ). If",15, then there i~ en 

/, l.I...+{ b) with ~ -.. l:r (I\ M) . iJ ut ( hie me Sona t h a t the functionRiI 

<.o:l ( 'X ) .. <. 'of ,1\').) ie not nO r m-con tinuous on J) • ThUll t here ex1~t~ 

fI. 8 (tq ue nco ('X,,) c b •• X ... . . 1 $ 0 t h a t\ < ... ,A 'J ",) I - CO • 

Cone l d ar t h e oper et or~ P"t. 'X .... .. <"t .. ) 1o,ft t J.." Cll) , Then 

\ < If . AP"" .'X ...~ > \ ,. \l"t\\l.\<'t, A 'l ...) \ ---fo m . 

On the o ther hond \<'1. AP,,\. '1.:" ) \' \\B,\ P .....
1f 

...B 1\ "S""IlBA" 

wh i c h 1 . 8 co n tradiction. 
q . e . d. 


Lem ma 3. 1 l} 


The e et o f no,.mBl funct 10 ne h on L' ( tl ) 15 ~o -eeQuentln ll.y clo~e d 


but not "0 - sequentiall y complet llt . 


Proo f : 


The fi r !'\ t "ert follo",,, f r o'll Lfl lilaa 3 .T. In1191!1d. 1f t.)n.~ wend 


Wo'l :s~" .. "'I. , 10,) .. -nor /llal, t.:)~ -~1n'1u.Dr , t heo 110' ... - (0,) -...:l"," 

.. (I..) .. -'-::l", ) + e.G , fulfi ls the r.ond a iDnll of Lam•• 3.7. hence ~. 0 

(lnd <.o:l i~ n on.sl. To Sftfl the " .. cond per t c onsider "t 'I 0, "\ "iJ 

"t l. It' II . Then t h ~ re 111 a 1I~llu~ne. (Lt",) c. b '1'",- ~ 't 

12 

The vec tor function a l ~ t.J"t",,-;{A) '" < ...... " "'\" > a r ,, "'C. JI - con t inuou 5 . 

t.:)f","'t(A) - cu'f,,,,,{ A ) "<'1 .A"t> for ell l\ lL.t ( II ). 'l U1 (0,)1."1 i t'! 

not "o r ..o 1 becil u~o it is no t "'CD - COl'l t J,tl"'O"' S by lerrl'llOi 3." . 

u.r'! . 11 . 

,lemark 3 .1 1 

In I ne p r oof o f U,""118 3.B t h e eQ U1CO(i tinui ty o f thl! ". t t'"'~,,\ Wel5 

i ll port a nt. In l he bounded c a s e t he equ iconl i " u lt y i s ftutOllltttiC lI lly 

fu l f ill.d for wM_Ca u chy 3 aouene.~ of nor.n l funct l on~ l ~ . r h i s L~ not 

th ~ clise for l.:" ( b ) a l.! tho :'_Quonce ('"'''t• • ,,; ) 9UovfI .ho... tI . Indeed , 

a u l' pose \<~.A ",\ )O\" \). IlAB \\ f o r elll\E. L."(b) iHHJ tJ, OR'iI!I t3," ~('b ) . 

Tn l ~ would i~p l y t hn r ('1... ) 1s t-uounded $i n c e f o r '·"",<t .t ,t."( Q ): 

\('t1\.. A•AP",.~ ...~)\ . ''''tt'l\ A'i'"U''' l aA ..AP...... <i ... Il I\ '" UA +,.. " I B I.f,..\\ ' \1,\' 

Out (Cf... ) i~ u \\ - bounded , 150' a "I", 1\ " C bec au~ t'! 0 f eo (ZJ ). Thu5 

( ~.... ) Ie t-bounde d end ,-,... ~ 'i' wh ich t _p l 1. ,." Cf... ....!... 'f by / 14/ . 

Thl ~ i~ a contrediction . 


No.., ana could gLv. ~8ve r ;) 1 condit ion :; wh ich ",o u l d i .p l y t hM t W. - C:lU 


chy ~equance~ of n o rmal f unc tiOna l . h$vQ n n o rmal f unc t i onal es lJ~l t . 


But ~e will not p u sh thi~ f urth er , Let ue on l y 91 .... e n Co co lle r y t o 


Lemma 3 .1 0 for t he CO:5e where ,L.·(b ) ["tDl i ~ 0 h o r n o l o9 tc al apace. 


A la r ge cllJ~ ~ of example s of s u ch (F)- sp acee b WA ll q i .... " n i n / 18/ . 


Corolla ry 3 ,1 2 


Let "(· { lJ )( 't:.l be a bo rnol ogi c al ~('I8 C". Th en the sel o f p C ... 1t J,V8 


norma l functionel~ 1 11 8'0 - .!! 81Iu enti a J l y cO lllp l ete. r:e,oe c ielly, the 15a r 


of normel ~tetee 115 •• - 3 f!1 qu e n r io l ly co mp \ IiIte . 


Proof: 


If l.:'t(b) 111 borno log i co ll y then '1:1) c a i ncidee trt 1 t ll 11111 Qr d t!l r t opo 


logy end e very po .u tive f unctio n " l on 1-'" (I)} 1 . 'tll - COn t l nUoua I IB / . 

On the other hen d , if t.::I", (I. ) _ 0.4 (A ) for all A ",L" ( lf ) 8rl(I tD,.. .. 0 , 


then IA is positive, hence 't.l:) - c on tinuo u • • ~lQ th l!! 8s~8rt j nn 10 110"'11 


from Lelllma 3.10, 

Q • • • d . 

We cloee thle eection ~ ith two res u lta about e1 n~u l ar f une tlonal~. 

The fir st ono is the an a log t o 11/ , Theo r e m 11 1.5 fo r L· ( ~} . 

Lemma ~. 1 3 

Let ( ~ .. ) be e sequence of Si n gular functi onal" o n &..,'t ( lJ ) . Then 

any week limit poln t of ( "',, ) 15 e l f1guhr'. 

~ 
Le t ~ be OJ we a k U",it point of ( u .. ) And hI (~... ) be 011 1I",lm8t of 

( 10) . ) . Io).,. .!i..... u • co·. U).i • Ag.tn (cf .Le"'." 3 . 7 ) it it! enough 

to pr' o,,~ thet '-'l--( P) • 0 for all rroJection . P t. '6 (ts ) . 
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let t:,; <:,; ... w.s , be thn restrictions of the funct1onols above to 

~ (at..)c.+:*(l'l ) . it" = Patc.!) • Then t h aee functionels fulfil the 

con ditions of TIHtorem IlI.S / 1 / . s o b,;.... 'O. i.e. (,o)" (F') • C , 

q . e.d . 

Corollary 3 . 1" 


The s et of slngul a r f un ct ion~ l ft on ~·(n ) is ~o -se quen tially clo. ~d . 


4. The state s pace of Oe"-n l gebree 

In thl ~ eoc t i on ~e et~ r t t ho lnve.t igatlon of the et o te ~pece o f ge

ner8l O~"-algob rne. 


H.me~ber t hot 1n t h e C"-t I1eory the f a c t t hQ t the unit boll in th~ 


du el :.; r.> n c e i s ,,,, " -C(lmrIRc t e l l o ..,1'J to a pp ly t h e Kre1n- n llmen theorem. 


r h ie le a d f) t o t h o wa l l - k n o .on re&ult t ho r the etate spllce of 0 C"-al


gebra i n th e w" -clotle d conVB)( hu ll of rure !H ate s . 


In contro~t t o t l11 5 in r he un bo un d ed ca ee th e 5t O t ~ ~pn ce 1 5 not w•
CO.ps c t, even no t ,, "- bound"LI 1 f ..A (1]) conte 1n~ u nbounded Of' flr e tors . 


Th 1 ~ cen be .oon by t h o ' o 11001 n 9 ~ iJIIID le 8 J1 8 mpl e . Le t A. A*'.A(b ) 


be unbounded. Then therr i ll a 8equen c e ( If.... ) Co b • 1"t.I - 1 with 


,A'f,,\ _ co. Oy .... - <"tI'l.I , "(",>we get e II OQuence o f we ll-defi-U) 

ned v e c tor 5 t" tl'!~ b ut t..> .... (A+A) .. \1 ' , '1.... L _ CD. fto (~) 1~ not 

W- -bo unde d . 

Nevertheless tf'lnrro c nn ,", c de r ivDd ~o.e re su lt t> wh i c h co r re~pond to 

thoee in the bo ull c1 .,d c:.s". iJ u t one h n!l to takl'! int o occoun t some rp

finements. 0 1"1 t"" o n p h an d the to pology ~doe" no t o lDY en exceptio

ne l role i n ~he t f Q l l o~e , On t he ot he r ha nd in th e rroo f s It is 

pesp.ntiel t hst 1f ta~oe, ll r (l s t r ong l y po al t 1vIII f un c t 1on a ls . Fo r 1-. (~) 
the po.1tJ, VIl'!l and I!Itronl) l y ,10l 1t l ve -C:. -cotlt1 t1 uOU I'l f u n ct l on al & Coin c l 

de /l~/ . [J u t I hill 1111 It'l 1) f'I"HJra l not the Ctit'lO f o r ae npr a l OpM-eI9~br l!le 
o r o t ho r t opo l a!)1!'!e , ',0 i n \'thot fo llQwl!I on J:." (J) Of'" A (b) the r f') 


CRn De toke n "" r 10cn lly c o nyftx to pology ~ ~o l ~.t thA vecto r , tat es 


fi re "t: -continuol.,l~ , nnd e t u t e !!! t\r" i!luP!lo a e d to be 8t f"'onq ly p O& itlve, 


nor...d lind ~ - con t 1nuou" li l1ftfltr Ju n CI 10 ne l •• 


rhe flret p ro~o·111 on W" Rf"'~ golnq t o n ro v e l e t~M.' ~.4. 1 il) of / 4 / 


f o r O,," - aigebrA". CCA.) is now thou "1/1 t t c be 11'1 t hf1 con t e x t of e to


pology t .en t iO'Htd :lbove . 


P r o pol!!l 1tion A .1 


Le t A( :D) bl!.n np"-alqc b rtl, VC.I:( A) . aubse t ..,ith t h e propftrty: 


if At.A( D ) h (he r lllititan Pf'l rt) ."d ~(A ) .. 0 fo r 


,,11 W , LJ. I ht'n i\ ill O. 


u n d e r t hese BSI'IUl'ltU 'Qns tlH I ow" - c1o~e . 1 conve)( hull o f Q c01ncid .. a 


"dtl. E(A), 
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Proof: 


The proof 1s the se~e as 11"1 / 4/ . S 1n ce E( A ) is conv@~ en d w"- c ] oa r d 


the w~- closed conv ex hull of y 1s c o nta 1ned 1n ~(A). 


0 0No w let be the polar of (l 1n.A(b )h ' If " '.A(ll )/i' then 

A~Qo 1f end only if &.) (A) ~ 1 for ,.Ut.'lt, V 

if end only if t..>(I-A) a 0 for ell~t. Q 

if end o n l y if I-A . 0 if ond on ly if W (/. ) , 1 f o r all f.D U - ( A ) '1 
if e nd only if A.t, E (A )o . 

o 0 0 " Hen ca Q - E(.A) .. 01 ' " here 0 1 is the w -closnd convex hull of q , 
00 00 00

Then by the bipolar thfw re mJ U .. E{.A ) • 0 1 .. COP II U .c.. O \ } 

.. co(E(.A) V ,, 01) . Sinc e 01 en d r::{ oA) ere conv ex en4t ,," -elo'Sed 

th1s i mplies cO ( Q1 oJ{ O\) • co(E( .A ) v { Ol), hence 0 1 .. E (A), 

q ,e.d . 

An axample o f s uch e eet Q is Vo(~ ) , the set o f voctor 9tetee. ~o 

wa obtein 85 e conclusion: 

Coroll ary'" .2 

Let .04(13') be 8n Op M_ e l gob re . Then E(A) 18 the ,,"-clo sed c onv e x 


hull of the set of v ect o r s t ete s on A(b). 


In t 'he CM- t h e o ry tha f o11o"'i n g fo c t ls W'e ~l-known / 4/ . L. t A be 8 


C~-8Igebre (s ey wlth uni t) aCting irre d uc ib l y o n 't , Th e n the vec


tor etato. ere pu ro . 


In con t r eat to tha C" -case i n t he unbo unded ceee men y d l ffer pn t n o 


tiona of i r red uci bi li ty c a n be l n troduced . The fi e Rk e 6t e ft . m ~ to b~ 


tho trivh U ty of the week CO_lIIuUn t .A(ZI)' - .\,T( 6( 'K):<"f. TA ,,;- ) 


II < ...*.., , T ",, ) for . ll 't."'t t:D • A t .A(J) 1 (d . /~3/) . 


If ~(b ) 11 ae l fadJ 0 1nt t he week c08mUI ~nt co 1 n C l d~e N1th t h e §t r o ng 


c O ••CoI tent ..A ( II ) ; • (, Tt "1'l(lt ): AT "i .. TA 1 f o r e 11 lof .. tI ,A_oA(Il )~ 


Cl•• r ly . in th 1a c aee .A(.I» ) ' Co L,. (.tI ). 


w. ~i l l here us. the follo wing n o t lon o f lr r nu uc1bl l l tY I 

a _ h n i ticn 4 . 

An Op· -e l gobre is _aid t o b. topulon1~Blly l rrodu c l ble If 

21~ -("Of ' " • .alb)~ 
i_ I~ -den ee i n b for , 11 non-z ero 'of .. ll ( 1 . 0 . nny euch T Ie e 

etrong l y cyclic ... . ct or f o r ~ ( II )1 . 

It 1. n o t our 10 t.ntlon to .nely.e h e r e the ""ho le hi.rerchy o f "o••J

bl. irredUCibil it y notione. la. u. only re.ar~ tha t toroluqlL~ 1 irre

dUCibility impl i •• the trivlB111y of the (W@D~) comautant for oo)r

.dJolnt Qp·-.lgebr••• 
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? ropo~J. t l.on .(\ .4 

Let .A (1) } be a solfadjoJ.nt. t o pologica ll y irred ucible Qp"'-elg e brlt. 

Then ever y v ector s tlHe on .A ( ~) Is !="ure. 

ProD f: 


~U 'l ! ' '-' ' ~ e U " t..l '...:>". i , a . ~ ( .\ ) "<'t , 1\ 't" for ell A ~ 0 , A t-.A (II l. 

On :b,. )( tI,. con t- ide,. the ~e9 q ull1near for'll 


("t .'X ) • t.:I (l+;" ) for "t • 13 If' • "X • A 'f 

It 1s easy to check that ) u correc t ly defined . ( "'i'."t) oj 0 

for 011 "'t"b~. lioreover: , , . 
1 ( '\''1)1 -1<.>(00)1' '''', ( 0 O) l q't l 

T ~ ,1 :3 e~timlH10n can be eont l : lIl ::.; d onto "ll )( 4t be cause :" '1 1s , .
J,;ns a in ~ . 

Thu~ there e)(l ;, tB l1n oporator T t: 1l(~) with 

("t 	,1<) • < 't ,T'). > for ell 't. J. f:~ 

If '"+ ~ 0", t.b'f ,then fr o m ("\-,,,) .. <"t,T"'t)~ 0 it follows thet 


T lrro. C on ll'f he n ce on 1(. • NoVi let 't %. B'of ' ~ • A 't C t:.A ( II ). 


Then the two equslltia~ 


(1<,Te.,> .<B'f ,TCA.,>. ( 0 'f , CA 'I ) - w(O'CA) 


and 

< C·~ ,T"'t" _( C·B 'f ,TA ",) ,. (i: '~ n 'f ,A'1) • c...>(S·CA) 1mply thst 

<''X, TC"",.(C·j( ,T,,;> for ell ""j( ~b'f 

From the t ... -densit y of b'f \'W e conclud e thet th is la~t e'lua t1 on is 

v alid for oll -..l.,IL Hence T "'A(ll)' " ..A- (1) , ' . From the trl v lelt 

t y o f .A(b )' ( c f. rl!m8rk befOre tho !1ropos1tion) o ne get o T ."r , 

and 0 ~ ~ , 1 . This 1s the desl r .~ rnoult b.CAuSO 

weAl _ <.>(I·A) - ( ~, A ~). <'f, TA 'f ). ). < 'f , A 'I >' ,. ......(A). 

q.e . d . 

Coro l lary 4 . 5 

1) Le i .A (1) ) be e ~elf adJoi nt . t opo l ogi cal l y irrtHiucible Opl'l-elge

br a . T h e n Et .... ) is the ..." - close d c on v ex h ull o f p u re GI U e e, 

li ) Lot L " ( b) be a elfAdJoln t . [ h e n L: 1!!t t h e ... · - c loeed conveX hull 

o f 	 n ura ~ t A t ea. 

ReMark .. . 6 

Sy qu i te oth. r ~ u t h O d ~ Co rol18ry 4 .5 . 11) ~ee obte i n.O I n /15 / for 

t ne Case t h" t bt tl is an ( n-srn e •• 

l et u a f ur t he r r e ma r k t h nt t ho r "p r " 6 ~nt8r l o ~ of pos1tive funet10

n el!!t dOllllne (e d by vo c tor f ur, ctlonah ( c f . Pro po t l t1 o n "') 1e not 

n e .. . It i , ltIte l l - k"own 1 n the bounded c a e. oIiInd sl ::; o ueed In the un

bouflrl e d C8 !!te I n !!J eve r . ! v~ r $ l nn ( for one pos ~ ibl1lty eee /2=' / ). 
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At the end let us summa r ize SO~~ o f the st ruc t ur~ p ro~ft rt l ~ n f tho 

state space E of L+(b ) 1n the ¢" oe [tun 1-9 ( 0 ) i t!! lI o l f n l1 J 0 1"t, 

~tt 1 18 !!I n (F) - u rw ce 'l n d the torolog y o n L" ( D) Is "C" • 

Proposition 4.7 

1) 	 E 1e the w"-clos8d convex hull of Vo ' Vo 1 ~ ft M_ ft A q u ~~tlal l y co~rl R

teo If lS(tl 1 9 .J ~lont e l ~ pa ce then v 1 "; w"- c l o &e.t . 
• 0 

il) The normal 5 t <J t O ~ i"lrll W -&8 'lUlln t I Fl l1v Lto l!eli tIIl L! l I t the 5 ""a CL rn tl 

w~-dense In E. 

~ 
1)Th e fir s t twO assert l on ~ are already prove d. Th e l n ~t n~ e Arrlon fol_ 

10""& fr o_ Theorerns 3.3 a nd 3.6 (J n t! the filet t hn t i n tht! CI1 ~& of ~Ion

tal do • • ! ns there ant no non-tr1vial !lingu l a r h u\(; t lon als on .c.+ ( tt l, 
11) Th e fi re t part 1 s t h e .c o n tent of LOIIIIJl IJ l . 10 . wht h f it", Ao eond 

pOrt follows from t hl! first 8!1 .. ertion of i), 

C'). e.d . 
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fteGonep • .• TMMMeP"SH~ B. 	 E5-85-727 
o CTPY~Type npecTpaHcT•• COCTORh~" ~KCMHanbHWX Ope anre6p 

Pa60Ta noC...eHa TeODMM nMHeMHWX, Hen~epWBHWX .YH~~MoMano. Ha anre60ax 
weorpaHM4eHMWk oneoaTOP08. 8 ~a~THOCTM MccneAyeTCR npoCTpaHCT80 COCTORHMM 
Ha MaKCHMan~HOM Op·-anre6pe HeorDaHM~eHHWX onepaTopoa 3aAaHHWX Ha 06naCTRX 
.pewe a rMn~6ePTo8OM npoCTDaH~ " .C. OoKa3akO, WTO cna6we laHWKaHMR MHQ_eCTB 
aeKTOpHWX M 4HCfWX COCTORHMM Ha TaKMX anre6pax COlnaAa~T. KpoMe Taro, AaHO 
onHCaHMe 3Toro 3aKWKaHHR "HOMeCT••eKTODHWX M 4MCTWX COCTORHM" nOA06HO orpa
HH4eHHOMY cnY4aG. PacC~Tpe" PAA ceoHcTa TaKMX COCTORH"". 8 4aCTHOCTH,nPM8e
AeHW oe3ynbTaTw no noc neAoaaTenb"OCTRH aeKTODHWX. HopHanbHWX M CM~rynApHWX 
CQCTOR"M". AaHa xap.KTepHCTM~a ~~Tpa"CTaa COCTOAH"H Ha ~MX Op·-anre6pax . 
MC"On~30BanMcb HeTOAw TeopMM oneoaTop08, TeopMM onepaTOPHWX anre6p H ~yHK~M
OHanbHoro aHanH3a. 

Pa60Ta .wnonHeHa a na50paToPMM TeopeTM4ecKoM ~H3HKM OHRM. 

flpenpMHT ~~••M"OrO MaCTRTyTa RAepNWX MccneAO...... 4y8Ma 1985 

Laffler F.• Ti mne rmann ~. E5·85-727 
On the St ruc ture of the State S~ace of Hax im~1 Op·-Algebras 

The paper is devoted to t~ , study of linear, continuous functlonals on 
algebras of unbounded operators. Especially , the~e is investi ga t ed t ~e s t ruc 
ture of the state space of ma~i~1 Op·-al gebras defined on (F)-domains. It 
is proved that the vector state space and the ~ure s tate space coincide. 
!~reover there is given a descriPtion of these spaces wh ic h is similar to 
the bounded case. Several pro~~rtles of such states are mentioned. E ~ peci .l l y 
there are proved results concerning sequences of vector, normal and sin~u l.r 
states. In section ~ of the ca~r the state s?ace of general Op·-a lqebr•• 
Is characterized. There are usea methods from operator theory, t heory 01 ope
rator al gebras and functional a,a lys l s . 

The investigation has been perfomed at the laboratOry o f Ttlf'Oflll k.l l 
Physics, JI:4R. 

fi,.·n . 1 VIII 1 lJ y r' ubl i lit: l IlR Dtt p eJt ..i.: nt 
.n tlo:tnb&lr 9 . 1 9l1~ . 
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