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1. Introduction 

In the laet 15 years the theo r y of top o l09ice1 algebras of unbounded 

oparators ha s been subs t ant1all y developed, Thi s concerns th e study 

of the ropo l og1ca l and order s tructure, commutants. ideals. speciel 

clas8es o f algebra8 and representatione a6 wel l as app lications to 

quantum atatist i cs /10/. 

As f o r states on t opo l ogical operator a l gebras. satisfying resu l ts 

were obtained first of all f or nor ma l statee (see /lQ/ for a s hert 

summery). The present paper is the fir o t of a series devoted to t he 

investigation of the structure of t he etate spAce of OpM-algebrae. 

We stert hero with the study of p osi tive singu l ar funct10nals o n the 

..axima l Op"-a l gabra LO ( ~) on (F)-domains. The paper is organize d a e 

fo l lows. Section 2 contains the necessary def ini t ions, notat i ons an d 

auxi liary reeu l te . In saction 3 we des c ribe a roatrlctlon -extenai on 

procedure whieh re l ates clas ~ es of ~D-c on tin u ous functio na l a on 

L· ( b) end ~(1t ). This gi ves a ueeful mat hod to tran sform res ul ts 

f rom t he bo unded case ( n ('at )) to the unbo undl"d one ( L· C 1) ) ) . All an 

appl icatIon we prove tha t states cen be uniq u e ly dec omp osed into the 

sum of normal and Singu lar positive fun c tl ono l s . In s ection 4 a re

presantation theorem for positive singula r fu nc t iona l s ie given 

(eee IIl eo /1 9/), wh1ch ha s interest i ng a p p li c ations. For examp l e one 

gatll that Sin gu l ar st ot ee a~e w"- limite o f ve ctor etates. Th i s hae 

tha fol lowin g imrort snt conclusion. D~lInlt e t he f act t ha t t he e t ate 

IIpace of !"(J) (i.e., t he eet of'tJ)-con tinuou a st a tee) ie not w"-com

pact , it ill the w"-closed c on vex hu ll of vec tor st a te s , henca of pure 

stlltes. A more general reeul t derive d b y qu 1te ot her met ho ds is g i 

ven 1 n /13/. 

2. Prell minariell 

For e dense linear man i f o ld b in a separab l e Hi lbert epece 1t th e set 

of linear o perator s L.· ( b) .~A: All c ll • A·bcb ~ 1s a .-algebre 

AOwith respect to the u8u el o perations end the involut i on A __ • 

",",13 • An Op"-lIlgebra A (ZI ) 1e a ,,-subalgebra of L+( ll) c on taining 

the identity opera t or I. The gra ph topo logy t~ on 13 induced by 



.A(tl) is liven by the family of seminorms ~ --I\A,\,U fo r al l Af 

c A (tl ). [Jenote ' simply by t. Th1s topologizatton of 11 giveet L ltl1 
rille to a canonical rigged Hilbert space lJ~tl c dlc';lt'l and a 
canonical dual pai r ('iI . 'b' ). Here t ' is th e st rang topology i n t!' 

Let S" • 6"( 'b. '%I ' ) b e the ",eak topology in 'b • Remember that a s e 

quence (,\,,,) c b i a e: -convergent to zero ('f... -
(Q 

0) i f and only if 

\..'t" ~ 111 t-bounded and <~''f..') - 0 for all ,\, .. :tr hence for a ll Cft "M. 
An OpM-algebra .A- (n) 1s ca l led 

if 1'1 • f\ ll" (A) or equivalentl i f Jl ( t J ill comp 1et e ; ~ ... . .1' 

selfadjOInt if b • D .. ~ r\ 'tHA·\ 
... ".11 

In opM-algebres t here can be def ined a lot o f topologiee (cf. e.g. 

9/-/11/,/14/,/1 5/) . We ment ion on l y those u~ed here, 

the uniform topology ~~ qiven by the fem t ly of semino rme 

A _ ~ A11014 - sup \ < ~ • A,,\- > I 
'f ,~ t .J.4 

whe r e..u. runs over all t.A -bound e d sets of 'tI ; 
the topology 'tell given by the family of se minorme 

A-II A \\ . ~.. s up \< 'f' A,;'" \ , 
.. .q,"\t:"" 

where.lf' r uns over all r e latively t.A - compa ct e ubsets of If 

Later on we wl 11 us e the fac t t h a t 't D a nd 1:<11 ar .. not o nl y define d 

on L·{ D) but also on L. ( l:I .1" ) and hen ce o n ~('dt ) /10/./5/. 

The mo~t impo rt a nt do mains 'b ar e tho se whe r e t is a Freche t -topolo gy . 

i.e. !ll tl i s comp le re a n d ca n b .. gi ve n by {II An '1\ • nE," ) wit h 

An " A~ • I = Ao " A1 ' ••• • A sp ecial t yp e of such do ma i ns is of 

the fo rm n T _ TM ill I •n - 13- (Tl '!I "'b(T , 
" ,< 0 

In ..hat fo ll ows we allwa ys suppo s e t ha t 1.. ( D ) 1!1 selfadj o int and 


lH t.l is an ( F)-sp a cs. \·Ie o n l y remark that >l ome of the result s are 


a l s o va l i d in more gsne r al situat ion e . 


To simp lify notat i ons we de no t e 8 bound e d o perato r A ~ t,.. ( D ) and i t !! 


closure At 6{at' by the seme l etter A. The fo ll owing sets are two


lIide d ,,- i dll a l s i n l:. ~ ( J3) and p lay an importan t ro le in the descrip


tion of t h e topol ogies "C~ a nd 1: c
J:J (/4/ ./5/ ,/11/. / 18/,/19/), 


1l(~) -t T: T1(c;rr • T"Hcbl-{T, AT . ATM bounded for all A~ L"UI\~ 

.f_ ( ~) ,, \ T: T ~ .!_ (It) f\ a\(ZS n . t T: AT. AT" ~ .:f _ { af) fo r all 

A ~ LI{ 1l)3 • 
Hllre 01_ (at) denotes the M-i deal o f compa ct o perato r s on 'it 
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propostt ion 2.1 

Lst:K be the unit bell in 'at • 
i) The f amily t Bl<. ; B Hi(ZS). B ~ O. Ke r o. (0). ~(Bl t-dense 

in 1> ~ 
is a funda mental system of t -bounded eets . Hen c e ~ D can be give n 

by the se min o rme A -- 118Ai3 U • il as above. 

11) The fomlly{C:K. : C ~J'_(D) , Coli 0 , Ker C. (OJ. !!'t(C) t -denee 

in tll 
is a fundamental syst~m o f relatively I-compa ct s et s. Hence ~~ 

can bn given by A __ IICAt; U • C as nbove • 

An i mportant co nsequence is the fa c t that n ( tt) i e '(lI- den~e in 

L { b • :Il' 1. consAquen t ly in L." ( Il) a nd ~ ('at l / 5/. In wha t f a 110wfl 

we need some special asserti ons along t his line a n d col l e~t theM 1 n 

t he next lemma. 

Lemma 2.2 
10 ~ 

Let 8 E: l!.(zr). B }, O. B • ~>'dE~ • Fa r a ) 0 pu t P • ~ dE • a nd Aa.. s "co. 

• PsAP for A f; J...+"( II ) . Then a 

i) P and Aa are elements of -n (ll ).a 

11 ) 11 11 U0 ... ( A - A ) Bot II • 0 for all 01- ~ O • 
.... .... 0 a 

Next we consider lineer functionals on a pM- a lgebra s. In co n trast to 

the e " - case one has to d iet in guieh two no tions o f po~ it1vity . 
Namely. a linear fu n ction a l w on an a p" -algebra .A eIJ) ill ea i d to be 

poaitive if t.l (A) ~ 0 for ",11 At9(.A ( IJ » - \.A "LA~Ai ' Ai tAUll l 

where the sum above i 8 f i nite; 

s t rong l y pOll1t1ve if W {A) il 0 for 811 A t l<.{JI,{Il» -tAE:.A(IJ): 

<''f. A'f> ~ a for aU ~r.-tl}. 

Re mark that thase deft n ! tone ho ld f o r IIny ,,-subalgebra of t· (II ), it 

1s not necessery that th .. y contain I. The p roblem of 'l: ~ -continuity 

of strongly p ositive lin ear f unct10na le well invellt 1Q8t e d 1n /14/. 

Claarly. ~ (.lit (ff» c X. (A (II» and the inverlle inclusion depends 

on the fact whether or not .A (1J ) c on t ai n s th e IIQuare r oot of its 

positiva operators . 

In /7/ it was IIhown th a t B .. "(len ) impliee a"t 'B(ZJ) for all ol > O . 

Hence 'P{ 13(Zl» • X( 6.":.{J)). Moreover, cons i derations as in Lemma 

2 . 2 show that the foll owi ng fact s are true. 
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Lem.." 2.3 

i) ~ ( ~(tJ » ia 't:J:I-den!le in ? (J:.~(tl» en d 'X ( ". (15» . 
1 i) On I." (fI) th e sete of "Cz, -cont inuous positive and't ll-co n t1nuo us 

strongly posit ive l1nea r functionale coincide . 

In view o f th is lemma it is unambiguously to s peak about ~~ -cont1-1 

n UOUll lltatse on .c.+ (~ ) . This s e t i s dsnoted by E '" E ( ,Co (%r» '" 
at...,: '" ~ 0, ..:> ( 1 ) . 1 . 'l::J) -continuous]. 

Le t ,t " (%I)' denote th e dual space to ~"(J:) [.'1::,,1 and l .. t 

S'. a IS"( L"(II )'. "-'(tl» be th.. w·-topology 1n ,t+(:1)'. 

u .. ne e d the f o l lowing subsets of E: 

vector etates: Vo· Vo l .r.·(b» = '-.(')t E: t.)(A) '" <<7 ,A<v>' 'f "tJ, 

\\'fU.l ~ 

pure atates Po Po ( ..+ ( II l ) • \ c.:l ~ E: r.>. ELt( b ) '. "'... 0,;0 

<.J. "..., implies 1.)." '), 1.:> , >'ttO,11 ~ 

Cle a rly, .... , Po if and only if u cannot be repr..sented ae a nontri 


vial c onvex combination of ~~, 1.0> .. to E. 


As in the bo unded cese o ne defines: 


ve c tor etete e pace V V( t.. (13 » "IS"o - closure of Vo 
2 

pure state spa c e p .. P( &.'(D» = lS"o - c los ure of Po 

The se set of st Btes wl ll be invest igated i n d e t Bi l 1'1 /13/. 
To de f i n e nor mel an d >l i n gul a I' fun c ti on a ls on J:..( 11) let uS i n t r o duce 

th e follow1 ng 9 ube et:!l of L·( Xl ) whi c h are tl"lo - !!ide d . -ideele 

",(Xl} = {TEJ:.'(b): AT, ATM~.f~('iIt) for all Af;1.·(ZI)3 , 

l' (b) • {F t .c+ (ll ): dim F!) < 00 ~ 

He r e d'. (at ) stan d, f or the eet of nuclear operators on \!t • 
- --'t; 

It appear" that the ~lI -closu re of :I ('i». ~(b) a t(lI ) II ill e very 

app r op ri ate genera li~ation of the set of compa ct operators to the un

bo unded case. Among othBr thin g e the fo l l ow1ng assert ions are va l id 

/6/,/12 

Pro pos H 10n 2. 4 

1) A E; f( JI ) if a n d only if ( A <v... ) ill t-converqent to ~ero fo r eny 

slIquence ('f,,) which ill 'is" -convergent to ~ero. 

1 i) If tJl tJ 111 not a Monte l epece, t he n 'f (JI) 15 the only non-tri 

vial, 't~ - c losed tWO -Sid ed .-ideal 1'1 l..~( lJ). 

11i) 'SlttJ ie a Montel spece if end only if e ttl) • .r.~ (lJ). 

Theee proper t ies giva rise to the follow1ng definition. 
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De f i n i t io n 2. 5 

A li near fu n c tionBI <0:) on l..+ (tJ ) is said t o be 


no rma l if W(A) & Tr AT f r) r !!o me TE;.t. (lJ) And all A t'(!(l1); 


Singular if W ia "II-conti nu o u s Bn d (,) (C) ~ 0 for ell C E; 'f ( tf ) . 

Let ua remark that while normel function a ls a re automaticelly'tb-con


tinuoue (even 't~ -continuous) ws have 1nclu ded the ~.-continulty in 


the definitio n o f si ngula r functiona l e. 


Pro p oeition 2.4 il1) shows t hat ~f ~ttl Is a Montel epa c e there doe!! 


not exist a non-trivi al e ing u ler fu n ct i o nal. 


The generel p r ocedure o f fi n di n g th e no r mal part o f ~ t [.(~ )' 


(cf. e.g. /15/ ) gi ve!! immed ia tely the foll o wing le mma. 


Lamme 2.6 

Every (,.) E c..( II }' ca n be uniquely deco:npos e d into ~ • ..:> ... +"':>a • 

where 103 .... ..:1 .. are r eepect i ve l y tIS -continuo us normal an d !ringuler 

funct 1 0nB Ie. 

I n ae c tlon 3, Th eo r em 3.4 we give e more etrong result. 

3. A ras t ric tion -extenei on p r oce dure 

The 'e lJ - den sity o f n ('2! ) in .r.. ( rr) and ~ ( at) lea d!! to the foll o wing 

proce dure . 

Let 10) t l.t( II )' be given . By re~t riction to 1!.( rr) and ext"n~ 10n to 

"C( de) one ge te B uniq ue'l:,,-c ontinuoul! linear functi onlll on n(C\t); 

notatio n : I,.) - i::. • 

Co nversely, l et ~ be a -c,.-conttnu oue li near f unctional on ~('at). 


Re st riction to -n ( J3 ) and extens ion to t,,, (%I ) g ive s again e un iquo 


't'1) -continuoue 11n ear f unctional on .r. . (lI) I notetion: I.l _.::; 


Obvio usly: t.:l .':' t. LO( Zl )' ,W· ~ f ~l'lt. l· > Co) . 't1l - con t 1nuo us. 


Th1 e p roce dure wil l be f r eq uent l y use d (!l e e a leo / 13/). So we c o llect 


some o f i t a prope r t i es in the next l e mmB ta. Oefore doi ng s o le t u e 


mention t hat In the context of t.. ( !J ,13' ) one wo uld ce l l t his en e x


teneton-rastriction pro cedure (e .g. {,. ( 1) - L ('tI, tJ') - lL (~} 


en d so on ) . But b ecause we do n o t we nt to l e eve ~ we prefe r thi!! one. 


A direc t coneequence of the defini t i on end of Lem ma 2. ? 1 e the fol l o


wtng lem..8. 


Lltll.1t 3 .1 

1) If 10 t L"( fI ) ', I .... (A)\ • !lBAS II for ell A E.L·(1J) and some 


B \: C ( D ) , then 


Ii:) ( A )I ., BAa 1\ f or ell A ~ '6!1 ('al) e nd mo reov e r 
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':;( A) : ~1.:ci t.>(P"APai, 

an d conversely 


i1 ) If <.0 t "B('at) ' . 'l: l\ - c ontinuous. \10) (1\ )\ So IlBASi for all Af. f. ( :It. ), 


th en 	 I~ (Al' 'II UAB \I for all A Eo L· (2! 1 and c:; (A) • 11m to)( P AP ). 
Q.. ... 0 a a 

iii) The sa me as:oe rt ions are t ru e for 'l:~ -cant inuous l inear fun ctio

naIs on 1... ( tJ ). n ('at ) respect i vely. 

In the ne xt lem~a we wi ll see wh ich eets of ~~ -continuous linea r 

functi ona ls mut ua l ly cor respo nd in this pro c ed u re . 

Lemmo 3.2 

In th p. restr ic tion -ext e nsion pro cedure des c ri b ed a~ove the foll o win g 

se ts o f ~~ -cont i nuo us 11np.ar function a ls mut ual l y co rresp o n d : 

1) posit i v e funet iona Is o n l:,+ ( 1) } - nosH ive funct i onA is o n S (a ) ; 

11) 	 normal f unct ionals o n .to( 1) - no rme l f unc ti o nals on 'C('ilf.) ' 

mor a exact l y: ~(A) 2 Tr AT, T E:J'.(tI ) impl1a!! W(A) .. Tr AT. 

and converse ly. ~ ( 1\) Tr AT , At n (Itt), T f. J\(at). c.:l . oc..-con3 

t inuous implies T E: .1.( ~ ) and c::, (A) = Tr AT. 

iii) singular function al " on L · ( J» -- singular fu nctionals o n 6!. (~) 
i V) pure states on .L° Cb ) - pure s tates on ~( at ). 

~ 
i) foll ows from Lemma 2.3 . 


ii) Let ~ (A). Tr AT for .Jl1 A~'(· ( 21 ) and some T E:J'.(ll ) . Beca use 


T E: J'.. (CIt) it foll ows immediately t hat w. ( A) • Tr AT for all A E:~ ( CIt ), 


On the other hsnd. if ~ on ~ ( :it ) is 't~- cont in u oul!! and weA l • 

3 Tr AT fo r al l A (:1!(at) a nd "orne TE, J~(~). then c:, is 'I: .. - cont i 

n uous on L+(b ) and c en be dac o mposed i nto a li near comb inat i on of 

po s it i ve 'l:m - c o n ti n uo u s linear functio ne l e wh ich are n o r ma l if r e

stri c t ed t o J" (Xl') / 15/. Hance U, {F) • Tr FS f o r a ll F I; r ( D) a nd 

eome S ~ J.. (t). Sin ce (.,)( F) = u:, ( F ) we get S .. T. Th us", i!! nor

me lon J:.+ (b) ( usin g th e fa c t tha t Co) _.1 ill unique). 

iii} Let w b e singular on .c:.+ C!! ). th en W(F) - 0 fo r all F(; T ( lJ). 

But 3' ( 2) is '1:.., -dense i n 1" (~) h en ce i n .:1_ ('at), so c:; (C) • 0 

for all C £.f..(at ), l.e., c;;. is s ing u l ar. The othe r d irection fo11o\Ol1l 

eimi la rly. 

i v) La t w b e pu re on ~ C~ ). S uppose'::'. AI.l.. + C1-" )<0»), • (..) .. , .... ), 

po sit i ve an d 'I:..,-cont1 n uous on 1.' ( Z1 ) . T h i ll would imply Co.) • ~ '" • 

• ?,u.+ ( 1- ), ) ':;), with c:;,~ 'Cl'K.I', .;:)1. . 'l: -Cont i nuous and pos it iveJI 
a ccord ing t o i). This is a con t ra d ict ion. I n the se me way the other 

dir ection c an be proved. 
q.e.d . 
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It is necessary to odd the f ollowing r~ mark. T he not i on · ~ure state " 

on ~(at.) is not unambi guo us. because w~ ca n conside r de compo s iti onft 

within the set of a l l s t ates or on ly with in the ~JI-con t1 nuoue etatee. 

We have in mind the ~-continuous st at ee a lone. To consider pu rene!!~ 

in the context of all sta t ee and derive the dire ction -~ in Le mme 

3.2 iv) one would ne e d a res u lt of t he f o l l owin g t y pe: if ~.' IU , 


w ·'t:o-continuoue o n nClt ). u .. p osit ive, th en ..,~ ie""CZr- c ontinuo u s . 


too. 


Nevertheless normal p ur e !ltates ( i.e .. vector stete!!) on ;..~ ( 1) l eftd 


to pure statee ( ve c tor s tates ) on ~(at) al eo in t he context of 


continuity with res o ect to the norm in ~ (~)' as the next corol 


l ary ehows. 


Corollery 3.3 


i ) A vector fun ctional G:l'4':,,(A ) • .(q> .A"'~> on 11 (CIt l 1" 'l:.zr- con tlnuou e 

if and only if 'f,'\ f. tI • 

11) The vector !!fates t.),(A) • <", A.,> on L+( If) are pure !!tetas. 

111) Lst Co) be e state on 1.+ (D ) !!o th et (.) (C l • (,.")., ( Cl f o r all 

ef:"C(b) . Then (,;)- (.Ott on ;"+(n ). 

~ 
i) foll ows from Lemma 3.2 1i ) an d the f a c t that p~.'t • <,."."> ~t J.lbl 

if and on l y i f .,.~ f. D 
ti) Le ....e 3.2.11 ) g ivell t het W • Iol., on L.t ( J7 ) i mplies;:; • ..:>., 
on ~ ('K). Be c a use vector sta tell on l!,{1t) a re pure, the ess e rtion 

fol lows fro. Le mma 3.2 . i v). 

i 11) It follows t ha t [;:, on Y3(~) hes the proper t y wee) - W'f(C} 

c.:>, (e) for all C ~ oLe ~). Then b y / 21/ -w • «...> 'f • to:), on "C!. ( '¥. ) , 
A 

hence .... % • Co) ~ by Lemma :5.2 .il ) . (:) q .e.d. 

Next we prove the deco~polliti on t heore m for po sitive ~-cont inuoue 

linear functiona ls . 

Theore. 3.4 

Let to:) be a po!!itive "'b -continu ous linear fun ctiona l on J... (I)") .Then 

t here 1e a un1que de com position 

~ -	 t..)f\.. ~s 

!!uch 	 that lb ..... 0, no r."al, 10).... a sing u l ar . 

~ 
By Lemms 2.6 we have Ii unique decompos1 t ion Co). Co)..... ...,..~ wi th 

..,...... 0 , normlli. 103·~ !!i ngu lar. S o it rema in s to prove that ..,.... O. 

Let 	 to> ~.... ~·.!;Ie t he co rresponding funct10nale on ~ (at). Then 
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w '" ;:;On + ;:':;0:. • On t he a t hp. r h ;.r",i "" ca n be un i qu e l y <1ec o mrose d int o 

;;;, "'", +..,.. with u>. ;!! 0, norma l and ~ ~ 0 s i ngular. ~inC8 t he n o r-

m~ l par [ ~ ~g~in coi ncid e on ~ (~ ), th e correspo nd i ng trace c 1 8s~ op e 

r 9[.) f" s a re th e same . hence ;::';:' ;;; (.0,,\ 1.e.,w&. ~~; ~ o. S o t h e asse rI 

tiol1 f o llOL~5 f ro ;" Lemma 3." .i ), n Ollely ..:>~ ;!! O . 

q.e.d. 

Co r o l l" r y 3 . 5 

Lot Iol ~ f"l ' i.e.,e..) 1s ~ pu r e "t"t a on s... (1S ). Then eithflr ... 1,.. R o 
v e c t o r s t a tp. or w 1 s fI DUr<, ~ l.n'lular st a t e. 

Proo f: 

Let WEPo ' t h e n w :o,.) ... + w~ ~ w ... ( I )( w ... / w ... (I )) + I.J~(I)( <">3 

(.) $ (I)) is a co nv ex li n oa r combina t i on of s tates. Si n ce "" i s n ure. 

either...,,, (I) = 0, i. A. ,""... = 0 and w = u.>" is R r ure ,. jn g u le r st a te, 

o r "" .. ( I) = (', i. e ., ,,,,,,. ~ 0 and w = o.:>~ is a pure no rmel s t ate, hen

ce a vActor st at e . 
Q.e. d. 

4 . 5 i n9ular pos itive funr.tion ;) l~ on .t- ,13 ) 

In this section we s tart with some ~i m ple equivalent cha r a cteriza

ti o ns of slng u ld r p o s i t i v e fun c tional~ which correspond to those of 

th e bounded ce se / 16/,/1 7 / . Then t here i,.. gi v e n a rerrese n tarion theo

rem of singular s t at es on L·(n). This res ult has i mportan~ conclu

lIi o n" , for example about the st r uct u re of the state space E( L" (J:s), 

c f. Thea rem 4.8. 

Le mrna~ 

Le t w be 8 pa si tive, "'II-cant i nuous 1 1neer funct l an a I o n 1.... ( n ). Then 


the foll owi n g state ~ent s ere e qui v a l ent : 


i) u 1s S i ngular. 


ii ) The on ly po si t i ve nor mal fu nct iona l Ii' wit h 9 ~ w is ~ • 0 . 


i11) Fo r any pro jection E ~ L"( n) there is a prOje ction F -I 0, 


F E- .1."( Xl') 80 that F " E a n d (,.) (F ) '" O. 

~ 

lVe s how 1)_ 11). i l - 11 i) • 


i) - 1i): supp o se S' 1s n o rmal iln d y to ~ ,then S' (F) • 0 f or all 


F ~ 1" ( l! ). hence ~ • o. 

11) - 1) I If (.J i8 not 8i n g u l ar, then by Theorem 3.4 (.). '-0 ..... \0). 


wit h "' .... 0, .., ... " O . Thu8 '-l,," ~ 


1) - ii i ): If w ( E l • 0 then take E • F. If W ( E) -I 0, then there 111 


a fin ite di mensional F " E so that F ".(+( tl). Clearly, (.) (F) .. 0 


fo11 owli. 
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111 ) -1} : Tako E one- dimen s ional , E E-:;(n) . Th e n \0) (E ) = 0 , 8 0 

Col ( F ) = 0 for a ll F f:. l' (1) ) and con s equent I y u> re ) = 0 f o r ell 

C t e( 1) ) . Thi s me a ns w is singu l er . 
q ,e , d. 

Lem ma 4. ;> 

Let ... b e s i n gu l a r and posit ive on I..: ' n ) . Th en for a l ). pro jection s" P I: .c.+( b), (.)(P) = 1 t here is a rro j e c tion Q £: !.·(O ), '2 ~ P such that 

P-Q is infin i t e dimensional and ~( Q ) * 1. 

~ 
I t is e asy to see t h at P ~ is a t -c l osad ~u b space of n ( i , e ., a g a in 

an (F)-space) . l1or e over o n e has t he cha racte r iza t ion: 

p(;e( ':I ) if and only if P tf i s a ~lontel s pace if and on l y if P2T 

does not conta1n an i nf i nl.te d1mensio nal Hilbert srDce ~o ( i.e.,P zr 
is of t ype I /8/ ). So "" ( P) ,.l mean e P ~ eun anci consequ ant l y there 

is such an <t.. c P bel:) • Let Po be the o rt ho pro j e cti on ont o 'at •o 

If (,:I (Po) ~ O . t hen we a re done t a king Q • P-P wh ich must be in fi ni 
o 

te dimen s i onal. Sur pose (.)(P ) = b " 0 , i.e., t.>( P- P ) " 1-b o o 
Applyin g t he rea s oning of / 1 / ,p ,305 to 'Cle o fi nd Po o n e gets a P sO

1 
that Pl " Po ' Po - is infin it e dim e nsional and <..3 (Pl) .. b. PuttingP 1 
Q : P + (P-P ) we get the desired result.1 o 

o.e .d. 

Our next aim 15 to d e s cribe all positive eingular functional s on 

L"(~ ) . Let us remember the situation in the b ounde d case. 

It has o ften been mentioned that t'J('dt) , .f. ( de ) Dnd ..foo (~) a r e 

100the non-commut a t ive analogs of , 11 and c (the zero-seouence s ).
a 

The complex homomorphisms of 100 a re gi ven by t he eleme n ts of ~M 
( th e St one-~ec h-compact 1f1 cation of ~ ) which can b e iden t i f ie d with 

ultrsfilter e on IW • There are two types o f ultra f i lter!!: fixed 

( c ontaining e ll subsets of ~ which co n t ain s fi xe d e le me n t of M 
and f r e8 ul t r a filters giving the e le me nt s of p.t>I." M. The formu la 

00
c.:l'U,«X » 2 l1m'U, x n , ( x~) E 1 'U. -u lt ref ilt e r n 

100 g ives the c o mp lex homomo r ph isms of • I f 'U is fixed at Ie: ~ ~ , t h en 

/.:)'U, • c.l.. with <..3 .. (ex } ) ~ xle: ' n
 
If U. is free, then 


!i ~'Il.( ( Xn » .. 0 for all (Xfl ) ~ ~o ' 

1.e., fr ee ultraf11ters g ive rise t o sing u lar st at es . 


Th i s 1s a guid e t o const r uct S i n gular s t ates o n "B (ae). Let ('\',,) be 


a sequence of unit vectors in'OlC we~kly conve rg ing t o zero. Then w,,

d e fine u b y 
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( 1 ) ~'U.(A) lim~ <"'ft' A",.. > 

g i v es a state on t!>l'del whi c h i s sin gu l a r if and only if 1.(, 1s free . 

Mo reover. if one t a kes any s eq uence ( '1-... ) of uni t vectors, then exact

ly th o,se free ult r afil ters '\1 give sin gu lar s tates f o r wh ich 

l1m 'U..<'tR.~ ) • 0 for all ~ to 'at (/1/) . 

Furt hermore. the following t heor em was est sblishe d by Wi ls /20/ and 

extended to the non-separable c ase by Anderson /1/. 

T heo r em 4.3 

Th erf') is a fi xed s equence ('t .,. ) of unit vec tors of 'at so t hat any 

Si ngu l ar s t ete on ~ (~) hes the for m 

<.0:)\4 (A) • l1m .....<"'.... A",«,,> 

for an sppropriate fr ee u ltrsf ilter ~ (n eme l y suc h one wi th 


11m '\A.<. 't...<t '> .. 0 for all 'f t'H ). 

Cal l ( ~... ) a wils sequence. 


Remerk that this sequence ('\'... ) can be taken to be arbitrary II' \1 

dense 1n the unit sphere. A li ttle bit more is k nown. Whi le the on ly 

normal pure stet es on ~ ( ~) are th e ve c t or sta t ed . pure si ngu le r 

states sre obtein ed if on e t akes in (1) insteed of (~... ) an or thonor

mal system ('1... ). But the question whether the converse s t ate men t is 

sl s o true seems to be oren. 

Now we turn t o the un bo unded case. Let u s me n ti on the following si mpl e 

fact. 

Lem me 4.4 

Let ('f" ) c.b be a t-bo unded sequence, 'll a f ree ultrafil ter. Then 

~... 	 G.) ... (A ) . lim\1.<'f.... A ,..> 

defines a positive. '1:.0 - c onti nuous fu n c ti ona l on L·(13 ) which 1" sin

g ular if and only if lim'l.l.<'f•."). 0 for all "I tf 

~ 
The p OSitivity and ~.o-conti nu i ty are trivial. The pro o f of the remai 

ni ng pa rt ia as 1n th e b ounded case. Lilt 'f,'t t h . P 'f... - <<t,">'t'. Then 

the finite line e r combina t i ons of t he p" ... e ere 't1J -dense in f (II ). 

Thus (.)"" is s 1ngular if and only if w"(P'f."t ) .. 0 for all ~."\"' n • 
But this 1a the c ase if and only if 11", "'" < 'f. 'f"')<''',,.,\). 0 f or el l 

'1'."'< ~ t) 	• This impl1es the asserti on. 
q.e .d. 


Now let ( ~... ) be a wils s equence. B (:1HZl). 'U. B freB ultrafilter . 


The n 


. At-/..... (IS)~. , ,.. I ~O.'\I.(A) • lim '14. <. B ,\.. , AB " .. ~ 

gives a posit i ve Singul ar functional on s..~ ( l) . The positivity is 


cl e ar. th e'C. -contin uity fo llo w6 fro m the estimation 
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\1.) (A) \. \ lim~. <B"\,,. AB",..">!" su p I <'f.A't">\ wh e r e .M. .. \B't ... \8..... . ~ 	 "."'~ ...... 
The s i n gu larit y f o llows from the f act that S E: e (b) imr l1es a " 50 to 

t .1'_ (atl f o r all B E:IB(Jl ) /12/. To get s t ates on J...+ ( n ) on e t Ak e s 

f or exa mp le s uch pa i rs ( 'U. • B) t hat 11m..... <. B "1:"" B "t ... > = 1. 

In the 	way just described on e get s al l po sit ive Singu la r f unc ti o na l s. 

Theo re m 4. 5 

The pos it ive singular fun ct ! o nals on 1:. ~ ( 13 ) are given b y 

c.lc",JA ) • lim'll. < C "\' .... AC "\,,,, > for all A E; ..... ( b ).We, 'IL 

whe re ("1:... ) is a va ls s e q uence. 'lJ.. an appropri ate fr e e u l trafilter 

and C E: t:>,( tl ) which can be t aken to be positi ve. havin g t-den s e ran~e 

and Ker C ~ (0). 

We wi ll give two different rroof e. One uses exp lic i t l y the extensio n 


p r o ced u r e described in sect ion 3. 


First p r oof : 


Let W 	 be a positive singular functional on L· (lS). t he n 

I weAl I " 1101\01\ 

wi th 0 ~ ~(I:J) wh i c h " lin b l! eS !lumed t o be po s itivo . in verti bl e a nd 

wit h l-denso rRngo . 

The '!!et --4.. a tBAB; A E- L+(I1) 3 is a It-elgebra which can be con s ide r ed 

as a M-subalgebra of ~ (de) . Co n si de r th e lin e ar fu n c t ional 14), on 

.A.. giv en by c.:>,(X ) 2 ~ ( A ) for a ll X • BAB ~.A-.. . 

The propert ie s of 8 y iel d t hat t.:>, 1s cor r e ctly defi n ed. po s itive and 

Clt norm-cont i nuou s on .A•• Th e refore Col. can be con ti n ued to t he _ 

algeb r a .A. c .~ ( 'at ) generated b y "'*•. De no te t h i s exten s i on also 

by t.:I • • Agaln the pro partie s of B give th at -l OFB: F~l'(b l5 is norm

de ns e in :r (at) . h lln ce .:1'_ ( lit ) c A•. In t he us ual way <.0:). ca n be ex-
It tende d 	 to the C -a lgebra .Pc- o btained by sdjo i n l n g th e iden t ity to 

A. . Tilt s g i ves aga in s poe i t ive no r m- cont in uo u s f u nct i o na 1. a 160 

deno t e d by Iol, . S in c e I., ~ • to. can b e ex t e n de d to a positive l inear 

f unc ti o 'l s l ;:;. o n -n (:K). This fu nct 10nal 1" Si n gu l ar b"ca use 

<:i.{ BF B) .. t.l(F) • 0 f o r all F ~:r( JI ). he nce b y c ontin u ity t:),(C } .. 0 

for all C~"_ { :.t). put;::; " t::;, / i:). {I ) and s ppl y Theo rem 4. 3 . tha n 

W (X ) • lilll'Vo.<'t... X"t.. > for all Xtfl(at). 

I f X • BAB ., A •• we get 

c:; ( X) • 11 111",,<'1' ... BAB,,\, ..> 
Th Ull, 

W(A) .. Z;.( I) .l1m",<''t•• BAB",,'). l1m'l4.< C "f.... AC"\'..:> 

with C • (w.( I })1/2 B. 
Q.e. d. 
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Second p r oo f : 
~ 

Let I c..>(A) I" II BA13\1wi t h B = l~dE " as above. Th e n the correspon ding 
o 

f unctional c::; .on ~ (at) is pOSitive. singular and fulfills (ef .sect .~) 
(:?) ~ (X) - lim Ul ( P XP ) • \w (X) I , II BXa II 

a. .. 0 a a .. 
- 0(. r .....Fix .... t (0.1) a nd put 	 a ) O. Th en B e-'( ~ e 1- '" p1:1 = ) " dE " 	 a a" Go 

and Ba
-0( 

E: '53 ( at ). Fr om (2) it fol lows e asily t ha t ~ (e-~XB-,() ie 8 
B a 

Cauchy seQuenc e 	 ( havi ng in min d a - 0) f or sny X E 'C (~). Put 

W (X)" 11 m W (O-"'XB-")
1 Q".~O 	 8 a 

Thi s g i ves a posit i ve fu ncti onal on ~(:It). Mo reover .::;~ 1s sing u 

l a r be cause fo r X, .:t.( :!t) the operat o rs a;"'XB~"'~J'_('a{). too and 

W (B~"'Xe~"' ) a 0 f or all a> O. 

For arbit rary Ytll ( au and x • O~YBo( one gets 

;:; ( Sol. YBo() _ 11m t;; (B-o( B- YB - B - .. ) _ c:.; (Y). 
~ G..~O a a 

The las t e qU Ality fo llows from the estimeti on 

\ i::)(S-oC. B ,,- YB- S - - ) - (;.) ( Y) \ 'II B(S-"S'(YSolS-"'- Y)S II a;) 	 a a 

• UB ( PaAPa - f\)B 1\ 	 - 0 for a - 0 (e ee Lem lT'g 2.2.11». 

Next put ;::;J.. <:5, I e:.; .. (1). ':::;L ie a s i ngu l ar st ate on ~ ('at ) (the 

c a s!! ~\ (I) • 0 ce n be excluded s1nce t his would impl y loU - 0). 

Apply1ng Theo re m 4.3 we qet 

i:)..( Y) - l1m'IA.< "1:""Y"t", ) fo r all Y '-n ( 'at ). 

Conse quen t ly 

(;; ( Y) - C:;, ( B"'YBoi. 	 ) - C::;, ( 1) <o,, ( S"Yo"' ) - i:.)... ( I) lim.....< '"'" ,S-YB"'",,) 

1 
- 11 m'14<C '1'.... YC "'< .. ;> • wit h C - (w. (J ) ) /:> B oC " !l (ll ) • 

No w we re t urn to 1..+ (l:l ) by obse r vin g that .. 
;::; (A ) - <.l (A ) • 	 li m ;:; (P AP ) • lim 11m ( C " • (f' AP )C~ .. '> 

Q.40 8 8 Cl.O '\A,. .. 8 8 

for all At 1... ( lJ ) . The n 

\l1m ...<C ,\",(P APa ) C,,", ..)- l1m ... <C'4....AC"\ ..)\' e~p t <,\" .C( P.APe a

-A)C "1".,>1' t:l. ( I ) lao(. (PaAP - A)S " 1\ which goell t o zlI r o f o r a -0.a 

Thill gi ves us t he des i r ed re eu l t 

<.l (A ) ~ 11 m'IA.(C '\... AC ,\ ", '> for ell A~ J..+( lr). 

Q.e.d. 

From th1s the o r em we ge t the follow1ng tr i vial but imp o r ten t co ro l la

r y. 
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Co r o llary 4.6 


Any positive singular functional on L·(~) is the weak lim i t of po s i 


tive vect~r functiona ls . Espe c ia l ly . the singu l ar states are contai 


ned 1n the vestor IItate space of 1..+ ('JS ) . 


roof: 

Lat "" be singular a nd positive on I.."(n) . At , ••. •Aj~ J:+ ( J), £..> 0 be 

g 1ven. From Thaorem 4.5 wa have 

t.) (A) ~ 11m'I.L< C "t... ,AC "\... '> • 

Hence there a re 	U (: 'U. so tha t 1 

I to) (A) - < C "\f\..AiC 't,,>I<~ f or e ll n .U i • 1-1 ••••• j 

i.e. , \ (.,) (A) -	 <C"t".AiC'\"'')\~£. f or all ntU ~ o Utt'lL .i ~ t ..... j. 

Th1s proves the first asaertion. 


Le t Col be a state. then if nacessary re place "t~ by >-",\.="":,, for a l l 


n . U t'lL for aomo , U and 11m ..... ), ... - 1. so that < C"\::".C "';..> • 1 f o r a ll 

n "U. Then t he statement follows f rom the consideratio ns abo ve. 

q.a.d. 

rl nally we derive from Theorem 4.5 en important resu l t about th a sta

t aspaeeEof .t+(tJ) • 

Reme mber thet in the caee of C"-olgeb r ae t he fec t thet the unit bsll 

in the dua l epace is w"-compect al l owe to epply the Kr~1n -Mil men 

theo r em. Thi s leads to the well-k n own result thet the s t at e spac e of 

a CM-a l gebra ie tha w"- c l os e d convex hu l l of th e pu re s t atae. In con

trast to t his t he et at e apace of an Op" -elaebra 1s not w " -c.ompa ct if 

the algebra con t a in s unboun de d ope r ators . But neve rth eless for L~ ( D) 

one can de l'ive the s nalogoull result • Here W8 wil l prova th is el 

moet cons tr uctive l y using The orems 3.4 end 4 . 5 . In 1131 th e r e le gi

ven another proof in t he context of mo re genera l considerat ions. 

The o rell 4 .8 

The state IIpace E o f J..+(tJ) is the wIt-closed convex hull of the 


vect or s tatss, hence of the pure statee. 


~ 

Because of Corollary 3.3i1) it ie e nough to prove thet E ie cont ained 

i n tha w"-cloeed convax hull of the vector eta t es . ThUll lot (.,). E and 

A1 ,. " '~' L+(b ) ,.:>0 be given . Without rsstriction of generali t y 

l e t Ai • 1. Accordin g to Theora,. 3.4 I Co) • 10)',,+ w', • where 1..) .... ~ 0 


norrn81 and c.)~ .. 0 singular. &0)(1) .1.)',.(1) + ..,.. (1) - 1 i mplies that 


(3) 10). t ~'" + 	 (i-t)u.. with t • ~·... (I) and 1..)... - t-
1 

c.).... . 

w • • (l_t)-l",.~ i. III convex comb i nation of eratss. 
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By Corolla r y 4.6 there is e v e c t or s t ate <..:)~ on ~"(l! ) wit h 

(4) 1t.>... (A i ) - t..:> .,(A i } \ < E f o r i 1 . .... k 

Since 1.? .... ( A1 ) .. Tr Ai T - L t o ~ If.,. .Ai ~,,) f o I' s o me T ~ .:f<\ ( II ) • 

T 'I'... - tn If" • ( .,... ) an o r t ho normal syste m 1n II an d L tn " 1, t here 

lsan N~t4 so t hat 

(5) 	 \ L t n ( 'f.... . Ai If", > \ < ~ f o I' i .. 1 ••••• k • 
n.~" 

N 	 NThen: 
(.:>~ Sn <'ftl)' 'f.,) with sn • tnC t ) 

-1 
ls 0 cOnn~ 	 ~ 


vex 	combinati on o f vect or s ta tes an 
N 

(6) 	IUn ( A1 ) - c.,),(A i )\ i,\> (t n - Sn ) ('fft , Ai If.,) \ +\> t n< <t.... Ai'f..>\"n;r 	 O)ij 

N 

" (1- '5"'" t ) + £ / 2 " E
n.r 	 n 

He ra 	we used (5 ) an d A1 • I. Combining ( 3).(4 ) a n d (6) we g et t hat 

N+1 


~ .L 	 rn ~n. wit h rn - t's ~.... <'f.. .. ~.. ) . n - 1 ... .. Nn n - 1 
r N+1 • ( l-t ) . ~"'., • <V'f 

18 8 convex co~bination of vactor statae sat i afy ing 


I w (Ai ) - ~ (Ai) \ <. e. , 1 • 1, • •• , k • 


q. a .d . 
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B 06DeAHHeHHOM HHCTHTyTe RAePHWX HCC11eAOBaHHH Ha4a11 
BWXOAHTb c6opHHK "HpamKue c o o61.14eHUR OJ1.HJ1". B HeM 
6YAYT noMe~aTbCR CTaTbH, COAeP*a~He OpHrHHallbHWe Hay4HWe, 
Hay4HO-TeXHH4eCKHe, MeTOAH4eCKHe H npHK11aAHWe pe3y11bYaTW, 
Tpe6yiO~He cpo4HOH ny6nHKa4HH, 6YAY4H 4aCTbiO 11 Coo6uleHHH 
OH.!HI11 , cTaTbH, aoweAwHe a c6opHHK, HMeiOT, KaK H APYrHe 
H3AaHHR OHRH, cTaTyc o~H4Ha11bHwx ny6nHKa4HH, 

C6opHHK 11KpaTKHe coo6~eHHR OHRH11 6yAeT awxoAHTb 
perynRpHo. 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
aations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techni ques and methods. 
Accelerators. 
Cryogen1cs. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condensed matter. 
Applied researches. 

Being a part of the JINR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communiaations will be issued regularly. 

j 

"""--

ne~nep ~ .• THMMepMaHH B. E5-85-700 
CHHrynRpHWe COCTORHHR Ha MaKCHManbHWX Op*-anre6pax 

Pa6oTa nocaR~eHa TeopMM nMHeHHWX, HenpepwaHwx ~YHK~MOHanoa. HccneAy
~TCR pa3nH4HWe CTpyKTYPHWe BOnpocw TaKMX ~yHK~HOHanoa H HX B3aHMOCBR3b 
C nHHeHHWMH, HenpepWBHWMH ~YHK~HOHanaMH Ha anre6paX orpaHH4eHHWX onepaTOPOB, 

nocTpOeH RBHWH BHA acex nOnO*MTenbHWX CHHrynRpHWX ~YHK~HOHanOB Ha 
MaKCHManbHOH Op*-anre6pe HeorpaHM4eHHWX onepaTOpO&, 3aAaHHWX Ha o6nRCTRX 
~pewe 8 rHnb6epTOBOM npOCTpaHCTBe. PacCMOTpeH ~enwH PRA CBOHCTB TaKHX ~YHK
~HOHanoa H AaHW 3KBHBaneHTHWe xapaKTepHCTHKH nOno*MTenbHWX CHHrynRPHWX 
~YHK~HOHanoa. noKa3waaeTCR, 4TO Ka*AOe COCTORHHe pasnaraeTCR Ha CyMMY nono
*HTenbHWX HOpManbHWX H CHHrynRpHWX ~YHK~HOHanoa. KpoMe TOro AaHO OnMCaHHe 
npocTpaHCTBa COCTOAHHH Ha TaKHX anre6pax. HcnOnb30BanHCb MeTOAW TeOpHH one~ 
paTOpoB, TeOpMH onepaTOpHWX anre6p H ~yHK~HOHanbHOrO aHanH3a. 

Pa6oTa awnonHeHa a na6opaTopMH TeopeTH4eCKOH ~H3MKH OHRH. 

!lpertpHR'I' Octt.._.ReHHOrO RHCTHTYTB IIAePHWX HCcneAOBaRHA. L(yt5aa 1985 

Leffler F., Timmermann W. E5-85-700 
Singular States on Maximal Op*-AigeBras 

The paper is devoted to the study of linear continuous functlonals. 
There are investigated several structural questions of functionals and their 
relation with functionals on algebras of bounded operators. 

In the paper the explicit form is given of positive singular func
tionals on maximal Op*-algebras defined on (F) -domains. Several properties 
of such states are mentioned and there are given equivalent characteriza
tions of positive singular functionals. It is proved that any state can be 
decomposed into the sum of a positive normal and a positive singular func
tional. 

Moreover there is given a description of the state space of such maximal 
Op* -algebras. Methods from operator theory, theory of operator algebras and 
functional analysis are used. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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