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1. 	 IITRODDCTIOH 

Du~la, tbe l •• t t.v , ••~. t b. v•• ot di.c~.t. qu.u.la••,.t... 

vlth rl~ltelJ or 1nfini t.l, ••ny .erYe~. b•• b••a incr.a.in•• Tb. di. ­
c~.t••,It••• ar. u••4 .1 •• tb...tlc.l .od.l. ot, tor ....pl., .... 
••rylclnl ••chia•••l.ctronle ..chln•• , traft.po~t probl.... co..uaicl­
tlon eh.nnel. Ill, .uto•• t.d tll.l••• blob-l.aatll ••••ur•••at. la tr.ck 
cb••b.r. I n h1Ib-.a.~" pby.ic. 12/, part1cl. couDt.rl Ill, etc. 

ror ••od1fi.4 qu.u. V••UppOI. tb.t tb•••r.ic. ti••• aa4 1~t.r­
.rrlyal tl••• of all cUlto••r. a.¥Y.4 durln, aD, bUI, p.riod ar. ind.­
p.ndent r.ndo•••rl.ble. vitb Dot D.c••••rll, id.ot1cal d1.trlbut100 
fWDetioa•• Hod1fi.d HIGlll queue b•• b••n Iny••t1,at.d b, t.o , ., .nd 
V.lch lSI, .odified GIIHll and OIIGll l qu.u•• b, ,.k•• 16.T/, .nd 

I/H/1 b, Shaatblku..r 18/, Hod1fl.d OI/GI~b•• b••a Itudl.d, on tb. 
particl. counter laasua,•• 1n/3/. 

Th. joint di.tr1 but10a of tb. bUI , aad 141. p.riod., top th. 
OIIMl l qu.u. , b•• b••a d.riy.4 by lal ••bikoy 19 / . ro ~ the dl.cr.te .0­

dlrl .d coun t.r wltb prolon,las d.a4 ti•• , the jOint 4i.tr1but10a ot th. 
4.a4 ti•• • nd id l e p.rlod 1. obta1n.4 In 13/, 

' n lDpor t aat cla•• or diacr.t. quau.iol .,.te.1 'PP'arl io • pro­
c••• ot auto.at.d •••• ur• ••at . ,.t••• vb.a the iat.r.~ri••l t1••• • Tt , 
b.y. til. I.o••trlc dlltrl butloa 

n- lPfT • nb). (1-p)p , a>,.. 1, k~ l, 	 (1.1)
k 

vb.r. O..cp" 1, .nd Il, 0 ia • di.cr.ti•• tion .t.p, 
For .z••pl., tb•••••ar•••nt 1n tr.ck cba.b.~. In bl,b.an.r'J ph,­

lie. 1••4. to tbl••od.l 12/. 'lons th . partl cl. traJ.ctor, v. aa, ob­
••ry. a cbain or .tr ••••r . vhlcb .r. deacr1b.d a . c1rcl•• h••la, centra. 
on • ~ra j.etory, Tb. auab.r o t .tr••••r c.nt ra. 1•• Ilo.o,an.oua Pol. ­
.on proc.a., and our t ••t i. to d.te..ln. th. blob .ad ,tp l.n,th• • 
Tb• • c tu.l ••aaura••aL. ar. p.rtora.d u.ia, th••c.aaial app.r.tu., ao 
tb.~ th• • zp.rl••at.l d.t. OD th. bl ob-l.n,tb ••••ur•••at. b••e dlacr .· 
t •••l u •• • Iatarpr. t ift, tba blob aad tb. lap a. th. bu., and Idl. pa­
rlod. v. obtaln • dl.cr.t. qu.u.ln, .,.ta. M/Ol/oo vlth ('.1l. So•• 
di.crate qu.u.ia. aod.l. wltb flalt.l, .an, ••ry.r. and wltb (1.1) ••, 

app.ar in co..u~lcatlon chann.l. III, 
In tb. pr•••nt not. va 4.rl•• the bu., perlod probabillt, l.v tor 

a dl.erata .odifi.d MIOllel- qu.ue tor .a, 1~ ,. _, 'Ir.t ". 001'l08D­
tr.t. OD the 4i.cr.t. a041(184 HI011c quau. vith rlnl~.l, ..D, •• r••r • . 

Then ve shall continue, i n mo re detail, wi t h the cases of sing l e-server 

an d t vo-serve r queues, and vith t he que ue h a v i ng i n rinite l , many ser­

vers. We note tha t the formulae presented are c omputationa lly conve­

nient ror prac t ical use, and the comput a tional proc e ss ~ay be aim p ly 

prograamed for c omputer, too. Some remark s on computinp" an d on part i ­

cular cases ot queues will be done in Pa rt 5. 

2. 	 DISCRETE MODIFIED M/Gl/c/~~UEUE 

Suppose that a queue is idle befo re th e momen t t:O and l et c u stome rs 
c>- c­

arri ve at discrete ins t ants o ~ t,"'- { 2 <. . " <. ~, which are mul tiples or 

a slep h~ O, into a qu eueing system wi th c (1 ~ c ~ C>o) available ser­

vers, an d vith a waiting r o om having infi nitely many places (if 1~c <. 

",-00 I. Le t X k' be a "ervice time or the k-th cus tomer, and letk ::>/'. 
c- ro-

Tk • (. k+1 - l k' 1< ~1 , be t he int erarriv al ti me between the arrivals 

of t h e k+1-at and t he k-th c ustomera. The busy period, • is the timeBC 

interval during which at least o ne server 1a busy, The idle perio d, I C • 

CCia 	t h e t ime interval d uring which no customer is served, The sum, 

C 

I C
= B + , or the busy per i Od an d the succes"i ve idle perio d is sa1 d 


lO be a cycle, 


For the di sc rete mo dified queue we su p pose that 


C-- n 	
( 2 . , ) P( 	 1::1 IIh) (I- p)p. n ~O . 

n-lP(T nh ) (1 -p ) p • n ~ 1, k >.... 1 t 	 (2 .2 )k 

an d the r irst bu sy p e r iod is prod uce d by the sequen ce of s ervice t 1me s 

\ xkl ;:,. t J( k~;: ' 19 assumed to be a seq ue nce of in dependen t pOlli ­

t~e rando m variables. in de pen dent of the input pro cees {Tk \ ;:1 and 

G " and with t he dis t r ibut i on l aws 

P0k 2 oh) . hk {n) . n >, '. k >-- '. 	 (2.)) 

where ~, hk(nl = , • k ~ ,. More ov er. we suppose that aoy suc c essive 

busy period is resumed wi th the initial con dit i ons. 1ndepen den t ly of 

,preYIo~perio d s, so t ha t. the sequence o f the busy per i ods ( idle pe­

ri o ds. cyc les. respect ively) are i . i . d . ran dom variables. This d i acre te 

mo d ifie d queue wi l l be deno ted by ~c = Cp; h , .h Z•.•• ). 

For a give n queue Ij-c = (p; h" h Z .... ) it i s c onven 1e n t to consi­

der a sequence of d iscrete mO dlr iedc q UeUe", ~~ ~ik:" wh ere ~~ = (pih k' 

h	 
J

, . .. ),k ~'. D erin~. for any ~ k' !he corresp o n di ng busy per io ds,k +

Bk , id l e periods. I k • and cycl es, Ck • respectIvely . For s i mp lici ty 

we pu t h = 1­

Due to the known proper t ies of the ge ometric inpu t process . the id­

le periods have the geometric di str i bution law with the same parameter 
Ic c p. 	 that is, for P (D) = P(I = 'I). we havek k 

a 
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Ic 0-1 	 (2.4)Pkln) II-p I p , n ~l , k>..l. 

Moreover, 	 the bU3y and Idle periods are independent randoll variables. 

DeDote by A an event that the busy period begins froa t = O. Due 

to (2.11, we have PIA) a , - p. We deriDe Pk( j l = P(.x~ " J, AI, for 

Ie, j ~ 1. Therefore 

(2.5)Pkljl " hle(J) (I-pI, 

and for J 0 we pu t 

(2.61Pk ( 0 I p , Ie >. 1. 

We denote the condltional probability in question, PIB~ = D\ AI, by 

p~(n). and the Jolnt di3trlbution, P(B~ " n, A), by pp~{n). Clearly 

c) c 	 (2.11PIe(n =PPk(nlll,-pl, n ->--I, Ie>,1. 

c( C:x kLe t WIe n, j I = P {Bk = n, , = j. AI. n >, I. 1 ~ J '" n. Ie >, I. Then 

e n c (2.81PPleln) = j~' Wk{n,J). D:.,I, Ie~'. 

Let now n >,. 1 and 1 ~ e.:. """ be 81 yen f the queue wl til Inf1nl tely ..any 

server3 wl11 be treated In Part 41. For any 1, 1= 1~ n" c. wbere Xl\ y: 

,, 1I1D (x,y), aDd, for .ny I':jl~D. O ~ js"'D-S+l (2!!'s ., il, we deflDe 
e 	 cAkIn; l, ••.•• jl) as the condltional probabl1itJ of Die " n under the 

condition 	that, for any I !!'s=i , at the tiae t " s either a customer 

arrives aDd his servlce tille is js 11f 3 :" I) or no customer arrlvess
 
(if js " 0). Hence 


c c)WklD,jl = Pk1j) Aklnll • ':j",D , D~'. k~I, 12.91 

aDd i r , "" i£- n" c. tllen 

D - 1 
"~(Dljl' .... jil " J~+,zO PIe+i(J l +,1 A~(n;J" .... jl'j1+'J. 12,'01 

Us!ng the properties of the con ditional probability aDd the inde­

pendence ot the dead tll1e froa the idle period we ...y prove tbe follow­

iDg rslatlonsb1pa for A~{n;J, ••••• j1 )' 

A~ I I I') a 	 p. 1 (2.11) 
c cPP (1) " Wk ll.1) = p\c(1)P.
k 

Let D>, 2 and auppose that we know all .. ~ I all J l' .... jv I for any 

l~v ~ II,1\C. I!, a"'D , k~l . Then tbe procesa ot evaluaUng "~(D;j, •••• , 

j1)' 1~1 ~ n"c, wi ll be (algor1tbalcall,) d1v14ed lnto five atepa. 

(I) Ex1ateDce of "gap'": Tbere ia an integer u, 2 ~u ~i, ~itb Ju·O, 

aueb 	 that me.Jt(j, 'j2+1' .... j u _ l +u-2) <u. Tben 

c (2.12)'k(n;J1 ••••• J i ) • O. 


In tb. follow1ng let there be DO "gaps" . 
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( II) Exis t ence or "busy periods stuc k together": Th ere 1s an inte ­

ger u. 2 ,,: u.: 1. such t hat lIax (J 1 .J 2+' ..... j ll_l+u-2 1 " u-1. The n 

A ~(n; J, ..... j1) = A~.U_ l _l u )· ( n-u- l ; J u '''' .J i ). (2.13 I 
o 

where (ul~ denotes the number of 1:erOIi in \ j" ... .JlI l . 
Now. let there be no "busy pe riod s s t uck t ogeth e r". 

(Ill) Exist ence of "zeros": There a re two po s s1bl e case s.iirst. we 

suppose that there 13 an intege r u. 2~u",,1, wi th ( J,~2) j2 ~ """ 

Ju_ '~ " and J u " O. Then 

A: ( n; J ,····· Ju _ , ·O·J u+',···,J i ) 
(2. 14 ) 

c 
" Ak+(ul; ( n; J, - ' .···, J u _ , -I,J u+ , ,···, J 1 1. 

where (u)i denotes t he number of u n1ts i n {J " •••• J u i 

Secon d. let (j l ~ 21 J2 .... , J 1 _ 1, " O. Then1 ~ J i 

c c


Ak (nI J , ..... J i _ 1 .01 = "k+l t)., (n-l I j l- T..... J 1 _ 1- 1 1. 2. '51 

In the rollow1ng let there be nO " 1:eros". 

(I V) Let ' 	 .-i ~ n ~ c. Here we ma y allllume wi t hout loss of gen erali t y 

t hat 

J, ~ j2 + 1 ~ .. ·~Ji+i.t. ("I 

I ndeed, i( t here Is an Integer u, ;;, u -,,- c A n. su ch that U-l. Ju ""U+ju+,' 

then 
c c 

Ak (nlj l.· · · .Jil z "Ic.o(j )(n;J, .··· .J U_T. J u+ I + I . J u - "Ju+2.···.J i) ' 
u ( 2 . 16) 

wbere O {x) = O. if x • '. o t he rwlse c5(x) " ,. Apply i ng f i nitely many 

time s t his argument we get I ~ I . 

Therefo r e let I") ho ld. As s ume that 1n the ordered i-tuple 

(j,. J + 1 ••• •• J .l- ' ) t here a re s "sta irs". that Ls , there ex1st s In­2 i 
d i c es t" ... , t "' \l ..... i ! s uc h that t '" and s s
 

=... = jt + t _ I -2 "> J + t _,-' : . .. . = J t
J t 	 s t s s-2-' • t s-2 -2 > s 	 s-1 s-' 
"> ... > J + t 2 -1 =... = J _,+ t 1-2 :;:.J t + t,-I =... = J1 • i -1.t 	 t2 	 1 1 r;- 0 	 c--v

It is convenient to put t I ::: n. Define recur!! 1vely (. ,,0. L " 
11<­

cz- v- I 
 + t - tv' for ,~ V"" ". Tbenv• 1 

"~ ( D IJ , ... ·,Jil " PA:+OiJ I(n- l ,j,-' ... ·.JC'I + 

1 Jl-' 
A~+6(jl ) + I (n-l;J,-I,· ... J1-1l ~, Pk+i(u) + ( 2 .111 

s t -t 
.-- v+ ' 	 v 1
..L ~ c-v - cv. , u • , Pk+1 1 (.. +u) "1c+O( Jil+ , (n-,; J,-,·· .. ·J tv_ 1-l, 

J t - ' +u, +'-' ..... J I -I).j t 
v v 

5 
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----- - - -----------------------_._	 -_. 

(V ) In t he following ve IIball d ea l with t be case 1 "'- i '" c ~ n. For 

our aim it is lIufficient to consider only tbe case when 1 c. Indeed. 

if 1 ~ i L. c. then ulling 12.10) c-i-t1.mee we get tbe case i = c. 

Denote. for A~ln;J, ••••• Jc) 

J = minIJ , • J 2-1 ..... J +c-1l. s" min ~ t: jt+t-l " JJ.c 

First we suppose tbat J>c. Hence jl ••••• Jc~2. Bnd tbe c+l-et cus­

to.es flnde all servers bUllY. 110 that. i t may be served only If the 

service of the II-th cuetomer vill be finished. Therefore 
n-J 


A~ln;Jl'''' .J c ) = pA~ln-l iJ , -' .. .. , J c -l) + F:, Pk+c lu ) A~+1 In-l j 


(2.18)J,-I,·· · 'JS_l-1· J e- l +u·JS+1-1····,Jc-l). 

Second , let j :!: c. Tbe previoull four etepe guarantee J, ~ 2. J 2"'" 

J ~ 1. Hence, t be c+l-st customer finds at leae t one lie rver idle. con­
c 

sequently. it may be seryad im.ediately arter its arrival. There f ore 

c c 	 )Ak(njJ,.· ... J ) = pA k+ .. ln-l;J,-I.· .. ,J _1-1.c-s+'. J +,-l·· · ··J -l +c s 	 a s c 
n-c 

+ ;;>;, Pk+c lu) A~+s" +1 I n-l; J , -1, •••• J _ 1-1 .c-s+u. J.+,-1 • • ••• J -l ),12.19)s	 c

where s~ denotes t he number of the uDits i n tbe se t l j, • •••• Jc~ -

l J, ,···,J s \· 

All fi ve eteps prov e tbe followin g the orem. 


THEO RE M 1 • The busy period proba bil ity lav o f t h e disc r ete modi­

fie d queu e ~~ =: Ip; hk ,hk+ 1 , ••• ). k ~ 1, f or any 1 ~ c <:. ()D. ill g iven by 

f or.ul a 12.7). where p P~ln) is a l g o rithm i cally calculated fro. (2.8 ) 

th r ough 12.19). 

COR OLLARY 1.1. The probllbll1ty lav of the cycle, P~cll) = P(C~ " 1 ). 

of t he discrete .odified queue 1~ alp; b k . h k + 1.... ). k >- l. l:!:c ~ Oo, 
is gi Yen by 

pCCli) ~ Pkln l (II), 	 ( 2.20 )
k n••• i 

c Pk 
Ic 

n,II~' 

vbere P ~C(.1 is calculated by 12.'). 

So.e practical rem.rkll OD t be actual co.putati on of A~(njJ" •••• J l" 

1 ~ i ~ n " c. will be done in Part 5. 

i 
3 . DISCRETE MOD I FIED SINGLE SE RVER AND TWO -SERVER 

Here we conceatra te on the di scre t e modified s i ngle t ~ "I p i h k , 

6 

b + ' ... ), k : 1. For thill caae it is clear that 1t is necesaary to eva­k 1 
luate onl)' Ak(n,JI, for An),1;,; J !!,D , snd any k>.-1. Consequently, the 

for.ulae (2.13) and (2 .18) haye 1I1mpler forms. Summarizing th111 ve have, 

for PP~(D) and A~ln;j). k>-- I, the followIng recursive relationahip s. 

AIc(1;1I = p,
1 	 }1 	 (3.1) 

PPk (I, I ) = Pk(l)p . 

If n >.- 2, then 

1
A!(nj 1) PPk+ 1 (n-1) • 	 13.2) 

If 2",j,.;n-l, then n-j 

A~lnijl PA!(n- l; J -ll + L p ( i) " la-j j.i-lI, (3.31
1 =' k Ie+l 

A' ln'nl • pA1 ID-ljn-l) p 
n 

• (3.11)
k ' Ic 

Hence, for any n ~ 1, we ha ye 
o 

pp~ln) c ~ Pklj) A~ln;J), 13.5) 

1 PP 1Pk(nl ln)/( I -pl. 	 13.61k 

THEO REM 2. The busy period probab i l i t y lav of the d i scre t e .odified 

' kaingle lIerYar k = Ip; h .hk+ 1.... I. k ~ l, 18 g1Yen by 13.6), where 
1 1PPIc(DI an d 10 k ~D; J ) a r e ca lculate d fr o m 13.1) th rough 13.51. 

For the discrete lIo di fie d q u eue with t wo serverll, r; ~ = Ip; hk ,hk +1 , 

••• ) , k ~ 1, th e genera l fo ...ula e f r o. Part 2 re duce t o t he f o llowIn g 

form. 
2 

Akl l 11 1 • p, 
13.7 ) 

P~~(ll = p\cl ~) p. j 
I 

1 
Ak(2;11 	 • PPk+,ll), 


2 2 2

12j21 = p + PPk. ll l), 	 (3.8 )Alc
 
2 2 2


PP (2) • Pk( l ) Ak ( 2 ;' , + Pk(2) Ak I 2j2 ) . k
 

2 

Ak2 (2.. '.0) 0, Ak I2 ;1, 11 • p, 

( 3.9)
2 	 2 }

A I2 j2.0) = p, Ak ( 2 ;2 ,11 : p.
k
 

Now let n ~ 2. Then 


2 •
Ak 10, 1 ,0 1 • 0, 
13. 101

2 2A (oj1,1) A ln- l ;l).
k k 1 ~i ,;, a-1. 1 

I r 2 ~ J ~ n, thea 


2 2
Akln,J.O) = Ak (n-l; j -l, . 	 (3.11 ) 

f or 1 ,.; i~ n-'. there ar e two pOllsibl e c asea. 


Firat, let i + 1 ~ j, t hen 
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Ak
2 

(n j j. 1) 	 pA k 
2 

• oI1l In- l j J - l .1- 1I • 

n-1- I 


· h Pk • 2 ( u) A~.1 In- I j j - l . i -1+ u ). (3 . 12 ) 

"here J'lr ) = 1. i ( r = '. otherwise 0 1,,) = O. 


Second .let l+i > j. Then ~ 

n­

2 2 	 2 13.1 3 ) 
AklniJ.i) 	 pAk.olj_1I In- l j l .J-21 + U2 1 Pk +2 Iu)A k+ ln-lj i .J-2+u).

1 

lIence. (or any n ,. 2. We have 

n n- l 


2 L 	 L Z
PPkln l j :l 1=0 Pk( j ) Pk+1 (1) ln; j ,i), 	 ( 3. H)A1c
 

an d (I nally 


P~(n) pp~(n)/1 1 -p) , 13.15) 

and 	 t hIs pr oves t he (ollowing th e orem. 

THE OREM 3. The busy period pro bab ll it y l a w o ( t he dl s c rete mOd i ­

ned two-server Queue¢:~ = (Pj h ,h • 1 , ... ), k ~ l. is g i ven by 13.t 5 ) lt k 
using (ormul ae rrom 13 .7 ) through (3.14 ) . 

4. DIS CRETE 	 MODIFIE D H/G I / Qo QUE UE 

The me thod deve loped in the second pa rt tor the dis c r ete modiried 

H/Gl/c/- Queue, where 1 .. c ~ Oo. !Day be u:!ed tor the dI s c re t e mod lfied 

Queu e wi th infinite ly many ~erv e r s. Obviousl y here we do not need t he 

wa lt1ng r oom be ca use an y c ustomer t i nds at least one idle server. In 

th e 	 roll owl ng we s hall s e e tha t In order to detel'mi n e p; (n) = PIB;" = 
= n I A l it I:! n ecessa r y to e va l ua te on l y A;l n; j), f or any 1 ~j .,n. 

Therefore th e s t e p ( IV ) a nd 12.1 7 ) have si mpler f orll, and we ob tain 

the 	next formu lae, ( or tf '; = I Pi h .hk• 1.... ). k ~ 1.
le 

PC;I n ) = P P:,"I n ) I I 1 - P ) • n ~ 1 , 14.1) 
n 

PP;( n) = ~1 w;;"n, j). n ~ I. 	 (4 .2 ) 

W;(n.j) : PIe(j) A'j;'(njj), l~j4"n. n ~ 1. 14.3' 

A';ll i 1 ) :: P. 

14.4)PP;( 1 ) : W;'( 1 , 1 ) Pie ( 1) p. } 
Le t 	 n 3 2. Then 

A';(n i 1 ) = PP';;'l n-1), 	 (4.5 } 

and. for any 2 "' j ~ n, we ha ve 

j- l ~1 14. 6 ) 
A';(nj J ) = pK;ln-ljj- l ) + ';.l ln- ljJ-1) :;; Pk• 1 (1l • ~ Wk:l(n- 1,i) 

(h ere, as usual ly, the sum over t he empty set is de fine d as 0). 

8 

This proves 	 the (ollowtng th eorem. 

THEOREH 4. The busy period probability law o( the d i screte modis(ied 

queue 1;";: (Pi h .h +1... . ), k ~1. is given by IIt.n. where PPk(n) is
k 1c

e~aluated froll (4.21 through (4 .6) . 

We note that tbe cycle probability law o( the discrete mOdified 

queue ~;: (Pi h ,b +1 , ... ), k>-l, is giyen by (2.20), where we put
1c k

C • OD • 

Theorem 4 generalizes the an~logous resu l t (rom 131 concerning the 

d1screte lIodified queue ~-= (Pi h , .hZ"")' where hI : = ••• •b Z 

5. CONCLUSION 

We see that tbe actual cOllputation o( the busy period probability 

law 1s relatively s1.ple 1n the case when We have either only rew eer­

vere (ror exallpla. c : t,2) or 1nfinitely IIsny servers. In otber cases 

the result ot Theorem 1 118y be simply progra••ed tor a computer . Here 

we note only that the follow1ng relationships bold. 

If l	 ~i~n~c<""", then 


c c+l 
 (5. 1 ) l"ln;j,,···,J 1 ) : 'k (n;j,~···,jl)' 

'~III;j) ~ A~+l ID;j) s A';In;J), 15.2) 

c c+t) -) 15.3)Pkln) e Pie (D = Pkln • 

and tbey enable ua to all1pllty the computatioD (or a queue wItb B large 

number of available aervera. 
If bkCJI (Ie>, 1) are non-~ero only tor (ew integera j. tben tbe 

calculation ia aiaple, too. Indeed, it euffiCBa to e~aluate, for exa.­

pIe, for w~Cn,j) only a few ot the. (that ia, only WiCD,j) with hk(j)~ 
>0). lnalogically we proceed tor other quantltie. Ak lnij, •••• ,J I '. 

We aay t hat tbe dbcrete .odified queue ~c :: (Pi III ,h 2 ,···I, 
1:!:- C;~OO, ia ot order •• it h." h.+1 :: •••• If II • 1, then we obtain 

the u.ual (non-.odif1ed ) queue , and in tbia caae all aboYe for.ulae do 

not de pend on the aubacripts k. 

If 11 "" ', tben tbe co.putatlol1 o( tbe busy periOd probabIlity lawe 

tor tbe queue. ?<-~. Cp; hk , Ilk+ 1 " •• ). l ~ k:!:- ., l~c~OQ, aay be or­

ganized ao tbat firat of all we calculate all neCee.ary ezpreaaiona f or 

Ie • lI,then we continue for k ••-1, etc., for Ie • 1. 
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JlBype'leKCJ(H~ A. ES-8S-669 
o p.HCKpeTHoA HOAH~H~HpOBaHHOH CHCTeHe Mlr.l/c/~ 

HSuepeHHe HOHH~a~HH TpeKoB B CTpHHepHbIX KaHepax B Ij)H3HKe 
BbiCOKmt 3Heprnit CTaBliT s aAa'IY onpep.eneHHR AJIHHbT AHCKpe'l'W~"­

pOBaRHOr O 'l'peKa . 3 1'8 ~H9li'1eCKaR sap.a'la HOEeT OhlTb perneHs 
B paHKax AliCXpeTHhlX CHCTeH 06CnyxHBaHHfl C KOHe~ HnH 6eCKo­
He'lRhlM "HenOH OOcnyMHBam~ KaHanOB. B HaCTo~eA 9aHeTKe onpe­
p.enReTcR pacnpep.eneHRe nepHOp,a 3aHHTOCTH p,HCKpeTHOft M.OP.UI\Jlf~lf­

pOB8HHoA CHCTeHW M/Gl/c/~ , rAe ~~HH pacnpep.eneHHR apeHeH 
o~cnyaHBaHHR, a oO~eH cnyqae . HorYT 6b1Tb pas~. 

PaOOTa BhlUOnHeHa B na6opaTopHH B~CnHTenbHOA TexHHKH 
H aBTOHaTH3~ OHHH. 

Rp enpKHT O&b8JtHHelUlOro HHCT1tTYTa IlAeplOlX Hccn8Ao.amtA. JlyGHa 1985 

Dvure~enskij A. E5-85-669 
On a Di s cr e te Modif i ed M/Gl / c/- Queue 

The mea surement of track ionizat i on in streamer chambers 
in high-energy phys i cs l eads to t he deter mination of the 
l ength of the d i scret ized track. This physical problem may be 
so lved wi thi n the f ramework of the theory of discrete 
queuei ng systems wi t h finitely or infinitely many servers, 
and with the geometric input process. Tn the present note 
we derive the busy period distribution of the discrete modi­
fied M/ GT/c/-queue, 1~ c ~-. where the distribution func­
tion~ of service times may be different, in general. 

'fl. b pe rformed lit the Laboratory 
of 100. .TINR. 

PnpTint or tloa Joint InHILute for' Nuclear Rete.rch. Wbna 1985 


