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1. I n t r oducti rm 

The Atiyah-Dri nfe ld -P.i tchi n~·anin construct ion reduc en t he pro

:'lem of se l f - du al solut ions to the pnr"l ,Y algebrai c one. But this 

toni c still attrac ts a dea l of in te res t. ~o st pro ~R~lv t he r ea son is 

t ha t me th o~ 9 of t he al/1'etlrt'lic "eornet r ,V us ed in th e AD"" c (} ~ flt ru c t i on 

ere not c ommonl,v known ann bes i de s a tt e:npts \. 0 a pp ly 11 0re ,;>:eneral 

me thods developed f or non line ar eoua t i on s are be in ~ mR~ e. Th e s t Ar t
ine ooi n t of t hese att empt B is th e re - f ormulati o'1 of th e self-du al 
equat i o:, d ue to '{9nlZ, gelavin A'11 ZB'<:har ov/ l ,2/. Some rpmRr Kable 

re sults hRve been Achieved : t he cors t ru ~t io'1 of ~a e~'oony al~ebr9 
/ 3( ~ithou t the ce'1trAI ex ten Q io '1) of 8Yl1etri es ,1, 51 And the ex pl icit 

80l ut i o ~ of the i~i t i R I v ~ lue pr o ~ l em in the comr l exifi ed Euc lidiAn 
s OAce/ f / • 

1' l. e a l t:1 of this p&per is to point out the c onne(:ti on betwe en 
the s~lr-dua l e quA t i on i n the J ~o r~u l A t in n (7) (w p ad opt the termi 

nology ~ f Ref. / 41 ) en~ t he ADHM co~ s t ru ~ ti on . Fu rth e r t ~e conforma l 
i ~v a r iRnc e of t he J equAti on is niscus ~ pd ~n~ ~8 8n examnle the px
plicit f orlll of 2- i -9ta-. t C' n Bo' u t l on is Q l tE! j ne~ . 

'I' e re s t ri ("t oU:'selves to the s.v:nrl pc t i c ~oups Sr tn ) ( C O'l 

s i d., r pd A S SU ~ lj7I' O U p S of SU(?n ) ), 'Ju t ()r t hol'on 'l ) snrl u., i t flrv p,rou n 
C 1 n be t r e aten i~ ~ 5i -tlar ray. 

2 . For:nuIA t i ()n rt up to Yang. Bel ZakhArov 

! e t us ~ o r' s Hf' r q [''lu/l '' f'i el d A,., f' =1 , •• ,4 t "r-i nR values in 
Th p l ie al pe "ra su(n ) wi th t ~ .. st r en,cr Ul fipln 

" !'" ( 'V",,vy] d.",A~ - d,A~+ [ At',A~ ) 

('Vr-= Jt'"' • "f'" stnn 'l s r or cO'lA ril3n t deri vl3ti on ) whi c'1 is s.,1f- rl ua l 
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"Ne furnish the real EU c lidi'm space ~4 with a compll'x .'III·, ... ture by 

'llelln9 01' ide"ti f i cA t ion 1R4 ,,~? the hol O'llnrphic I'onrdinlll " /l " "'''' 

~. = ~4 - ix3 , z,,_x 2_ ixl. Th e Lie f1 1 1'f'hr'l 0'" tho ,P'U/>' P"llll" 1.. " Mlrol ' ·xi. 

fied (suCr)c = sl( ",il: )} 'mrl t h " r""lilv i~l " '"lr',1lM,,1 I,V ,..nl·H li"n~ 

A- -A '" A - - A '" 	 C2)Y Y z 7. 

( + st :'lnns f :>r lte rm i t i " n ",1 . n;" t n" I'IAtr i ,'p,s ) . 1h" 8<lua tion (1) <".0 

be rewritten! l, ? ! 

F t:' 0, 	 ( J ) yZ .Yi 
F .- + F' - o. (4 )yy zz 

The relatio~ (J) mpan ~ t ' ~t the field 	stren€t~ is of t ype (1,1) , 

i.e •• on1y mixed comn"lnents F a'S Ilre nonzero. Th e eouat ions (3),(4) 

can be further rewrit ten arl din~ 8n ar~itr8ry complex psr9meter A/2/ 

l'Vz. -)..\I:; , Vy ... A\7Z] o • 	 (5 ) 

This equati on CAn be conHiclered as compa~ility co r d i ti:>n for linear 

equations/ 21 

('il - ').V,,)W 0, l \Iv ... Avz) IN o. 	 ( 6 ) z 

We remind a t he ore!'! o layin!' a cru ~i8 1 role i" t~ e ~irs t part 

of the AD'IM c o., struc ti o"I /V . 

Theorem. Let (E,'17,X,< ,») he !l lIer,ni tian ve :: tor " unr'l l p over a com

plex ma"ifolcl X, A a .Io.lrmi ti,m gauge field on E such th'lt the fif'lti 

stre'lgth is of type (1,1) . Then there exi ~ts a hol o~ornhi c struc ture 

on (E,11' ,X) such that - ;. f e xpressed in B holomo roh ic hA9is ( si ) 

-l.'lAk 0 , Ak h ")(h, 

Where h=(h i )" (9i ,9,i») is the Gram' s matrix. 

If we wan t to work in a holo!JlorD',ic "asis (in the c %e 0" x-= rr?) 
we must find 9 6 a uge tr8ns~orml! tion D: :\:2 ... 51.(1',,1:) fo r whirf) 

A -D-1 ;L J , A j) -lJ_ Ii 
Y Y z z 
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- +)-1 	 -1 - 1 ~ If we put D" ( D ,it holds A "D ~ D ,A "D Q D • Y ~ z z 
Havin~ performed the gauge t rans~ormation we oh tai n 

A 1\. 0 , Ay J-1 d J A J-'(j .r , where J T)D~ 

Y Y
z 	 z z 

is the Gram' 6 matrix. The equ8ti ons (J) are VlaNm teeil by t he '1 010

rnorphi c structure and on1v the e quRti on ( 4 ) in the form 

dy(J-l~y J) + Gl z (J- l Oz ,J) '" 0 	 ( 7) 

remains. In acc ord$)Ilce wi t h Ref. /4! we shell call (7) the se1f-"'u ll l 


J equat i on. 


J. The ADlIM co" stl"u(' ti on 

We s ha ll consi iler ttH' parametf'l" A i" ( 5) a !' an o t h er i n,l"I'''n(j ,' n '; 

compl ex 'raria 'Jle li nd p;.:t t' no the !'AUp'f' 	 fi pl" tri1'illlly: A). = A1. " O. 


t J
The complex s trlJcture CAn ~ e founrl on Cv,z , '" wi ll nD t he h ol o'Tlor 

phic c oordi nate s) i" suc': a W8.Y t ha t the fie lti s tre neth will bE' of 

t y pe (1, 1 ) an '" All infornl1'lt ion ~ "'nu ' the sel f -ilu al fiel " wi n ~e co ·· 

ded in t he !'\olo!11or]1h ic structure 0:' t.he .,';>'tnr ountilp . :' orp. rreci s " 

1,Y, we sha l l make use of the fi " rAti on '~: PJl~) --+ S4 (in fAc t this 

is Penrose transform, the spher" s<1 'Jei nl7 the nne - 00i nt r.nnfnr ml11 
4compoc t i f icat ion of rn ) "",0 W P. shell de a l wi th Pop Dull-back o f the 

vect or bun:.lle ?! E . This oroc e'l ure wa s 	 i"iti Ated ~v R. Warr/7/ 1'lnll 

ful1y devel ope d by At ivah, Hitc hin an j Si n/!er/8/. ' 

The srhere s 4 rAn he i <lent ifl e1 wi. th the qU9 tl' rni oni c pro 

jecti ve spe C' !' Pll l4) , I'! " IR+i I,? + j IR +k 'R. r' can be co~sidered liS 

n 2-rl i menei nnol comnl ex sOllce ( mul t inl i ce ti o" hv s calar i s f rom 

I.he r i pht ) : IH"~ + jc : If= i'>+i In c p. '. Anqlo"icp.lly lHm ~ 1i: 2!'! . The co 

Dr'l1 n Ate s y, z Bre cO!ll'Jineo i n rI i s WI''' to the qu aterni on y+,iz. 

Th e stereorrr aph ic pro ject i on S4 _~4 rearla 

span H~ 11 -<> x • 

The mu1 t i n1 i cetinn i)y .i f rom the ri ph t in"l u c l'S a re ..1 s tru c ture 

on 4: 2:n= ij~m. Thp. rel a t ion SA= PI( IY ) C'ln b~ r eformul Ated : the poin ta 

Of 54 ere i n one- tn -onC' (; orr" sponrlence wi th reB1 projecti ve lines in 

PJ(~J. ':11' denote ( Zk ) hO[!lo~eneous coo rd i nate s on PJ(~)' 

5 " Z11 Z1 • I. = 22 / Z4 ' t = Z/ 24 

:~ 



a re loc al holomorphic coord inAtes on p] ( £ ) . The transformat i o'1 

of c oord inate s reads 

y=(H+ 1 ) / (1 + tf> 1 =).y - z 


z = (1 ~ - II I (1 + ~ I) 1= ), z+-;; 

~ =A
S 

We ad d t o ( 5 ) t wo t r iviRlly f u ] filpd p.qu ~ti ons 

l Vi' 11 z - Av;; ] =LvX ' \]y + "v;.J 0:0 

and rewri te them nIl i n t h e hvl tlir,<)I'I,f. i e ooordina toa 

( 8 ) l va' 1.\] =~ V a ' Vi,] = 0 o,b =s ,7, !' 

1'his means t hat the "fie ld stren€'th is of t ype ( 1 ,1 ). 
Drinfeld and Man1'"! c on\lerted the problem to the algebrai c one 

/9 , 10/. We remind t he f i nal s ol ut i on for m- instantons wi th the group 

Sp(n)1l2/. 

Let B,C be tn+m)>( m qUe te rni on i c mat r ices for wh i c 

R+Re GL t m, IR ), where R=R (x)= BX I + CX2 ' x=lxl , x 2)E: /H 2'tO!. 
The fiber over span(x) 1:: S4 is ker R+( Xl, t h e aelf-dual field is 0 1) 

tained from the tri vial flat one hy me ans of orthOP.'onal projecti on 

/11 / h ' ... ' • T e gau~e transformatIons correspon~ to the equ I val e nc e 

B~B = S'3T, C",C'= SeT, SESp (n.. m) , TfOGLlm,~ ). 

The c onatruction can be r eformulate d/ I l l. "Ie can supp ose m ~ n 

(in the c as e mL n the soluti 'ln wi th Sp(n) c an b e r er" uced to Sp(m) ) 

The 2mx 2m quaternioni c matrix 

B+9 
Q B+C J 

[ C+g c"c 

can be looked upon as s 4m<4m c omplex matrix consi st i ng of 2 ~2 

blocks. Any quaternion can be c onsidered as a lin e~r opera t or in 

«:2 =IH and hence aome 2><2 matrix ( in the standsrd basis) corres

ponds to it (from t~i s also follows Sp(l) ~ SUl2) ) . Fixinp a b asis 

in ~4® em we identify this space wi th a;4m. Let 

(el,'L(e ) ,e2 ,,\:(e2) be the standard basis in a:: 4 ?! IH2 (<;;; is thel
 

real structure ) ,(e~, ••• ,e;) the s tandard basis in I!!m, 


then we choose the following basis in a::~~m: 

..i 

( tel$> e~,'[(el)@e', ) '=1 ' (e2 ~ eJ:,'t(e ;» lBe : ) ' :1 )J J tl , • • ,m - J J J • • ,ID 

( i"J thi s order). We deno t e by < ,'I t h e Henni ti a n metri c s i n r4m 

( an t i linear in the first argument) for which th E' :,rem' s mstri x in the 

fixed bas is is just Q. It holds 

< , ) ~ 0 , the dime~sion of the nUll-space K is 2 (n-m), 

<:, ):1..0 onI Z :: s pan (Z®e{, .. ,Z®e~ ) for e ll ZEP3( ~ )' 
4 m<'1: (Z )®fl,Z®~2):: 0 for all Z fl!!, fl'f2tl!! 

'Ie denote by HZ the ogtholZonal compl ement of I Z Gl Ii: (Z) for 

Z£P3(1!!). The fibre over ,jt(Z)E:S4 is HZ/K, the self-dual field 

is alZain obtained fro~ the trivial flat one by mean s of the ortho

gonal projection. 

We are now going to describe the holomorp~ic structure on the 

vector bundl e 'It''E. We introduce a bilinear form on a;4m: ( X ,Y) = 

=<'ton,Y>. If HZ denotes the complement of I Z ca;4m with respect 

to t h is bilinear form and K = IZGlK, then there exists a naturalZ 
isomorph i.sm RZ/ K ... H • Explicitly, denoting by P the pro-z/ Kz z 
jection operator on HZ ' the followin/Z mappings 

HZ/ K ~ HZ/ KZ (V] -lIT] 
(9 ) 

Hz/ Kz -> HZ/ K [v) ... IPZv) 

a r e mutuallY inverse isomorphisms. There exi s ts a natural holomor
phic strncture on the vector bundle Z -> H/ K which is by meansz z 
of this isomorphism transf erred t o §.E. 

4. The self-dual J equation 

In this point we shall show that the equations (6) CAn be 

looked upon as a search for a gauge transformation to a holomorphic 

bas is , the existenc e of which (at least localJY ) , is guaranteed hy 

the t h eorem mentioned in part 2. So we are gojng to solve the 

followin~ problem: on a:) ( wi th holomorphic coordinates ~'7,t ) 
the gau.~e field is given by 

- I e') - 1.1Ay"'A A~ A~ O,A J y J,A J z Jz y z 

a nd we have to find l at least locally) a gauge transformation to 
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a ho lomorphi c basis. ThA t me ens t o s olve the system of equations 

As 	 G-1""e G , 8 Li ,r .. 
Putting G-l = J-IW we o~t Ain from this 

c> w =A(d - .. J;)- J - 1 ) W z y y 

- ~ W =A( d- + J a- J-l) W (10)Y z z 


0>. '/I = 0 . 


Two of these equations are only another f orm of (6), the l as t 
one means that W is holomorphi c i n A. We can eupnose Wo = W I~=O) = I 

' -1 + -1(i f it is not the case we can put W'= Wo-lW, J = Wo J Wo be cause 
of () W = a~' =0). Now we per'form t his gau ee t ransforma ti on end ob .Y 0 Z 0 , 


t a in the Gr am s natrix with re spect to th i s holomorphi c ~asi s: 


h W·J -1W => r 1 h ( ) =0) • 	 (11) 

The r e lat i on (11) repres ent s the main re sult and a solution of 
the a ~ ove st a ted oro~ l e!'l_ can be neri ve d from i t. We summari ze: 

If we expr ess the r.r Am' s ma t rix in q h olo~ornhic basis ann nut 
"\ = t 0 we ob t a i.n a soluti or of the se l f-dual J equation (7) . 

More over it is p09s i ~l e to extr9ct from. ( ll ) the mat rix fu nc tion W 

as we ll ( an1 thst vic e versa enA~le9 to wri t e down the G). 

The last stA t emen t ~an be soen as f oll ows. The cO!llpl ex vari able 
). r '''presents t wo real vari ahl ee emi t"le matrix fu~ c t i.o., h is real 
analytic in these v9riahl es ( W is hol omorphic, J does not cl epe nd on 

.:\ ). So it Cll!! be an l'llvticI'Ily co"t inued to two cO"lpl"x veri9" l e s 
( 1R2 C 11:

2 ) in s ome ne i ~"'ourhooil of t he oriei r. Thill moans we CAn 
deal wi th),~ as with two lndeppr.il~n t co~r l px ~p.riable s Anil nut 1=0 
(:::) 7"" = r). 

Le t U<i iJ lus t r u t r, t1 li"! i dpA o!! the most qil1p1f' (>xampl e 
l-instan ton solution wit h the gau~p froup Spl l ): 

B =(6) , c " l?) , Q = (6 ~ ) , 

a hol omorph i. !: ':l ss is P? lV 1) , Pz {V2l CAn b" ch osen ((;4; \R 2 ) 

vl =t:71 'V2 U) . 
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l 	 1 (1. (2 +x I yy l'2+x2) yz 1 2 yy + 	 zz 

J -	 = 1+x2 (2 +x2)y z 2 ' x1+ (2+x ) zz 

5. Conrormel invar i ance 

The con~ormal ETou P on S4= FIlIR) can be iilentified wi t h the ma 
trix ~oup GL l2,1H) factorieed by its centre i r l ; re[R '\.0) 1. The 
se l f - ilual equ ation (1 ) i s conform al l y invarilln t, the co nf orm nl !!T0up 
acts on t he space of m-instenton sol ut i ons. This ' ection ; 1' eas ily 

seen in the ~ramework of t he ADHM cor.s truction. Supposine a peir of 
matricea B, C determines a self-dual solu tion , 

g :: (~ ~ )E GL( 2 ,tH ) , then a new solution is dete rmined hy 

B'= Ba + Cc, C :: Bb + Cd • 

The conformal i '1variance of the ,1 equation (7) is not so trans
parent . The reason is that generally conf ormal transformat ions don't 
re s pect t he fix ed complex s truc ture on ~4= ~2 (holomorohi c coorili 

nates are "z ) . So t he equa ti on i ~ il i rectl y i nvariant only wi t h r e
s pe ct to conformal t ran eformat i on~ w..,i ch are hol omorphic, i.. e . with 

respect to the su b~roup of ma tri ce s 

g:: (~~ ) , df1: . 

If it is t ~ e case we oStain a new solu tion J( x) = J( g.x ) • 
1'1 the case of a p:eneral t r an .~formllti ,", !1 RE:GL l2 ,1H) the n<ow soluti on 
will be of the form 0~t = (F+J-IF) (P.x ), whe rf' th e m'l trix F ~u s t he 

f ound. 
The explici t form of F is obtain"ij tlt i liz ine the c o" erinp.: 

acti on of t he conformal group on P ( a:) . Ent ri ,os of 2,,2 qua t ern; oni c
3

matrices c an be a~lli n conside reil AS 2.2 complex bl OCK S, i.e. , 
4GL\2 ,iH ) C GL(4,C ) and so GL(2,l'l) act~ on 11: , the c o.-,fo nnl'll froup on 

P3 l ~) and t he t rans~ ormAt j ons a r e ~010ID o rp~ i c . We ontain a new solu 
ti on 	 fro m P I ) putt i ne t = Z) = 0 in h lZ ) = h(e. Z ) • 


'{enee f'or fl = il illdl,exp(-u,i) ), WE t, 


Jitl ~ ~w + , l- l.., ) ( €".x ), 

wh('rpW i !'1 the so l u t i on of(1 0) for ).=w t g \L.)I/\c.Ji. 

Th" 	plem" nts or the su~oup of m ~tri ee 3 

IT. ( ~ ~) , c E crl, 
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4 ' act 0,,!R 0'11y locally and that s wh.y we restri t ourselves to the 
infinitesimal case c " £(u + jv), u,vE:~, EE:fR, £->0. The result is 

." 
:I-l ( X) " (1 ~tT"')J-\ g. x)(l +eT) ,[40, 
T " (vy + uzjWl ( x), WI = d~wh,=o . 

It is worth to note that e qu at ions (10) guarantee in some sense 
the conformal invariance of the J equation (7 ) . 

6. 2-instanto'1 solutions wi th spell 

We shall make use of the conformal invariance and shall seek 

onl y the expl i cit form of a I-Darametric set of solutions intersect
ing every or~i t of the c onformal P-r0up action at least once. After 
a tedious calcul a tions we find the ~ollowing proposition the proof 
of which we omit. 

E~ery or~it of t he conformal group action on the manifold of 

2-instan ton solutions (modul o gauge transformati ons) contains exactly 
One point determined by mqtri ce s of the form 

B = (g~) ,C = r~ ~l ' rE(O,l) • 

From this fact ~nd utilizi'1ggauge equivalence in the ADHM con
structi on, we find that the I-p~rametric se t of Hermit i an matrices 
can be c'tosen as 

I 0 0 1] 
Q 0 1 1 0·

011 0 , r>}.[1 0 0 r 

The local holomorphic basis l I ~ I <. I, (8 ~ m4 ) : 

V '" r + j ,v V 1 1-:-+r"f "/2] [t 0 1 " 
1 ~ ( r-l) {l-,1,l ~+j 1 2 r (r- l) ll-'/J - "l 

o 1-1 1 

In the perame t risation/ ) / 

J-1 1(1 ) ,4> ~f r eal , cOl!lnlex, 
~ ~ ~+ 'rll 

8 

4- 11-/ 1 ( 1 + (r-l) l.~J.x1 2 + Izl 
2 

)
r D 

r-l [ ( 2 2) -j~ % - ~ru- 1+ I:vI + Iz\ y + y + y z, 

where D "Cl+lYI2+IZ12)2 _(y+y) 2 . 
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DTOBJNeK IT. E5-85-624 
CBH3b Me~y aBTo,ayanbHb~ pemeHHRMH 
B J ~OPMYITHPOBKe H AnXM KOHCTPYKUHeH 

Uenb pa60TbJ - ycTaHOBHTb cooTBeTCTBHe Me~y asTo,ayanbHbiM 
ypaBHeHHeM B <J>opMynHpOBKe, npHHaMel!CaJIIHH ~Hry, EenaBHHY H 
3axaposy, H KOHCTPYKUHeH ATHR-npHH~enb,aa-XHTrHHa-MaHHHa. 
IToKa3aHo, 'ITO nHHeHHbJe ypaBHeHHR EenaBHHa H 3axaposa MOJK
HO HHTepnpeTHpOBaTb KaK ypaBHeHHR ,[lllR KanH6pOBOtiHOH TpaHC~Op
MaUHH K ronoMop~HoMy 6a3Hcy. KaK conyTCTB~mHH pe3ynbTaT MOJKHO 
H3Bnetib pemeHHR J-ypaBHeHHH npHMO H3 AnXM KOHCTPYKUHH· KoH
ct>opMHaR HHBapHaHTHOCTb" J-ypaBHeHHH npo,aeMOHCTpHpOBaHa B HB
HOM BH,ae. B KatieCTBe npHMepa paccMoTpeHbL 2-HHCTaHTOHHbie pe
meHHR. 

Pa6oTa BbJTIOTIHeHa B na6opaTOpHH TeopeTH'teCKOH - ~H3HKH 01-U!H. 

CooO~eHHe OObeAHHeHHOro HHCTHTyTa RAep~ HCcneAOBaHHA. nyOHa 1985 

Stovicek P. 
The Connection between the Self-Dual Equation 
in the J Formulation and the ADHM Construction 

E5-85-624 

The paper attempts to point out the connection between 
the self-dual equation in the formulation due to Yang, Bela
vin and Zakharov and the Atiyah-Drinfeld-Hitchin-Manin con
struction. The linear equations due to Belavin and Zakharov 
are interpreted as equations for a ~auge transformation 
to a holomorphic basis. Utilizing this fact we are able to ob
tain solutions of the J equation directly from the ADilll con
struction. The conformal invariance of the J equation is dis
cussed. As an example 2-instanton solutions are constructed. 

The investigation has been performed at the Laboratory 
of fheoretical Physics, JINR. 
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