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1. Int roduct ion 

In hie clossi c Al paper Calkin 11 / constructed a cl AS G of f8ithful re


present ll t ione of the nuotient C" - alg ebra ~ (ot) / of... (at) ( l:n lkin 01 

gebr n) of thl' o lg Ab r il (!, (CIt) o f all boun dp.d o p er;,torf on n l'pna r fl bl .. 


Hi lbert s p .. ce Ot b y the closed two-sided "-i n Pfll Joo ('ae) of a ll com 


pAct op e r nt or r•• Only fl lmo s t 30 y e"rs Inter lIp id 1171 i nvAs t i ga t e d t he 


p rob l em o f i rred uc ibi lit y o f those rppres e ntA tions o f th e Cn lkin 01 

!.lp. br D . 


Rece nt l y it w~~ poin t ed out that t hp rp is ;, v e ry nAt urol gen p rolt~A 


tion of f lH' Cnlk in a ir]ebrA to al geb r03s of unboundp.d onp r<)tor" a nn 


foith ful r np ro $ e nt o tions were describen for crrtain clnsses of tho s e 


al gebrA ~ ( /~/./10/, /13/). 

Th .. elm o f thl D p Aoer is to s AttlA the uupst i on which reprp s Rntn ti o n s 

of thA '1nn" ,,, llzed Calkin algpbra a re irr e d ucil.le. It turn s ou t th fl t 

th i s CAn b" do n e along t hp line of ~eid's n n ~ ~ r. Section 7 co nt ain" 

thn no c('c '. nry df' finitlons, no t a t ions ilnd ,",uxi liory results (cf . Also 

/7/ ./9/ , /lu/ ) , wh il e the ma in rpsult s are ~ ivpn in spction 3 . 

7. P r ~ l l m J n nr l C$ 

For 0 II"",,,· l ~ n eD r mAnifold fl in A sprn rRblp Hilbert srRce 'ill let 

j.,. ( D ) II "no r o th e "- 8 1g (' bro of ,,11 orerator" I, with IIbe ll' aniJ 

I," D Co!> 1'1'1' in vo l u tion 1s given hy ,\ __ :,+ ; I, ", tr , t,n Op"-Rl£le

bra A ( l> 1 i '1 " "- s ub;,l'lebrfl o f ..c.-t ( ll ) with unit I (identity one r p. 

t o r). fh" '1 rfln tl tonolo ' JY t4 o n 1:1 is 'l iv e n by t he s el'11norms 'f 
- Uf . , II f o r 0 1 t r, ~ Jl.. (Z). I'.'e dpnote t ,t.ll7) 5imrly b y t .. Thi s 'li 

ves r1 !;(' t o II c.~ n o nic al rigned liilbert s nace 2lt t) c. 7stclitr'J . e n d 

" canoni c", I d u nl rflir ( b , )) ' ) wh .. r e t' den ote £ the strong to pology 

in III t :1' l. ... t G' = ~(n , 1)' ) bl' t h .. wf'ak t opolo CJY in Z Remember 
G'"thn t " se ql .oncr. ( 'f... ) c tr is c; - conve r <)A n t t o z e ro ('f .... -- 0) 1f 

and onl y if ( 'f... ) is t -uo und ed RniJ <'f, 1... > - 0 for 011 'fttl, hence 

for all 'fE at / l U/ . The unif o rm topo l o gy '1::11 on I.... (ll' ) is £liv e n by the 

f <)m ily o f se ~ lnormL 

1\ -- U /, ~.M. s ur 1< 't ,II " >\ • 
'f.'t~ ..u. 

q 

oJ t .. ~ .I 
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2.2 

where ..u. runs over All t-bounded subsets of n I..: ( J:) t.'t.zl is 

a topological "-e lgebra. !'-Io.-eover, 't Il is not only defined o n t.~ ( 11 ) 

but fllso on I.. ( ~ , ll' ) and hence on ~ ( 'at ) . too / 0,/ . An Op"-algebra 

.A en ) is c alled se l f ad joint if ~ ~ 1) . g" rJ (A" ) • 
A(.A 

The most important dom e i ns b" flre those where t is 8 Frechet- t opolo

gy, i.e. ,b( tlis complete a n d t can be g iven by t Il An' l\ , n eM) 

wi th An • A~ , I. Ao ' A1 ~ A2 ' •• •• • I n what f o l l o ws we al lweys 

suppose that .t" (~) is self adj o in t a n d 1) r. tJ 1s a n ( F )-sp a c e . 

Le t ~(l:l ) = ( T : T 1tclL T"1tC.l)~ =-\.T : AT . AT" boun d e d for fill 

A £ L+ ( ~ ) ~ / 15/, a n d f' (~ ) ~ { FE .(."( ~ ) :di m F <00 1. T he fo llowin g r e

sult wes ob t a i n e d by Ku rs t en /4/ i n i ts fi nel form (see a l so / 8 / ./3/ ) . 

The famil y o f se t s \. 0')(. OI:~(~ ) .B ~O, Ker B (D ») 
wher e X 1 s the u nit ball in 'at , fo rms a fu n da mental 

sys t e ms of t -b o u nded ee t s in 0 . Hen ce t he t opo l o gy~~ 

can ba g iven by t he se mino rm e p, - Il BAB II , B es a b ove. 

An impo r t a n t c o nseque n ce is t h e fact the t n ( ll) is 'til-den s e in 

Ie 35 .1)'). con s e quen t ly aleo 1 n L~( n) a n d ~ ( R ) /4/. I'le wil l here 

use only the foll owing esser t io n wh i c h r.o n be aasily obtai ned using 

for example that B ~ -e ( l) imp li es u1/? E ~ ( n) /15/. 

Lemma ?1 .. . 

Let 8 E:~(~). [3 i!l 0,13 . ~A ci \: ,\., Po· iciE.:). , a >O. Then 

lim 1I A(I-Pa) B \\. 0 for all A (i e· ( lf ). 
a--+ 0 

In /14/ several subsets of l.~ (n) (e. !l .,Vol ( t,t ) , Vo l ( t,1l Il), Com ( t. 

LI II» were introduced to generalize the noti o n of c o mpact or comp l ete 

e ell ). If llltl 

ly continuous operators in the context o f L + ( D ). We co llec t 90me re

sults from /4/,/10/. 

LAmma 

i) t (ll ) Oil 
- --"I:z,:t (,D) • Vo l( t ,t) ~ Vol(t.1I \I) is 

a two-sided " -ideal . 

11 ) A 4: e ( 1:) if and o nly if "to\...!:. 0 imp liee A,\,n.!.......!... O. 

111) 	If ~( tl is a Mantel speca, t h en .c.~ ( l» z i s no t 

a Mantel space then 'C (tI) is th e o n ly non-trivial 't D - c losed 

two-sided "-idea l i n 1,- (ll ) . 

These properties of t (:I) l ead t o the following definition /1 5/. 

lJofinit ion 2.3 

A't:z, - c o n tinuo ue linear fun c t i onal Co) on I/' (lJ) is said to be s i n gul a r 

if to) (A ) • 0 for all A E: e (D' ) • 

2 

100.l emember t ha t a singula i- stDte lo.) on is a pos iti v e ( ho nce c o nti 

nu o u s) . n o rmed lineer functional on the C"- n 1g e br B 1
00 

''' ith w( ( x )) = n 

= 0 f o r a l l s e 'l u e nces (x ) E. co' the s p a ce of null s e o u e n CPR • n 
00 ..~ 

For " t-boun d ed s e q uenc e ('to\.) c. n and a st Cl te W o n 1 let 't",- (' 

meAn 	 W « <,\,,,, ,'X. ) ) = 0 f o r all')U"ts ( hencc for a ll 'X~4f..). C on~id e r 

the f o 1101'. in9 sub s et o f .1:..'" (n ): 

fell ) = t. / E .I:..~ (n):"\-",~c implies (..;)«II/'''c,,-II)) 0) ... 
Lemma 7 .4 

1
00

For an arb it rary s inqll l a r s t n te w on the enual it y 'f (Jl' ) 

e ( ~) ho Ide 
, 	 ~ 

z . 


Pr o o f: 


CleClr l y. t .... ( l:l) i s ,., ri q ht 10"a l. ThA est imat ion \I i .+"c'", Ill. 


<I J'+'t" , ,,\ ,,) {, IL ,v, +'t",\\.II"c"II<' C 1\ ( ,: 'tn.1I wit hC s Ur) 11"1- ...11 

imn l i e!' t lu. t 'C..,( rs ) is R .. -i d e a l, hf1nce a left idei'l!. I'le x t I"e !i how 

that t.... (I:I ) is "t:1) - c l ose d . l et ; , be in th e "t -clo <; ure o f r ... (IS ) , n 

't... ~ O. t ' "' n f o r a ll u E: £.' ( t:r ): II /. ~,,\I~ = <;, "n. ' /, "c" ') = <( ,, - 1:1) "fn. 

1. "\' .... ) <. <.Il "I'n. , '\ ",\,,,,) f s ur I <(I, -fJ ) ,\, • "tIl C li B "c0'\.11 , Vl here 
'f."ttJV' 

,J(' is th e l- u o u nul'ld se t ~ :" "1-... ' "1'"" \ , C = su p II /\ "\'-..11 • Fo r ::J r b itr 8 

r y £. ') 0 1 t"t U E- 'C..( ~ ) so t "a t II , ,- c) II .. <; £. , the n II ;, "en. 1\ ~ !, £ + 

+ e ll U "t... 11 OInd co n s e nue n tl y w« \1. / . ,\:,,1\" )) !, i • e ., w «( II ,\ '\'n.I\L ) )2 

= 0 a n d" o w« LI :, ,\,,II )) = C . 

LJe C'l U,", '" 'C... ( tl) IlO) <3nd It\ C.., ( D ) , i. f 'lll.t] is not OJ f'ontel S PA

ce. the d,, ', " rtion foll o",s from L P. :n'll 8 "' ."'iii). 
n.e.d. 

;,n i mpa rl ,,'It c l as s of singu l; ,r !' t a tes o n leD is genen't"d by frAe ul

tr cdilt e r " 'U. viA c.)'U.«X )) = 1im'LL Xn . ~emember thAt ~n ultrafil 
n
 

ter'U. 1 & ', ; litl to be frL'e if f\ u = Y'. For thF! (i"w'Il.. -convergence 

u .u. 

we u se t llf "y ,l bo l ~ • Bec ~ usp, in $ pct ion 3 we need s om e special 

eLl S""" n f u lt rafi lters flnu m<l f' S fr o m IN t o ~ I l Rt u~ rpnea t the 

Jpf l n lr ~O"' nn d r e l J teJ fa ~ t s . For more drtails s e e / 1 ? / a n d [he re

ferpn Cf'S tl t r· rp. 

1\ s e t I ~ C IW ( th A natur ill num :)er s ) is ,,, ld to bE; cant Din e d almost in 

K c. '-l if I I "' t. is finit e. An ultr a filt er 'LL with th e pro rert y thAt 9i 

VAn <J n y cU Il ,,!:,h l ., c o l le c t i on of s e t s in 'U. • there e x i sts" set of U. 

al mos t c o nt fllne d i n ever y s et of the col l e c ti on , is c a lled Ii' -stRble. 

It suff ice s t o c" n si d '~ r J u s t d e c r flo s ing sequ enc e£; of sets in 'U. , and 

for f r ee u l tr n fllt e r ~ t hey c an a l s o su ppos e d to hav e v o id intersection. 

:i 



I\ n ultrafilt " r 'LL is call ed rare if g iven any partiti o n of IN 1nt o 

disjoint finite se ts Nl.' N? , ••• there exists a set of 'I..L meeting each 

o f thp. Nisin at mo s t o ne point. It is su fficient to co nsidp.r pa rti 


ti ons into finite intervals. 


Final ly. an ultr a filter U. which is both cf- st able and r a re is said 


to be absolute. 


;\ mar f: i\o,l- '-I with th e prop p. rt y that therp. is a set o f 'U. on 


which f 1s in j e c tive i!' calle d a 'U. -equivalence. Fo r givan f: \~ _~ 


and'LL we can define th e image f ( U. ) o f 'U. under f t o b e the ultra


filter generate d by t,f( U) : U ~ 11. \ • f ('I.U c o nsists o f a ll se ts V such 


that f -l(V) E. 'U. • Two u l trafilters 'U. and it are c a l l e d equivalent .if 


ther e ex ists a bijection g : IN -~ euch that'\)' • g( U.). ~oreover. 


if f: ~_ IW ha s the property that ..es t ricted to some set of 'U. 

1f- (n) i s finite for all n Eo IN • then f is called 'U. -finite. 

S ome c on nection s between the c la s s es of ultrafilt e r s and maps mentio

n ed above are c o llected in th e nex t le mma . 

Lemma ? . 5 

i) Let f:IN--~ • then 'U. an u f eU) a re eqUivalent if and only 

if f is a 'LL -equiva l e n ce. 

i i) '\Ais absolute if and o nly if for each map f: N -IW eit her feU) 

is e fixed ultra fil t e r or f ( tl) is e qu ivalent t o U 
iii) 'U. is rare if and only if An y 'U. -fi n it e map is a 'U. -equiva

lence. 

iV) If U is a free ultrafilt er a n d f i s U -finite. then feU) is 

no t a fix e d ultr a filter. 

3 . The main results 

In thi s section we c o n s id e r two classes of Calk i n -representatio ns of 

.("(ll) (and i." (ll ) / E(ts » . /5/ , / 10/./13/ . Our a im 18 to investi 

ga te under which c o n d ition s they coincide a n d to give criteria f o r 

the irreducibility o f the s e repre s en tat l on e . 

Let us rereat short~y the cons tru c ti o n of t h ese r e p res entations. In 

what follow s the ultra filters are su ppo sed to b e free if not other

wise specified. For fix ed ultra fil t e r s the c onsi derations are t r i v ial. 
~ ~ ~ 

i) Let ~ ~ t (,\,,,) ~ f: "t .... 1i 13 • "t ... _ O ~ • For a given ultrafilter 

'U. o n ~ con s ider t he s e squilinear f orms 

(f . g)k = lim'\.\,( Ak ,\",..Ak 'f,,-' • f - ( "t.. ). 9 - ( 'f... ). k=O.l.? .... 

Let be the f o llowin g equiva lence r ela t i o n on If"'... ~ 

f "''\4 g if and only if lim ",,\\'t... - 'f... I\~ • 0 

" 


Then :tl".l;; il \"'0, i9 endo wed ~ ith the scalar n r oduc t e )k 
(cf . / 10/ ). For ( ) 1 /? \'Ie u se t he s y mbol 1\\ • III 

a 

~.,... 1ii) Let ~'U. = \ ("t.) f: "i" ~ b' • "1- ..... ----=- 0 • On 
~ 

tl"" the sesqui li 

near forms )k a n d the r e l ation ~ a r e a l s o definec'. I' o r eove r 

6 c ll'I.L nence ~\~ :: tl 'IA. C :n'14. 3. ~'\L \ ~ 
i<e m" rk 3 . 1 

.., 
i) If blt l i <; a I':o ntel s::> ace then ~I\.L = (0). Th is follol'JS from 

Le mma 2 .4 since in t hi s case fw..... (tr) = L" (ll). 

ii ) If :0 = 'K • th en l::l'l.\. I, a'U.. %:l ..... r' 'Il. in th e notations of 

Reid /1:'/ . 

Let us de note th e " l ements of i",-. fl ..... by [f J'I.l.. • ( g l'll. or s i mo l y 

b y (f .1 • [ g ) o r (~ ... ). (~ ... ) if the u sed u ltr Cl filt e r is clear and 

f = ( ,,\,.J. Q • ( 't,, ). Fa r II € .L." (b) put 

J\~ ( cJ l (f·J 'I.o.. =r9 ] 'IL with f = ('If... ). g (Ll ",,,,) • 

Then th e f o l low 1n o is true / 13/: 

T heorem 3. ';> 


i) SI.. is a M- r l"n r e s entat10n of L+ (lr). 


ii) t,e r = L ( n ) . 
J\'.. 

..... ...iii) .n ~ ::p; ( .I...+ ( .IS })['ty 1 ~ .(+ ( .t> ) / r: ( ~ )t i 1 
< ~"" 

is continuous, wherf! i is the factor topolO GY i nduced by 'til 

.., 
Let t D', be t h <1 grap'h topology on ll'l/.. induced by r... ( .r..... (~». 
Acco r djng [0 /6/ a nd /13/ Z<u..tt", :l 1 s an (F)- s race. furtherm o re 

it is ea s y t o se e th At %."1.0.. is a :Jl' .. ' -invariant slIbsrace of iJ..... Let 

:n de not e t ho r e s tri c ti on of Ji.. to i'lA, (mo re exactly: ::x (Al = 
= r." ( t . ) \ P"", for ell A ~CO)). Then :rr defines also a M-rer re sen 

tation of J... ( 1:1). 13""\.t,,,] is a n (F)-sp"ce ami t;s = tJ\4\ ~ 'It. • 

Nex t we aro goi n g to give a n e cessa ry a nd suffici ent condition for 

n"" = b"" . Fo r th is we need som e not a t i ons. Let (!,,,) Co t, be a n 

orthonormal bosis of 4{ and deno te by P the rroj e c tion s on the li k 
near span of (9... , .. ,~ ... ) for all k. For 8 'l i v en t-bounded sequence 

( 'f... ) Co tl put 

Sk ( Of... ) = \. n .. IN : U r k ~" \I 0( l /p '~ ..0 

Then the fo l lowtnq L e mm ~ is an eas y con seq uence of the definition o f 

the 5"'I.L - and ~ - Co n vof"l'Jence . 

5 



Lemma 3.3 

i) If... ~ 0 if and only' if 5 k ,p( ~" ) Ii 'U. for All k,p. 

ii) 'f,,~ 0 if and only if fo r all k t 1W Eo> 0 there is an no so 

that II Pk 'i'.. II < £. for all n ;t n 
0 

Lemm a 3 .4 

A t-bounded sequence (Of,, ) c tI can be represented as ('f... ) = ('i' ... ) + 

+ ( 'X ,, ) with ("T,,). ( "X. ,,) - t-bounded, '\Jr" ~O and lim'U.~')(.,,1\ = 0, 

Le" (~\'\.) €: is'U. if and only if for eech Pt~ there exists a set 


Up~ 'U. such that Up is almost contained in 5 k ,p( ,\,,,) for every k. 


Proo f : 


The proof of Reid's Proposition 1 / 1?' / can be repeated word-by-word 


if one has in mind that all sequencAs constructed there are t-bounded 


because they are formed s tarting with a t-bounded sequence ('fW\.)' 


Theorem 3.5 l
A ~ 

Let b t.t] be not a Montel space. Then tI'I.\. Il'l.lif and on ly if 'U. is2 

<f -s tabl e , 

Proo f : 


Let 'U. be C - s table, = ("i'n.) € lj 'U. • Then by Lemma 3.3 \. 5 ("t).

k ,p n. 

k ,p I;ll>Ilis a c o untable collection o f sP.ts of U. • According to the 

6 -stability there is a Ufo U. almost con tai ned in Sk for all k,p. 
... .., .p 

Thus, Lemma 3.4 implies 1l'lA,.2 ~'U.. 

The proof of the other direction is a modifi c a tion of Reid's construc

tion, 50 let il ..... = ~'IA. ' (Un) a countabl e col lec t i on of sets of 'U.. • 
According to section 2 we can suppose th at 1) U • III , ii) (Un) i .. 

l 

rlecreasing, Q Un • ",. Beceuse ::r is not a Mont el space, t here is an 

infinite dimensional Hilbert spac e ato c. n . Le t (~~) be an orthonor

mal basis of ~ containad in ~ such thet for some subsequence (I<.J 

of IN (5'1<,,) is an orthonormal 1><1sis of dt o P has the meaning esk {above. Put ko - 0 and define ~ sequ en c e (fr ) a ~ follows: 

<f... 9 ... .,. for k _ 1 <. r " k •n n 

Clearly ('fr ) is t-bounded. IJext form 

"\"...... !.fr for all m (jj U ' Ur r + 1 

Then II Pk ('\',.) 1\ is Aqual to one for r , k and equal to zero for nn 
r> kn' end moreover ,p ('t",) • \ mI 1\ Pk C't... )l1 < lip ~ •5 k n n 

• 1 m: mE U 'U l' r> k 3 Uk 1 , r r+ n 2 n+ 

6 

. ~~ 
The inclusl.on Sk :> 51 for l>k implies "f..,. - 0 be c au s e this is 

I P ,p 

true if end only if Sk t'U. for all r),pt.~ and an arbitrary s e'1uen
n'P ... ~ 

ce (k ) converging to infinity. l3y the assumption 'rl'lA,. = Il'IA. the se-
n 

quence C"t .... ) can be represented as ("Y",) = (0( ... ) + C\!> .... ); (<1.,..),(1'> ... ) 

are t-bounded,a(... ~ 0 and lim .....\\~""'4 .. = O. Lemma 3.4 implies the 

exi t!Jte nce of a Up U.U almost contained in ,p('t",) = Uk +1' soD 5 k 
n n 

U is almost c o nt ained in Uk for every k. Out that mesns that 'U. is 

0" - st ab le, q.e.d. 

Remark 3 .6 


Fro m t h e proof it can be seen that the implication if U is cf -stable, 


then :''1.1.- 1) ~ holds without the assumption thilt l>ttl is not a Montel 


epace. On th a other hand, if ~[tl is a r '~ontel snar:e, then i'I.L = bl\,L

= (0) for any ultrefilter 'U.. 


I n wha t fo l l ows let b[tl be not a ~10ntel space. Our next aim is. to 


decide when .... or If is an irreducible reprl;!sentation of i.. ~ ( lJ) (I-)en


ce of 1.. ~ (1) )/ r: (%l» .For eN-algebras th e n otion "irreducible repre


sentation" is unambiguous~ecause "all" possible definitions of irr~


ducibil it y coincide. 


In the unbounded case the situation i s much more complicated a nd not 


c o mpletely clari tied (for some results see / 2/ . / 11 / ). \:fe will return 


to this problem in a forthcoming paper and use here the following 


notion. 


Definition 3.7 

A N-rapresentation lr of s N-algebra R (i.e.,lI' is AN-homomorphism 

fro m R in to lIome i... (lJ) is said to be topologically i r reducible if 

t.rr(K)'f I xf; R~ is t.:ll-dense in t for any non-zero 'fOlD. 
(here t.ll' ia the graph topology induced by 3r(R». 

Th eore", 3.8 
.., 

Let 31', 3r. r eep. be the representatione of L + C%l) on %l 'I.L' ~'IL resp. 


defin ed 1n t he beginning of the section. Then 


i) 3r 1s irre duc ible if and only if 'U. is rare. 


i i):Jr. i s irred u c 1 b le if an d o nl y if 'U. ie abeolut e . 


The pro of 1e eome what l en g thy an d eo we d i v ide it into several Lemmata. 


Let f: IN -N be en t!Jrb1tra ry map , 'U. a free ultrafiltar and ~. 


- fC'll ). 


Lemma 3 .9 


i) ~'I7 can b e isomet r i c al ly embedde d into i '\l,.. 

11) i'l1 - r, 'U. if an d on l y if f is a 1.l -equivalence. 

7 
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" roo f : 

~ ~ .
1) Let 9 ("I-n.) Eo Il'l)" Then the map F with F([gj'IT) = {h]'\.LF f 

~ 

h = ( X • .) = ( "t f'''''' ) t-.t:l'U. gives the embedding. The isomet ry i s easi 
ly establi s hed. 

~ 

il) Let f = (S' ,, ) , where (!'... ) i s 'In o rth~nor:al basis of an infini

te di mension a l Hilbert snace ¢t. c.. n. Then f E: tl'l.l.. and the equality 
.., .., .., :$ 

Xl'\)' = ~ 'IL imrly the existenc:, of a sequence 9 = ( 1,,) E: 1:1'\1 such 

t hat F ( L 9' .1 'IT) = [( 'h..., ) ) 'lI.. • [ fJ '\.L = [ ( S'" )} 'U.. • This mea n 9 0 = 

= [(r"n)-S-,,)J'I/.. ~ lim'\.t,.\\ 'fc... ,-5?n.\\ ~ i.e.,there is a UIi'LL 

so th a t II!?n - 'ff'''' II <. i/? for a ll n .. U. 

Co nsider all n,m t U with fen) = f(m). Then the estimation II~ .... _ 5'...11' 

!'U~ ... -'ff,....,1\ +11'Svn -i~l .... \\<'l impliesn=m. Th us.fi5in_ 

j ect iv e on U ~ 'U ana f is a '\.l -equiva l en ce. 

On the o ther hand, if f 1s a 11 -equival ence then from Lemma ? .5 i) 

there foll ows the exis t ence of a b i jection G : M -. t\o,I ' 0 that 'U. and 

V 9 ('U) are equiva lent. T~en Ii ", C. il'U. by i) If h = ("t.. )' ~I\.l 

th e n 9 = ("t""(,I\, ) = (?C" ,) e fl"", and o bViously 11m'lJ,.lI ..,. ... -l.~''',U= 
= 0, i.e •• E'U..c.~v 

q.e.d. 
I~erna r k 3.10 

.., .... 
1) P'IT is a tJT -closed , JI', -inVAriant su bs pAce of :tl'U.. , 
ii) J:j'l7~ (0) if and only if"\]= f(U) i 9 a fi xe d ultrafilter. 

The sltuation for r>'I!. and ~"" is a 11t t l e bit more c omp li ca ted a s the 

next lemma shows. 


Lemma 3.11 

i) il".C.~'U.if and only if f is U. -tini',( 

ii) Let f be 'U. -finite, the n D'\t 1:1 'I.L if a nd only if f i s a 'U.
equivalence. 

Proo f : 

i) Let (~" ). ~ 3".. ), Pk have the ;,ame meanin g as in th e r~oof o f !heo

rem 3.5. pur f = ('1'",) ~ ( g ",.. )fo %I",.. The embe~ding F , D'U'"--l:lv.. 
f 

imp lias the existence of a sequence 9 ,. (,,\, .. ) " l:I'Il. such that 0 • 

K(( <f'l") -'t.. lJ'\l. ~ lim'I.LI\'f;,,,,,-'\~\\. Hence,.: there is a Ul:'U. with 

\1 'f{,..,-,\.. I\ <.1/2 for all k' U. Moreover, g" x,'U. means that for all 

1 ~ IW thera is an j 1 ~ IN su ch that ~Pn "t .. 11 <. 1/2 f a raIl k ~ j 1 • 
1 

8 

The ref are n p ("' " ) 1\ ~ II 0#, - ... Yo \\ + II P ("') 1\ <. 1 for a 11 k ~ j 1nIl ~ lloO» \ "U' \ \ . n 1 II( 


and k ~ U. Con.sequent Iy for 'fe, ~ ~n "e get U P !S'" \\ <''', 

.. \iI') ~c.... ) n ,('11111 

t.e •• nf(k» a nd ~ o f(k) '> 1 for ' a ll k· jl' k~ U. Thus, for arbitran l 
-1 

ry k~N : f (k)f\UC ( l,jl-1J end ~o f i5 1..1. -finite. 

On t he o ther h a nd, let f_ = ("\,,,) Eo nlit .". \','e show t hat if f is '\.L

tirl ite, then ther e is a 9 ~ ('It,,) ~ 1:)'1/.. >'lith 0 • l"\c... ,- 'X~1'\4. = 
= lim ~\\~ ..... - " ~II Becau s e f i9 tL -f i,nite,the re is a U',,'U. 50 

t hat f -1 (n) 1\ U • t m i U : f ( m) • n ~ is fin it a for all n. Pu t 


nE: U
x" ~ t'''r~ .., for 

for n ~ U 
~ 

Clea r l y, li nt '\A, I\ ,\:"",-'X,, \\- 0, ~ o it remain s t o prove th a t 9 (~ )~b'IL. 

S ince f ~ f,,,, ' for every k "fto.) ,t> 0 th e re is a j (k, ~ ) '> 0 with 

1\ Pk "\,,,, 1\ "I!. for all n ;Jo j(k,t ). Thus 

I \\Pk ('t ~<n) ) II fa r n ~ U 

1 Pk ~ ... II '" L 0 forn-.U 

By a ss um pt i on the satln" U: fen) <. j ( k, t. ) 1 is finite, conseq uently 

there 111 a q( k, £ ) "IW. ~o that for all n \:U, n >q(k. f.) it follow!" 

that fen) ;Jo j ( k, ( ). Therefore 1\ Pk 'It,,,, II 'Eo f o r all n> q(k, E. ), i.e., 

( ');:,,) E: i. '\l. 
ii) The proof is a nalog o us t o that of Lemma 3.9.il). 

q.e.d. 

Remark 3.12 

For a free ultrafilter 'U. and U-finite f the epa c e %>", is a n -in

variant t . - closed subspace of Zs'l.l and ~'!J' ! (0). 

This 19 quite analogously to Remark 3.10, while the la~t as ser tion 

follo ,",s fro m Lemma 2. 5 .iv) • 

Co r a llarx 3. 13 
... 

i) If ::l'.... 1s irred u c ib le (o n II"" ), t hen 'U. i9 absol u t e 

11) If !II" is irredu cib le ( o n b'll. )' then 'U. ill rere. 

~ 
Suppo~e tl to be not abllo l u t e, t h en a c cording to Lemme ?S. 11) there 

is a map f: IIt-W 80 the t f( 1..I. ) ill neit h er flKOd n o r equ i va l e n t to 

'U.. • So the aesertlon followlI from Lemme 3.9. a nd ~emark 3. 10. 

ii) S up poee 'U.. to be not rllre, then 09111n there 1e an f which ill 'U. 

finite but n ot a ~ -equivolonce ( Lemmo ?5.1 11). <>0 t he 8~~lIrtion 

foll ows f rom Lemma 3.1 1 and Remark 3. 12. 
q.e.d. 
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Lemma ." .1 4 /6/ Kursten . K .D.: to app ear. 


Let'LL b e ra r e . Then fo r Rll (fl [( 'X ... )] (; tl'U. 17/ Lassner.G. : Topolo g ical Algebras o f Op e r a t o rs. JIN~ P r ep rint.
[fJ " 0 • th e s et 

t .n- (,,) Lf] : i , (;.L+(s~)) is tJr - dense in il'I.L . (He r e <lnd in t he ES-4606 . Dub n a. l Q69. Rep. o n Mat h.Phys . 1 (1°7 ? ). ?7Q - 293 . 


rroof c.- J me ·3m' [ . J<u. . ) /8 / - : lJuos 1 - Uroifonll Topo l oqie!! on Local Observables . JINf~-Commu 


nl c at ione. E17 - 1140B. 1 979 .

P roo f : 

9 / - ; Topo logica l Al geb r a !! and Their Appl i cation!! 1n y uantum S t a 

Let tg] = t( 'If,,)) (: I:i'tL be arbitr>Jry. ,"c cor din'l to section ? th e re 
 t istica. 1/1ss .Z. K~'U . ~'a r h .- Nat u rw. R. 12 (11)81). 57 2 - 595 . 

i s a LJ I: ~ (ll ). tJ ~ U with "\0... ~ [-J 'f.. ,1\ 'f" \\ = 1. ~'" ~ «t ( h <I v 1 n <J in /10/ Laffler,F.: f1 mmerma nn.I'I.: The Ca lk in Re prell fmt a t 10n f o r a Cer
mind th a t th e Sf' t {"'c,,\ is t-bo und ed ). ta in Class of Alge bras o f Unboun ded Operato rs. Prp.orint.E 5 -84.. 

B07. I)ubna 1904.
I :~·L 	 U J). dE ;>. • For £ >(1. k Eo ~ by Le mm a ~ .1 th e re e x i sts an a ;> O. 

/ 1 1/ Powors ,R.T.: Selfadj o i n t A lgebras o f Unbounded Operat o r~. so t ha t t or 	P , = S d:.. , : R /'k (I -P, )U I\~ E • Re mark t hn t dt° = P '!tel).
d 	 a.. " D a Comm ,~'o th.Phys. 21 ( 1 9 7 1 ) .85-124 . 

T he ele men t~ [ ( l'iJ "t.... )] • [ U'n ): ... )1 Dre co nt ainf'd in ~.'\A. • Th en by / 1 ? / I~eid, G .A.: On t he Ca lk i n Re p r e s e n tat i o ns. Pro c .Lon do n ~Ia t h . So c. 
/ 1 ?/ t he re i 5 a c,~ rt H i n or era to r ~o ~ n ('4t.0 ) 90 th a t S = Go (j) 0 t ( 3). ?3 (l Q7 1 ). 547 -564 · 


f£t'(;p ) fulfills J\'( :. ) ([ll'a~ft ll ) = [( Pa"tn. l) Th"r efo re 
 /13/ bchm u dgen.K.: To po logi c al Realiz ations o f Calkin AlgebrAs a n 

11\ JI ('\ k ) ( :n- (:., )~ (Pa) [( ~n)] - [( "t'.... ) ))1\\ UI n ( Ak ) ( [ ( P a 'tn. )l 	 F r echot Domains o f Unbounde d Ope r ator Alg e b ras . to apr e a r 1n: 


Zeitllchrif t f. Ana l.u.An w . 
- L hn. ) J) = \I I IT (A k ) 3r ( I - Pa ) ( [( 'tn. l1 ) 11\ = lim'\l. II 1\ (I - PFl) "t,,' = 
/14/ T1mm ermann.W.: Si mple Propert i es of Some Ideals o f Com pact Oper a 

11 mJI I'k ( I - Pa) U Of" u f, II Ak ( I - P a ) B • <; ( to rs i n Algebra!! o f Unbounded Ope ra tor!! . Ma th.Nach r . 9 0 (1979 ).q.e. o . 
189-1 0 6.Corol lary 3 .1 5 


/15 / - : Idea l!! in Algebras of Unbounded Operators I. Math.Nachr . 

i) If'Llis r a r e . t he nJr is irr"du c ib l e o n 1l'I.L 9 2 ( 1979). 99-11 0 . 
ii) 1 f 'Ll i~ absol ut e. t hen :1l', 1 s irr cd u c i bl " on ~'I.L' /16 / - : S tates o n Algebras of Unbo unde d Op erat o r!!. Preprint E5 - 8 5

P r oo f : 
 91. Dubna 1985 . 

i) i s th e con t en t of Lem ma 3.14 . 

1i) 'U a b so lut e impli"s n.....= 1)'I.L (T he o r f'm 3 . 5) and the irreduci b 1lit y 

is a cons e nu e nce of 1). q • e.d. 

Th u~. T heorRm 3 . 7. i s craven hy Co r ollA r1e 8 3.13 and 3 .1 5 . 

Re fer e nc"s 

/ 1 / 	 Calkin . J . ··• • : Twa ~Sided Ide El I" " n n Co n 'l ruences in tho IUnq o f 

llounned C'rera t o r s in Ililb e r t :, onc p •• ' nn.~1i1 th. 4 :> (lQ41).83n - f1 TL 

Gu nder . " •• :"c ruggs. w.: Unbounded Ilerre sen tati on s o f .. - Alg ebr a s . 

Pac .J. o f li a th. 7 C (1 9 77). ~t' '' · 3>P . 

/3/ Junek .H.; t1 ulle r. J .: Topoloq1sch e I o <:; ,le unbeschr ii nkter C'np.rflt o 

ren im Ililbertraum. '.' 15 S .2. PHKl..I '() t ~dflm . :>5 (l Q R1). 1 (, 1-l1(1. 

/4/ Kursten. K.[J . : Th" Compl et 10ne o f th e t'a xima l Op"- All(ebra o n il 

Fr ec h e t DOMain. Prep rint. Leipz1q 1 ~~ ~, 

/5/ Two - Sided Cl osed I d eals o f Ce rt i1i n Cla sse.,. of unb o tmded 
HOCO l v,,,1 toy l'uhl1 n"'"!'. II IJ I'lIlrtm,ml

Ope rat o r s . P r ep r i nt. Leipz1g l qR ~ . 
elll Ju ly !:l. 1L/lI~,. 
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B 06DeAHHeHHOM HHCTHTyTe RAepH~X HCCneAOBaHHH Ha4an 
B~XOAHTb c6opHHK "Kpam'Kue coo6UJeHUR OH.HH". B HeM 
6YAYT noMe~aTbCR CTaTbH, COAep~a~He OpHrHHanbH~e Hay4H~e, 

Hay4HO-TeXHH4eCKHe, MeTOAH4eCKHe H npHKnaAH~e peaynbTaT~, 
Tpe6yiOUIHe Cp04HOH ny6nHKa4HI-1, EiYAY4H 4aCTbiO 11 C006UieHHH 
OH~W', cTaTbH, aoweAwl-1e a c6opHHK, HMeiOT, KaK 1-1 APYrHe 
H3AaHI-1R OH~H, CTaTyc o~H41-1anbH~x ny6n1-1Ka4HH, 

C6opHI-1K "KpaTKHe coo6111eH1-1R OH~H" 6yAeT B~XOAHTb 
perynRpHo, 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
aations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators . 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condensed matter. 
Applied researches. 

Being a part of the JINR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communiaations will be issued regularly. 

Jl.e<P<!mep <!>., THMMepMaHH B. E5-85-522 
0 HenpHBOgHMOCTH o6o6u~eHHbiX npegcTasneHHH KaJIKHHa 

~JIR gsyx KJiaccos o6o6~eHHbiX npegcTaBJieHHH KaJIKHHa gnR 

anre6pbl HeorpaH~eHHhiX onepaTopos L+(D), D-npocTpaHCTBa 
<!>perne HCCJiegyeTCR BonpoC 0 HenpHBOAHMOCTH npegCTaBJieHHM. 
IToKa3aHo, 4TO BepHbl TaKHe *e KPHTepHH HenpHBOAHMOCTH, KaK 
AJIR orpaHH4eHHOrO CJiyqaR. 

Pa6oTa Bh1!10JIHeHa B Jla6opa TOpHH TeopeTH4eCKOI1 tPH3HKH 011.'U'[ 

ITpenpHHT OObeAHHeHHOro HHCTHTYTa RAePHWX HCCneAOBaHHA, ~y0Ha 1985 

Leffler l<'., Tirrunermann \l, 
On the Irreducibility of Generalized 
Calkin Representations 

E5-85-·522 

• 

For two classes of generalized Calkin representati.ons 
of the x-algebra L+(d) of unbounded operators on an (F)
domain D there is investigated the problem of irreducibility 
of these representations. It is proved that the same crite
ria as in the bounded case are valid. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1985 


