
.MM CHltbI R 
MH nT HTYT 
HAe PHblX 

,CCllHllOBBHM 

YfiHa 

K. Miihle, [ S.SUjo!ll 

LINEAR FUNCTIONAL RELATIONSHIP: 

~OME APPROXIMATE ESTIMATES 

Submitt ...d ta "Inv ,,'!.;e Prabl .;: ,,, " 

1985 




I 

~ 

.I' 

t '\fU .' 

'f' I. ,t 

~ li"J~ 

\ 

~ ,I 

,I 

,~ 

,."' , 

í:' " 

I{ )/, 
.~, 

• ·\1
 
\1
 

",,·n, 

'I, ,I "" 

li \. 

'. 
~ ti 

I:i ; 
, , I 

"'1 

~' 

..J,.'!.t. !\ 
, '~ , 

1. INTRO~UCTION Al~D PROBLEM SETTING);t

H 
,~":. .,

,1\ 
~',;~ 

J~ '1' In many problems of experimental physics we mee~ the ques
. :1Jt tion of estimating an unknown functional relationship between 

two quantities X and y. both of which are observed and ~hus~o\' Iw 
) ~ subject to random measureroent errors. Furthermore, often it is

••1, 'I.,' 
p possible to perform mutually independent observation,S of pairs 

(X. Y).however, X -and Y themselves are correlated.P' 
,,1)lj,r In a wider sense, the problem falLs within the, category of 

(' I inverse problems, that is, we seek for a model (from a certain 
c, ~I given class of models) that exhibits the best fit to experi,\ 11> 

I 
" ~(,. mental data. ' 

";;'"'\1 This paper is devoted to the following problem. We are gi
t., f." ~'r 10'(,.1.:\........ ljl] .:J'L f '\ h
 ven n~~ mutually independent groups of measured values 

l 
., n/., 1:,'-" ~ 

" 11' ,1 

{(x..• Y.. ): J > 1.2 •...• n.l : i= 1.2 •...• n , (I)
~\ fj 1J 1J 1 

1:.:/.'ft, 
,I 

'.1 
íP where p. 2 2 for a l l, i. In the i -th group there are the re.sul ts 

t r;r" b L~ ~. 

.< ,,~, I ,. t 
, . f", r'l!' w~ ",~lf"to 

" 
.!li I1 t ,. I. 

fr'\ 

of qi ihdependent observations of a two-dimensional- Gaussian 
vector 

" tx', yi 
)'_ N [( /L .• 71.)'; .~]; i=1.2 •...• n. (2)

2 1 1 

It is supposed that the covariance mattix ~ is t4e same for 
alI n groups (thus, alI measurements are pérformed with the 
same precision), andthe parameters /L, and 71. are related li 

'f nearly: 1 1
 
1-' 

71 i = a + f3/L i • i = 1. 2 ..... n , (3) 
, 

Thus, we come to the model of a linear functional reiation
h i 71/ O"' " " d í h Lb l.í tt í f j)

ís i.p "ur i.ntent i.on 1S to 1SCUSS t e pOSS1 1 i í.es o em
ploying certain approximate estimates of the unknown parame
ters (a. (3).In a l l, methods to be described below an estimate 
of a will be obtainable from the formula \ 

;. = y - ~x. (4) 

where f3 is an estimate of {3, and 

........ , "
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n n lowing the w~ighted least sq~ares metho~ (LSE; i~ oúr situationn -1 
-1 n _ }x = ( I p.) I Pi xi' y = ( I p.) I p. s. , it coincides with l~E):

i = 1 1	 1 i=.l 1 1i = 1 i= 1 
(5)
 

1 Pi _ 1 .p. 
1
 í3 =: SPD* ISSD* .	 (9)L ,xy x= --- L y 1 .,;:. i < n .xi .= -- I x.. , YI. .. , -' 

P . -' 1 1J Pi j = 1 1J. i J- Let 

Consequently, we shall concentrate ourselves upon estimating f3R = SSD* / SSD*	 (lO)the parameter ~ under various assumptions concerning the co y x
 
variance matrix
 

denote the regression estimate. Then4 we get (within the general 
form (1)-(3) of the' model considered) the inequalities 

xy),. 
" '(6) I = 

a(:XX , a 
xy yy	 o < í3L < ~M< ~R SPD*xy > O, } 

Sometimes it will be more 'convenient to write a p a a so (I I) 

that a == a 2, a = a·2• f3 R < 13M < .f3 L < O SPDiy < O. 
~ ~ ~xy xy x y 

xx x yy y 

, , 
SJnce f3 MJ s a consistent estimate, (11) shows that the e s t í.mat.e s2.	 MAXlMUM LlKELIHOOD ESTI~~TES 
{3 L and {3 R are in the gene raL case biased. However, ~this does 
not necessarily mean that {3M is always better than {3L' In f ac t , Recall some known results (more precisely, results which 
the answer to this question depends on the difference between {3can be ob t'a i n'ed by slight modifications of known orias ) . li. 

p. == 1 ('1 < i < n ) and i.f L corrta í.ns more than one unknown pa- and the regression of errors in y i on the errors in x" ,a Iq . 
I --	 If xy xx 

rameter, then the estimates are tobe more or less arbitrary. 
In particular, if p = O and a.2~o2 are unknown, t.hen the " 
likelihood' function xaoe s not po~ses~ a maximum/ lI., ((3 - ~ ) (----..::.'iL_) 1/2 :: . 01 , ( 1-2) 

If ai = a~ and Pxy= O then we get the model ,(1)-(3) with a a _·a·2 la 
xx yy xy xx2 = à 2 / . In this case (c f , Chpt. 29 of 12/) the maximum likeli 


I;r:
hood es~imate (MLE) of ~ can be ~xpressed as follows: 
- i f , SPDiy " O, then 

then (3L is better than fi~3/. The reason is that when (I2) is 
~ f -1 2	 2 1/2 true, then the bias of {3L will qe vanis~ingly small and, at the{3M = (2 SPD *) [SSD * - SSD* + [( SSD* - SSD*) + 4 SPD *] ], (7)

xy y x y.x xy 
-,	 

s~me time, the conf.idence interval for {3 L will be narrower 
than that one for 13 M • - if SPDiy = O and SSD; > SSD;, then ~». == O, 

If the general model (1)-(3) is considered with P	 =: = - i f SPD * = O and SSD* < SSD*, then {3 M= 1 
••• 

XY . x d Y. • I'
00 

') == P = k,? 2 (for different P ~ s one can employ Lden t í cal, con( tpe read ex 1S encourage to 1mag1ne a I th1S geometr1cally .	 i
sid~rations but the algebra will become rather cumbersome),Here	 
then the MLE PMcan·be obtained as follows. Let 

n _ _ 2 n _ 
SSD; = L p. (x , - x) , SSD* L Pi (y i -' y), '- 2}, . i ==,1.1 1 Y i=l	 SSDx SPD)xy ...

S=	 (13).I '" 
n _ _ _ _	 (8 ) ( 

SPD SSD xy ySPD * == L P. (x - x ) (Y. -.y)
 
....xy , i = 1 ~ 1 1
 

and 
(cL"(5». The symbols. SSD ,SSD ,and SPD will denote the 
usual (únweighted) sums ot diffêrences. Inx~ase 2. ==	 a 2t and 1 n k x .. - x, x .. - x. 

und~r 

\ 

the assumption that. there are no errors when observing W= ------ I ( -) ( - )' ( 14)
1'> j:l y:: _~. 

' 

y,': _y: .x ' (i"e., 'a 2 = O and a = O) vie get the usual estimate fol-	 n tk - 1) i=l 
x xy	 . I·,	 3 

r
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l', 
íSuppose til·O.Then the cond t í.ons (3) can be expressed in tne.· 

where
-I for~,6f a linear constraint	 . 

8=f p.~ [a-2(~,,""I1.)2+O'-2(y.. -a-f3I1.)2- }(8,8 ,)'(p.., '1,) = y, J ~.i ,:S.n.	 (15) 
I. 1 \2 1 1 i =·1 j = 1 x lJ 1· Y lJ 1 

lndeed, ifa=y/82and {3=._.81/82• then (15) yields (3). The .I)	 (21 ). -1 -1 
- 2p a a (x .. -'"11.) (y.. - a - (3·I1~)l'.model (1), (2)4 (~5) is a special case of the model studied xy x y lJ 1 lJ 1

by Anderson 13, I. Let À M denote the smaller solution to 

Use (5) together with the notationdet(S - À W ) = O• (16)
 
- n -1 n
 
11=(Lp.) L P.I1..	 (22)Then Mr.E ~M of 8 = (81, 8 ) can be obtained as the solution d	 i=l 1 i=.1 1 12

of the equation 
Aft~r straightforward calculations we get the following form 

-+ -+ of (20):Sd ~ À M Wd.	 (17) 

(f!.. - ~,) (0'2 - 'P o a ) + 
• 1 • 1 Y xy X y'In the particular case L = 0' 2/ , if W= (W

i j 
) Ú. j= x,y)this method
 

yields the ~stimate (23a)
 
+ <y. - a - f311,) ('P a a - f3 a 2) = O., 1< i < n , 

1 1 xy X Y x 
A SSD Y _. Àp}yy SPD - ÀMW xv

XX _;.,J- " (18) n _ n 2n _ n n
{3 M '= SPD _ ÀJ'I 

xy SSD - ÀMW xx	 px a a (L P. x - L P. 11.) - ax (L P. Y. - .a L P. - f3 L P. 11 .) = O. ' (23b)XY x 1 1 1 1 1 1 1YX Y i = l' l l i=·1 i=1 i=1 i=1 

n n 2 n n n 2 
p a a (L P.I1.X. - L P.I1,) - O' 2 ( L P 11 Y - a L P.I1. -f3LPI1 )=0. 
xy x y i = 1 1 1 1 i = 1 1 1 X i '= 1 i i i i = 1 1 1 i=1 i i' 

\.	 (23c)/' 
3.	 LlKELIHOQD EQUATIONS WHEN L IS KNOWN Remark 1. Observe the followin~: if we consider oply the 

i-th ~roup of res~lFs then we shall get instead of (23) oul.y 
I• .}\ The likelihood function ·of the ensemble (1' can be written the i -th equatiqn in (23a) and (23b), (23c) both reduce to
 

." in the form
 ,	 - 2 \ n P 0'0' (x -11 )-'0' (y. -a-f3I1.)=O.
 
-L P.
 xy x y i i XlI 

. 1 1 n Pi
(211a a 11:7) 1=~ exp ] ... ~~!'~' .•' L L [..l.. x Let 8 (í) denote .the exponent of the likelihood function of t he

X.:y xy 2(1 _ P2 ) 0'.2i=·1 j=-l	 i -th group. Then the latte~ assertion says that x 

I (I9) as (O / aa = as (O / a f3 = O. 
xy 

2 1 2 2p
 
x (x. - '11 ,) + - (Y.. - TJ,) - --.:.21.. (x ,, - 11') (y.. - TJi)'
lJ 1 u.2 lJ 1 U .o lJ 1 lJ 

Rence, the.likelihood function of ~he i -th group does not posY X Y 
sess a maximum. Consequently, it is pot possib~e to use the 

,If' L is a known 'mat r i x then using (3) we get Lí.keLi.hood equa usual approach of "pasting togei:her" the estimates, obtained 
·/tions from separate groups the 'common approach in multiple regres- ~ ,
 sion /5/ .
 

\,\ as/ a11. = O, 1 < i < n, 
1 

4. APPROXlMATE MAXUfiJM LlKELIROOD METROD.a8.! a.~ ,=. o; (20) 
The above Remark 1 together with the well-knbwn fact that 

as.!af3 = O, finite sample,properties of MLE of a linear function~l relation
ship are rather poo~/~/ motivated the search upon analyti 

\ 
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cally simpler es t ímates .,' Their st'at,isticaí properties were in
ve,s't:~gaté'd us i.ng compute r experi.ments , ' 

1 

4.1. The essepce of ~he first (and of the second) app~oach' 

consists of employing the observations of random variables Xi, 
1 :S i ~ n, in order to get estimates o f l1 i . Fo rma'l Ly , we ex
press a from (23b),and substitute it into (23a). Then we get 
the followfn.g syste,m ofquadrati.c equat í.ons for the unknown {3: 

Q 2 2( l_o R'[ ( - (_ _:'\ 
fJ a" p., - p.) + fJ P a a' ,211-: 211. _. x - x.'J)'+x I xy X Y 1 I 

2- - 2 - 2- 2 
+ a' (y -: Y. )]'+ o (p., -' x - P 11 + P x ) + (74)x 1 y ~ I xy xy 

J 
+ P. a a (y. y) ::. O, 1 < i < n • xy x ,y 1 

,... Since xi ..... 'NI(~.' a 
2J, the HLE of 11. is simply the sample mean/5~ 

" I X I 
• I:. e. , 

(P: )~ = x, , 1 < i < n , (25)
i I',' 

U~i~g (25), ind~pendence of group~, and the well-known fact 
that a MLE commutes with an arbi~rary one-to-one functio~ or 
éstimated paramete.rs:~5/,·we have (cf . (22» 

(~)M' =; ~'. (26) 
I I' 

~ow we make the simplifying assump~ion that the subs~itution of 
~stimàtes (25), (26)' does not influence upon validity of likeli 
hood equations (strictly speaking, this is so only when p = O 
50 that the li~elihood function factorizes into two sums ~f 
quadrati.c terms, one for the X i ... .s and the second one for .the 
y'l ~s). Then the equat í.ons' (24) take on the form 

{3 2
•• 

a ,.2

J 

(~, _ x) + f3 [p a a (x _. x,)+ a 2 (y _ y. )] +}X 1,' xy ,x Y I X I
 

(27)
 
Ao P a a (y. _. y) =., O, 1 < i < n , 
. xy x Y I - 

". 

By solvi~g .(27) we'get 'for any the rÇ>ot 

.... (O') \ 
f3' 1õ= P à / O; = 'a la . (28) 

. xy Y x ~y, xx' 

Second solutions'result in1the estimates
 
....'(O - ~ =- - . '
 

•"f3 = (y - Y.) / (» - x.), 1 = 1,,2, .•• , n '. (29) 
, " I l'
 

. '1
 
6 

.Remark 2. When!' is unknown we éan take the es~imates of \ 
a and a in (28) and thereby get fi (0)= SPD* /SSD* =.$ L (cf,
(~1). Thi~xis in complete agreement'with ou;Ysimp[ifying assump
t.í.on , In f.ac t , our approach is fully justifie'd when p xy = O. 
But in this case 'we have to obtain a MLE which coincides with 
~eighted LSE PL . ' 

"n, 
. 4.2. Using the saroe approach, but substituting the expres
s i on for a ob t a í.ned from_(23b) into (23a), mak í.ng again .theJU/ 
substitutions 11. ~ i. , 11 ~ i, we get the .estimate 

I 1 

-C!,Pi ) (!, Pi ~i y. ) -: (!'Pi X. )(LPiYi)~ --------------~---------~-, o , (30)-:2 - 2
(!,Pi) (!'Pi Xi) - (!,PiXi) 

where \all sums are over i = '1,2-, .• /. ,E.. The same 'resul, t i~ ob
tained when first substituting 11· ~ x., ii~ x into (21), ex
pressing ;, (= y - (3i) f rom j.he equ;tion I corresponding to (23b), 
and finally calculating f3 from the e~uktion corresponding to 
'(23c). It Ls easy to see that such an approach leads t o t he 
problem of weighted least squares for group averages: 
n _. 2' 
!, P.(Y. - f3i. -a) = MIN. - (31)

i= 1 I I 1 

Lts solution leáds 'P7ecisely to (30). 

4.3. Express W. from (23a) (1 < i < n), and denote this -by, fi. : 
Then I - - I 

- .... - - 2 ' 
x. - .u.. =.(y. - a - {3x.)'(p,a· a - (3a ):/K(f3). }

1 I I 1 xy X ' 

'I. (32)
l y. - a - f3~, = (y. -·a - (3x.) (a"·2 - pa a (3):lK(f3),

I I, , Y xy }t 

k 2 2 2 
,<. where.p = p, and K(f3) = a - 2pa f3 + f3 a,x' ~ext observe th~t

Q y xay . 

(Xl' , y. )'- N2 [ (11., a + (311.)'; P-:-1 !'l, (33)I I I I 

'hence we can write down the likelihood function for the vector 
of group· averages «Xl' YI' ... , (;n' ~ )).Substituting (32) into .i t s .' ,I, 
exponent w~ get the expression 

, . 1. 2 n 21\l' R (à, (3) = ---=..1!-_ !, P (y - a - f3 x) . (34 )'
K({3)2 i=l i i - i I' 

By minimizing over a we get ;';,;, Y-> (3x~ After substituting t h i s " ,:,\ 

.i.nt;o (34) we ge t 

7 
1 
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I 

Q (f3) = 1 -<2~ 
K(f1) 

. 

(SSD* _ 213 SPD: 
y Y 

+ 13 2SSD * ). 
x 

f 

(3'5) 

since Q(f3) is a- ratio of two rpo Iynomí.al s of second order in 13, 
anàlytic cal.culat í.on of an exp'l.i.cít form of the estimate í3 = 
= Arg mín Q( 13) is practically impossible (indeed, the estimates 
will depend on relations among three parameters p,. a , d). 
Therefore it is necessary to employ numerical methods. howev~r, 
in certain special cases we can obtain explicit solutions. 

4.3. 1. If a; ~ O o r. a.; ~ O (in both cases a xy" O) we get, 
as expected, regression estimates 

fJ ~	 SPD* .ISSD* (a
2 

4 O), }xy x x 

(36)
f3 = SSD * ./ SPD* (a 2 

..) O).y xy y 

222'4.3.2. If a 
x 

= a 
y 

=: a· then the pr~blem Q(f3) =:·MIN has a uni... 
que solution 

-1 
f3 = [2(SPD* - SSD*)] {SSD* - SSD* + [SSD* + 

xy x y x y 

+ 2( 2 p 2 _ 1) SSD:+; SSD* + SSD*2+ 4SPD* x (37)x	 y x xy 

x (SPD* - pSSD* - pSSD*)] 
1/2

L,
•	 xy I Y X 

In case p = O we come again to the model (1) - (3) wi th ",2.. =: a2/.
 
In this case the es t í.mat e (37) coincides with fhe HLE 13 (c f ,
 

M 
(7)). The estimate 13 is a MLE also when the precisions of mea
surements of X i and y i "are the same, and hence the mod eL is l!iven 

by (I)- (3) with 2.. =:a 2(~ r). If a 2 is unknown, we may estimate 

it by 

, ;.2	 =: Q(~)./2n, 

- 1 2	 (38) 
Q (13) = -------!!--.:........ (SSD* - 2f3SPD* + f32SSD'* ) , }


1 _ 2 p 13 + 13 2 Y xy x 

where í3 is the estimate (37). If P is also unknown, we can take
 
in (37),,. (38) the sample correlation coefficient /6/. The formula
 

8 

,"I,	 ,i '\ 
• • I	 ~. " 

~	 (038) can be obtained al.so in 'a different way. .Suppose- p, f.'O 
and a·2 =.a·2 = a 2. Then we get; (see' (32'»)x	 Y \.' 
,~ -, 

I 

- '" - - p - f3 " - , '" - ..... 1 -'R f3
 
xi -'/li =;(Yi -·a - f3xJ~~2;iJ:--;r "Yi -,a -'f3/l i =;:'(yi -a _e

f3 X
i')1_ 2 Pf3 ; f3 2 • "
 

. Then by repeating the considerqtions leading above to (35) we 

,I g~t instead ,of (35) the expression-Q(f3) from (38): '" 

'<, 

~. CONCLUDING REMARKS 
I 

Using numerical experiments,we studied the estimates (29) 
an~ observed a large varjety of behaviour. Subsequent con~ide
rations 'serve the purpose of expl a Lnfng the .observed phenomena
 
and thereby giving some practical rec'onnnendation's._
 

, Suppose i and P1' .•. , P n are chosén so that /li = fi. By nor
mal~~ing the scale parameter we'can always assume that
 

- - __ . 1 p
 
(oX. - x , y. -y y - N2 [ (O, O)"" ( 1 ')], Ipi < 1.
 

1, 1	 P 

t 

As ,is well-known, this entai~s 

'" (i) - -' - -., 2-,1/2,..f3	 = (y. - y}/(x. -. x) - p(P. {I - P'~} 'J,
1 1 

where C(p, a) is the Cauchy distribution with paramet.ers 'p and o, 
Th i s is in complete ag'raement; wi th numer í cal, experiments, which, 

~. 

are showing in nhe situâtion just described an al.mos t arbitrary, 
pcattering of estima~es even when the sámple size'S,.were very ;1

.1 

farge. . 
On the other hand, if the group sizes p. are large ~nough, 'i 

-	 - -. - - -' ~ 0#,then x'.-x:: /l. -/l , y. -y = f3(/l ..-/l), s i.nce MLE s ar.e con
.sistent (rigoro~sly spe~king, such ~ concl~sion is -valid only / 

,when p = O; .however, see -(33) according to which e/» i :::: O for 
Large p. ). Consequently,

1 

y.-y /l'-~ \	 
-2...-- -:: --L~.f3 = f3 i-f /l. --/l .j.J. O. 
x.-,y /l. _'jl l'
 

1 1
 

t~	 Numerical experjments have shown t hat for large sample sí.ze s ,'" 
the estimates f3 (i) (cf , (2'9» exhi.b i t low sens.itivity ·to, changes 

l.	 in the parameter pl(even at moderate samp l e s í.z es _ISO t.he d i f> •• 
refences were quite' smaLL) , In exper imerrt s we considered t he I ;,'•.i 
si tuatión /l1 < /l2 ,< .. : < /l . Consequently, for Large ;s?-mp1e sizes 
prac t í.cal.Ly always SPD;y g0-. ,Since fhe eat Lmate s p (í) ~re ,.fr.om~\ 
'the point of vd.ew o~ tihe í.r struczure , closer to type .f3 L- e sti-. 
'~ates than to type f3 Mones, a bias to~ards sma l l.er 'v.alues was . ~. / .r' 

) 

f l""., 
I ~v 

.' .... I ~ 



observed , iI}. agreement with (lI). However, if xi - X ~ /li ~ /l 

\ (Lar ge samples) and l/li -íl'\ >> O'x' the b í as approached zero very 
fastly. 

In conclus~on ~uppose the basic model is of ihe form 

a2 
1 1 1i(x ', X ) , .= N [ ( /-l . , rl. )' ; po, T') ]" 1 s i .5 n , (39)

2 1 1 P. aI r
( T 2 

1 1 i i 

By	 repeating the considerations from 4.1. and 4.2.we. get the 
estimates '''t 

""' (O) /
f3 = Pi Tr ai'	 / (40) 

""' (i) - - "- -.

f3 = (y. - y):I (X. -' X ) , 1 .s; i ~ n , (41)
1 1 

,.	 (I wi ) (I w. ~. y.) -:(I w.x. )( I w. y. ) 
(42) 

f3	 = _L_L l_J~_L_L	 _ 

(~wi) (Iwi x~)-a:wiX)2 

where 

'W.=P./T.~ '1.<i<n.	 (43)
1 1 1 

The estimate (42) can be considered again as a solution to the 
problem of weighted least squares 

n - _ 2 
. ~ w. (y. - a - f3x.) = MIN. (44 ) 

i =.1 ; 1 , 1 

Remark 3~. The es t í.mat e s (30) and (42) can be significantly 
simplified, Lf the original 'linear functional. relationship is 
shiftec;l to the "centre of gravlty" of the pooled ,s~mp.ie, i.e., 
when the model is of the I9rm 

E(yil x ' ~ X) =a + f3(x - /-l), 1 .~i S n.	 (45) 

(	 ""' 
Indeed, then we may take a =.y and 

""' - - -2
f3	 ::;. (I p. x. s, ):I(I p. x.) (c f , (30)),

1 1	 1 1 1 

""'	 -- - 2"f3	 == (I w. X. v. ):I(I w.i.) (~f. (42)), 
1	 1 1 1 1 

(, 

resRectively. 

ro 
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B 06'heAio1HeHHOM lo1HCTio1TyTe RAePHbiX l-1ccneAOBaHH~ Ha4aJ1 
Bb1XOAI-1Tb c6opHHK "KpamKue coo6UJeHuR OHJ!H". B HeM 
6YAYT noMe~aTbCR CTaTbH, COAeP*a~lo1e OpHrHHaJlbHble Hay4Hble, 
Hay4HO-TeXHio14eCKio1e, MeTOAio14eCKio1e 1o1 npHKJ1aAHble pe3yJ1bTaTbl, 
Tpe6yiO~He cpo4HO~ ny6nHKa4HH, 6YAY4H 4aCTbiO 11 Coo6~eHH~ 
OHSIW', cTaTbH, aoweAWHe a c6opHHK, HMeiOT, KaK H APYrHe 
H3AaHHR OHSIH, cTaTyc o~H4HaJ1bHbiX ny6nHKa4H~. 

C6opHHK 11KpaTKio1e coo6~eHHR OHRW' 6yAeT BbiXOAHTb 
peryJlRPHO, 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled J!NR Rapid Communi
cations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accel erators. 
Cryogenics. 
Computi ng mathemat ics and methods-. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 

Being a part of the JINR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communications will be i ssued regularly. 

• 

~ 

Mione K., 1 illyHn lll.] ES-85-49 
JlHHeAHaJI cPYHKUHOHaJibllaJI 3aBHCHMOCTb: 
HeKOTOphle npH6n~eHHhle OUeHKH 

llpeAJIOxteH KnaCC npH6n~eHHbiX OUeiiOK RHHei%HOi% cPYUKUHO
HaJibHOi% 3aBHCHMC3CTH, nonyqeHHbiX npH UOMOIJU{ npH6niD!teHUOrO 
MeTOAa MaKCHMaJibHOrO npaBAOUOA06HJI, fiOAP06HO o6Cy)KA8Hhl 
CBOi%CTBa oueHOK, UOACKa3aHHhle B HTOre qHCReHHbiX 3KCnepHMeHTOB 
YcTaHoBneHhl CBH3H c oueHKaMH no MeTOAY MaKcHMaJibHoro npaBAo
noA06HH, MeTOAY HaHMeHbmHX KBaAPaTOB H perpeCHHOHHhlMH oueH
KaMH. 

Pa6oTa BhlnORHeHa B lla6opaTOPHH B~HCRHT8nbHOi% TCXHHKH 
H aBToMaTH3aUHH OlUlli. 

RpenpMHT 0lhte,QHH8HHOro HHCTHTYT8 QepHWX HCCJie,IIOBaHHI, .QyCSHa 1985 

M'lihle K.,l§ujan i.l 
ES-85-49 

Linear Func t ional Relationship: 
Some Approxi mate Estimates 

A class of approximate estimates of a linear functional 
relationship is proposed based on an approximate maximum 
likelihood method. The properties of estimates suggested by 
computer simulations are discussed in detail, and relations 
to maximum likelihood, least squares, and regression estimates 
are described. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research . Dubna 1985 


