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1 . Introduotion 

We oonsider t he system of ozdinary dif ferential equati ons with 
complex variables 

w ' - cLww' = f rE/ tV) (1 .1 )- J!I!: • 

where So! E C Lil ten f rZ/il) is a holomozllhi o ye ctor 
-funcUon ill a. field W of t he complex ( z, w )-s:paoe. 

The classioal Cauohy t heorem says that for any i ni t ial val ue 
( Zo ,wo ) E W there exists a unique Cauohy problem sol ut ion 
whioh is holomorphic at the po int Z o /1 ,2/. On the t heorem's 
base one hav e devel oped the analytioal theory of d1fferent ial 
equati ons whioh has achieved oonsider abl e s uooesses . However for 
applioations of the analytical theory it is nec essary t o elaborate 
effeotive methods f or caloulation of the coeffioient s of Taylor 
serie s of Cauohy probl em solution. on t he ot her hand , the i dea of 
s t r aight calculati on of coefficient s of power s er ie s is the eff ec
tive method of apprOximat e i ntegrat i on of ordinary diff er ential 
ejuations and nowadays oauses exci te i nt erest among speoiali sts 
/ -1 0/ • The reasons of t he new ascent of the classi cal i dea are 
e oono~ of oomputer time, possibil ity t o oontro l the step and the 
apprOximat e order at every st ep and pos si bili t y to get analyt ioal 
expressions f or qualitative i nvesti gation. 

In thi s paper the Univ ersal method of exp ansion of Cauchy 

probl em sol utions of sys tem (1 .1) i s elabora t ed . Tbe me t hod haa 

no the known diff10ul ty oonne ct ed with calculat10n of parti al 

derlvativ Cl s of h1gh ordsl's of f unction f • The method i s used 

al so f or e~anei on 1nto p owe~ ser1ea of Cauchy problem solut ion 

of the aoalar di fferential equat 10n of the t ype 


enl r1 ( In_il IK 
l <) = S' Z , r,v ,W(LI"..) ) / W ' _ d~ 

( 1. 2)- dz'" 
where g 18 an analytioal equat10n for 13 and every der1vat 1ve 

w"o ( " =: 0,1, • •• , n _ l ) 1n a field Q C Ci, n. 




The method of expansion into power series is part1cularly 
effect1ve 1n t he case s when the right part of a differential equation 
i s an ent1.re function. In particular we shall oonsider the s7stem 

of ordinarY dif fer ent i al equatione with real variables 

' ft.) do::I;$. '" (,X , .x "'Tt ' ( 1 .)) 

where f( t ,X)is a r eul vecto1'-f\Ulction being defined f or alJ. t ER 
X E Rn and suoh that there is 1ts analTtioal oontinuation 
whloh is an entire funotion in the complex (Z,t.) ) -spaoe • The 
expansion algor1thm of the derivative s of nows generated b.T 
system (1.)) ( or Jaoobi matrioes of global 801ut10na) into poyer 
series 1s el aborated. This shows the other advantage of the expan
sion method into power se~ies, beoause the now's deriTative is 
the most important oharaoter in the modern theory of qualitat1ve 
investigation of differential equat'ions /11,12/ • 

For a1mpl1fioation of the text ..e })ropose that zo= o l to =0) • 

All the resulte are easily transferred for the oase of an arbitra
ry Talue Zo llol • The operation of matrioes transp031t10n will 

be denoted by T 
2. Expansi on of Cau~ Problem Solution into POwer Ssries 

In general t he Teotor-funotion f (2 , w ) being holomorphlo 

in the field W can be presented i n the neighbourhood of 

eTery point of the tield by the veotor of oonvergent power series 


o ~ " r"1,,, . ,.tK7,.(Z,w) -=fr (~h L. L.- 1... (2)0",,1. .. t.)o/K (rd, ., 11 ) (2.1) 

K ~ i <Xl =.1,.: '. n 


el K .: i , . "' n 

where 

C>c> 00 

l , .. ,ett( Q!J., . . ,->1 1< rnL
fo(z, =: IfO ~m t ( 2.J ::: f Zr I'm r .J rmmo o ,." ,, 0 

oFor the initi al oondition C(Jro) = W we ;tind the solUtion 

in the form 


00 ()O "" T 
(f) ('\' {m '" r m '\' II m)
rC£J = L.., Crn~ I'" LCm. z , ·.L Cm £ (2.2) 

111 = 0 1)1= 0 111 " 0 

Theorem: Suppose the Tector-funotion f (z tv) ie holo

morphio i n the ne.1pbourhood of point (O,WO ) f W and presented 


:2 

by the f orm (2.1). Then the ooefficient s of expansi on of Cauchy 

problem solution i nto seri es (2.2) sat isfy the following recurrent 

equation 


'" o<t,. .,00K ell Oil<. )\C~' I =mi.! ( f~m + I L frso Cst ' .. CSK
K = { 0(1 = i , . .. , n. 

«K=. i " . 'J n ( 2 . J ) 
SO.S j ... · .. SK=/n 

... 0
SO, Si, . " , SK N=:jO, i,. .. \ , Co = u\ I r= f,.. ,n , n1=O, l, Z, . 

Proof. BT ind uction on m i t i s easy t o sholli' t hat m-deriva
tivee of ~(Z) sati sf y the f ollowing recurrent equat i on 

epfm+iJ _ ( fO ,\cm) ~ m ' (r rll,. ..~" .\(SO ) (SI) ( 5K) 


r - ' r ('Z.J; 1 L., z SO' Sl'~ lr (Zv <foi l " Cf "'~ 

Kd 0<1:: i , .. n 


!"( K = 1, . , / n 

~ o . 51.· ··f SK ~ m. 

It fol l ows (2.3). Theorem 1 i s proved. 
In the particular ca se when the vector-function t i s independent 

of E ,i. e. , W i -= few) ,it oan be pr e sented by t he fo rm 

00 
a<X l ,. " 01."f ((v) ::: a + ~ L ( 2. 4)( ' = i , ... , n) , 

1' = 1 o.: 1 : J/"o , n 
t r ~ W"' t · ·· W"K 

DC. K. : I , . . J n 

0((, .. " c(K 

where a ~ , Eo CQ r 
Then we have 

Corollary 1 . Suppose the vector-funotion f i s indepenop.nt of Z 
and i s presented by the form (2.4) . Then t he coeffi oient s of expan
sion of Cauch7 probl em solution into series (2.2) sati a!y the 
f ollowing recurrent equati on 

,.. 
0<'"cf' l,. ,"" C"" 

Cmt{ m.t r Sl . CSI<.f L 
" =1 c(1 : 1 , . , n 

('1(K; t , J h 

St .. ··· .. SK=m 

Sf , ", SK EO N ('r' '" W O ('1'" =: f (W O ) , m= 1. 2, 
I "-0 r ' r 

:t 
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'rhe right .Part of equation (1 . 2) being analTti oal in the 

neighbourhood of an inttial oondit1 on oan be pre sent ed i n the 

neighbourhood by the convergent power aeries 


"'" '\' a'd,.. ,0<" , if{l ) (oIlC )N5(2., WIll, . ..,(.U(11, LL> ) .:: 9 (£. ) T L-" G ( 2-) ,-,-" . . (.0 , 

I{= 1 0(1 =0, 1, ", n - 1 
(2.5) 

o( K=O, t, . . '/n - ! 

where 
00> 	 00 

m a "<I,. a0i1 ,. .., 0( 1< S?; ITI~ ( 2,) = 2:, q ",, 2 " ( 2: ) == 2.: 
Inm, o m . o 

The Cauchy pr obl em solution of equation (1. 2) 1s f ound in the 
f orm 

"'" 
m'f( ~J =- L em 2.	 (2.6) 

m ::. O 

'rheorem 2. Suppose the funo t i on g( 2 ,{i) ( n -j~ .. . ,wCiI,w) 

i s holomorphi o i n t he neighbourhood of initi al condi t ion 

( n · iJ , 11 


( °''''0 "Wo 1''>0 ) E Q and pr e sented by the fo rm (2.5). ~en the 
ooef fioients of expansion of Cauchy problem solUtion into series 
( 2.6) oan be 	defined by the follow'ung recurrent equation 

"" 	 K o(i
C i ( " \' « i , .. , 0{1( n n . C 
fTHn: 9m T L.. L., Q so (St t J ) "'i+~r- C" I<.+ ,1< )


tm . i). . . (m. n) Kd 0( 1 =0, 1, .., Il - 1 '= t jd 

(2.7)oIl o! 0 

"- I< =0, 1, . " Il -J 

50+Sjt·· · .. SK = m 

• _ I ( i ) . i I ll - I ) 
Co::Wo/ 	c1 - ~ wo ,. ··,en . J =-- Wo , m oO/ l,Z, ... 

, ( n - I) 1 

Proof. Dr i nduotion on m it is eaS3' to prove t hat (m+n)
derivatives of sol ution <f(e) can be found by the following 
reourrent equation 

(o(mHl.) ( m ) '" "" '\' m ) l <d" "'I' )' SO)('J') (0/1+ Si ) (o/", . SI< ) • 

T = a ( z)-. L. (e) '1' ' L SO! S1' , SK.! a , ,1(,, 1 
-<h O, l , " n --J 

"'x."O,J/ ., n - ! 

SO .. S1 t ··· SI\= m 

It foll ows (2.7). Theorem 2 is proved. 
Lower we consider some typical examples. 

Example 1. Ko st1tzin equation /lJ/ 

w~ : -'\{..)! + JWt",\! 

ci>~ ~ rw~ - ~ w 1wz ' 

The coef f ioients of Taylor series (2.2) of i ts Cauchy prublem 
solution a~e determined by the following 

I ~ 
C:o "01 (0) / CO =wz( O) ~ 

m 

I i ( _ I '" I 2
(m.t ~-- - ALrn +t L CsC m_ )sm.. t S~O 

2 i ( 2 ~ j 2 )

Cm+ ! =--- tt( e m -J L Ls Cm_s 


m+ / I S=O 


kample 2. The mathemati cal pendulum 

(2) ~ K W ZK i j
W = sin e.) =-L(- il _ _ _ 

I<,zj (2Kt Il' 
The ooefficient s of Taylor seri ee ( 2.6) are defined so 

(~)C0 =0(0) , Ct ",W (D) 

OCI 

l- OK 

m
 L 1< 1< .. 1) , CS1 " CSIZK +1) 

C ." -= - cm- l)(T)h l) ti S l . . .. +S(2 /( +1) ~ m 

m=0,1,2, .. ,. 

Example J. Second Painleve equation 

cu ( ~)" 2 (.)3 . z w .. 0{ 

C1 
Ii) 

ClCo :: w (Q) , -= W ( 0) , = 2 (,) 3(0) +--< 

ern H == 1 (CIII _ j ... 2 I, CSt C LS 3 ) sz 
(m+i)( 1)1.+2) 51 + S2 .. 53 = m 

In = i/~"" 

Example 4. 	 Van der Pol equaUon 

W (2 ) == ( << _l'z,c..,2 ) w eJ) _f 2 w + ~f(OS2 

r _ 1. 1. ! H) ml z 
'"'In+z - (-! em ,~ al.Crn H - L t CS 1CSl.CS~ + q(mJ.y1l -- )

Im +i)( mtl) 	 I J m '. 
Si+SI... S, : m 

'I 	
if' m is even, 

qtm) = t~ 1:f n-, :l.a odd 
! 

Lo=W (O ) I ( 1. == C..0u'J(O,) m=O, l , 2, 

4
5 
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So the given above algorithme are highly simpl e and on pri nci p
le they have no any difficulty in their ~ealization. However, f rom 
the practical paint of vi ew t hey are effective on t he whole in the 
cases when the r i ght part of differential equation is t he pol y
nomial of independent variab~e s (examples 1,J and 4) or enough 
quiCkly cover gent seri es (example 2). I n the last case t he 1nfi nit e 
ser ie s can be r epla ced by a polynomial . The coeffici ent e of pol y
nomial can be infinit e .Beries and the;y do not lead to t he 1uf:ln1te 

sum i n cal culatton at coeff i oient s of t he sol ution. 
Practi cal calculat i on has sh own t hat the method of expansi on 

into power ser ies ha s the great advantage f or t he rat e of cal cula
tion as compared wi t h t he others at l ea st in the f ollowi ng cases ; 
a) the linear system s wit h polynomial s co ef fi Cients, b) t he s.ys t em 
with a bil inear ( quadr ati o) r i ght part and c) pol ynomial syst ems 
with small paraJlleters of the nonline ar part . For suoh system cal cu
lation of solutions i s not more oomplioat ed then calculation of the 
exponent i al. 

J . Expansion of Flow's Derivat i ve i nto Power Serie s 

The right part of equation (l . J) can be analyt ioal1y conti nued 
on all the compl ex ( !i!! , w ) - spaoe and its analyti o continuation 
is an ent i re f unction. 'l'heref ore the f unction f a ,X) can be 
also presented by the f orm ( 2.1) wi th the unique differenoe such 

t hat the complex variable Z will be repl aced by the real 
variabl e t when the question is a real solution. 

For ever y point X on compact manif old 111 eRn it s t angent 
spaoe will be denoted by Tx ( "'1) , t h e der i vative of a fl ow 
IV. M 	 M by Dlf' 111 ,1211, - - - { • 

Theorem J. Suppo se f (l ,X) sati sfies the abov e condi t ion and 
Cpt M_ M i s a flow on compact man:l.fo1d ~~C Rn Benerated by 
system (l . J). Then fo r ev ery XEM we have the following s t ate
ments: 

1) The moti on Cft(X ) pa ssing through point It oan be 
present ed by t he veo t or of seri es 

"" "" 
I 
" r 	 en " en +"' )1' ( J o1)Cp (X J= ( L Ci 

l l:l t "l L 
Do> 

C,n fXl I .l L . m( ':t} 
t "" m =o mo o 111 = 0 

which absol utel ,. oonverge s f or all t. t' R , where t he coe.f ! ioi entll 
are f ound by reourrent equation (2. )) wi th t he inihill value s 
c~ =x. r (r ~i , . . ,n) , 

(, 

2) For ever,. tE R t h e der1vative D Cft (x) . Tx.( M)--- ' J( M), 
1.j =Cf (X.) oan be presented by t he matr1x of ser ies 
a -t "'" 

D Cfi {XJ = 2:: clm{ m , 

m oo jlTl


where matrioes of oo effioients c. (m.0,1,2, ••• ) are det ermined 
by t he f oll owing reourrent equaticn 

tHt _ _ 1 _ ~ '\' cd"o(r; \' it (co(h)-J [" I .. ( '''' 
(3.V~r - m +t 	~ L, frs o L . Jsh sit 51 · 51< 


K=i 01 1 =. 1,. ·. f '" hd, .. , k 


ex" =i , . , n 

50 . st + · .... SK= m 

t =1CidenUty matnx). 
Proof. The right part of system (1.3) i s an entire funotion 

in the oompl ex (2:,«» spaoe. ~erefore by theorem 1 mo t ion 'ft (.l:J 

oan be presented by the veotcr of seri es (J.l) which absolutely 
converges in a some interval ( -h, n , 6> 0 • 'l'hen vector of 
seri es (,.1) also converges at the p01nts :!" 6 , beoause t he motion 
~~(~) is bounded. Further the o~tion of continuat 1on of 
l1Ioti on <f{ ( x ) f ollows that (J.1) al so absolut el y conver ges i n t he 
interval ( - b- ~ I b~ £ ) for SOlDe E >0 , consequent ly in all t he 
r eal axis. F1nallT, direct caloulation of J acobi matrix of vector 

of. series ( ) . l ) at poi nt oX g1vse equation (). 2). Theorem) 

1s proved. 


lor axample we oonsider the b1linear system 


,x '=Ax + .B (oX,x) 

AEo Rnxn, l),.(,x, X J =: 2: ~f X :r ( rj" E R) r=i. . . ,n. ,. ~ f' r . 

Y'f<L, n 
The ~lor ooeffioients of the motion 'f({J are defined by t he 

fomula 


crn 'l ::.~it i (ACm +f( Cs,cm_s l), J,..( Cs, Cm_s ) = Z ~~<C~_ f 
1,1'=1,. ,n 

S :- o~ it ., rn 


Then the ~aTlor ooeff10ients of der1vat1ve D'fllX) 1s found by' 


t he f ollowing 

1\ 

. + dnlldm
+ ;: __ f _ ( "A d": ~ .L B~f' ((Is ell S (~ Ii' 

01~r m.. i f--- r.r 1 '/ _ r JV m. ~ Jf s J 
0.. ;= 1 'f - 1, . .. , n 


S o 0,1, .. , m 
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Thus the algorithm of calculation of the coefficients of 
flow's derivative i s also simpl e . Fo r exampl e , for calculation 
of 200 first coefficient s of the solution and tn e derivative of the 
corresponding fl ow of Ko s ti tzi n equation ( example 1) by EC 1 06 0 
only one minute has been spended . 

I n 	oonclusi on aut hor expresses hi s sinoere gratitude to Pr of . 
N. N. Govorun for permanent at t ent ion to the wor k and Pr of. E.P.Zhid
kov for di scussion of resul ts. 
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By 	Cy aH MI1Hb E5-85- 456 
o 	pa3JIO)I(eHHH p e w emnl 0 6 b1KHOB elfHblx 

AHlP¢epe~Ha)lbHbJX y p w m e RHii B c ,{, e neHHbJe PRAhl 

Ll aJO 'r CH p e Kypp e H1'Hble 410PMYJIbI nOCJ1ep;OB OT eJ1 b HOrO BbltJ:HCJleHHB. 

K0341$ Hl\HeHTOB Te j:uIOp a p e l!leHHlf 3 a,[\a'lli KOlDn )J;J1H 0 6 bIKHoBeHHbIX 

,IJ;Hl!xPe p eHl\HaIlbHblX y paB He HHH C aHaJIn TH'leCKOH n p aB oH tJ:a c'rbJO. Lla e T 

CH TaKlKe P CKY PPCII 'rH<l fl ¢ o p "IYJI a p a 3JIOl!te J{l-Ifi B c. T e n e HHble PHAbI 

npoH3BoAIILIX n OT o K o H. [Jopo"(,IJ,aeMblx 3 THMli ypaBHe HHJlMI1 . 

P a 60Tcl BbtnOJIHe Ha B fla 6 0paTopHI! BbI 'lI1 CJII1TeJ1bHOH 're X HI1KI1 

H a B 'rOl'l a T If3<l1\1JI1 mum. 

npenpHHT OObeA"HeHHO ro HHCTHTYT8 ' AepHYX Hccn~oBaKKA . nyoH8 1985 

Vu Xuan Minh E5-8 5- 456 
On Expans ion o f So l u tions of Ordi nar y 
Di f feren t a l Equations into Power Ser i e s 

The r e curr ent f o rmu lae o f success ive calculatton of Tay
l o r coeff ic i en t s of Cauchy problem sol utions for:- Clrdiuc.ry I 
different a l e quati ons with a nalyti,cal righ t part arc obta i ned . 

For the flows genera t ed by the eguations t hi! recurrent for 

mula of expansion of th~ir ocr i vntivcsinto flOWlH- se r ies i s 

e laborated too . 


lwcn [wr-furtlled Ilt Lhe Luhora t ory 

of Cumpulilll' ion, .n NIt. 
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