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We consid e r t h e sy s t em o f o r d i n a r y differential e qu a t i on s 

~ ....., -J-" 
--- = Ax + B(x , x ) , i l ) 
dt \ 

Rn Rnxn where x ~ ,A ~ , t ~ R , D(X',x') i s a vec to r - c o l umn of n 
qu adra tic f orms 

( -> -> v i j 
( B i j RB r X , X) ~ . :- " a ; Xi X j r 

~ 
• r i - t .. .. .n ) , ( 2 ) 

i s, J 

i , j ~ 1•.. . •n 

The d yn ami c a l s y s t em gen e r a t ed by t he eq ua tio n ( I ) i s cal l ed 
bil i ne a r. H:l IlY no n l i nea r evo l u t i o n equ a tion s i n hyd rod ynami c s 
(d i s s i pa t i v c d yna mi c a l s yst e ms ) "1- 3 '. non l ine a r op t ic s ' 4 ' , bi o 
s ph e r e "5.'. mn t.hcma t i c a l b i o phy si c s "6 ,7 ' , a nd smoo t h co n t r o l b i l i
ne a r dyn a m i c n l s y s tem '8 ' b e lo ng t o t h e cl a s s o f h ili n ea r d yna -: 
mi c a 1 sys I etus • 

Tn t hi s pn pc r t he c r i te r io ns o f t he s tab i l i ty o f t he mo t io n s 
of s ys t e m ( I ) . o r b i t s of whi c h a re fo u nd in a bounded par t o f 
th e Sp:I('I ' 11. ". a n ' d e f in ed . Su c h mot i on s a re c a l le d s tead y b y 
La g r ange ' 9 ' . \~ l' wi 1 1 mark t h e o pe r a t i o n of transposi ti on in T . 

Le lluna _ _ Le-t et>( t) be a mo t i o n o f s y s t em (I) steady b y La g . 1, 
range . The il i t c a n b e. a na l y t i c ally co n t i nu e d on all ~lip compl e x 
p l a no, i . l' . . ,/, (z ) , whe r e z "'" C. i s a n e n t i r e function. 

Ti ll ' 1'1'" ,, 1 (I f l ernrn a I u s e s Ca u chy th eorem for d i f f e r c n t i a l 
e qua t i on s wi t Ii corn pl e x v a r i a b l e a nd Abe l theorem about th e con
v o r gunry (I f p'\\'/l'r se r ies . 

L<" mlll;l '). I. I.'l <;be t) be a mot i on o f sys t em ( I ) s t ead y b y Lar- 
r a u g r- , TIIl ' Il . i l l i t s d e r iv at ive s s a t i s f y th e fo ll owin g recu rr e n t 
e qu a t i 011 

q.,( III ) _ d lllet>c,6 ( nH I )" A <b( '" l , f3( c,6 (k ),q.,(m-k ». k 1.... .rn , 

lit '" 

wh c-r c 

n ( <I) ( k l . </} III - I:) ) III ( <b\k l . ,j, l lll- k ) l . .. .. I i ( ,j,( k ) </. ( III- k » •.. . • 
I f ' 

{3n(rfP,> q., ( no-k~ (~ · 

,.. IT 

fJ lJ !13ll 

r ;{A 



. . m
f3 (<;,>( k! eblm.-k ) ) B~.J ~ ml eb (k ) eb (m- k) . ~ r 1:S j	 k=O k! (rn-k)! I j 

i . j " . 1 . , I ... 

Lemma 2 i s p roved b y induc tion o n m. 
Fo r arb i tra r y poi n t o f t h e p ha se spac e eb ~ we cons t r u c t Rn 

t he vec to r of s e r ies 0 

~ 1 m ~ fIJI "'? n rn T 
S et) - [m;:;-oCm t .···.n: OC m t •••.• '":0C III t ] • (3 ) 

whe r e the c oeff i c i e n t s a r e d e t ermi n ed by the f o l l owi.ng r e curr e nt 
e qu at ion 

C 1111 1	 __1_ - ( AC , {3 (C , C k», k ~ l, ... •m ~4 )kmi 1 111 m-

C =,( C 1 • •••• C f 
.... , C n J TC . cl>o' m m m IJI 

{3 (C k • C m-k 
T

I {3 1(Ck . C m- Il ) . . .. . e, (Ck .C m- k ) ... . . {~I (Ck. Cm_k ) J. 

{3 
r 

(C
k 

, C
m _ 

k 
) ~ n Ij C i 

. . r k
IS J 

c ' 
m- k 

~5 ) 

L j " 1 m 

k> 0 1 . rn 

\·Ji t h t h e he l p of l emmas J a nd 2 we hav e t he f o l l owi ng st a t e
men i. 

Th e o r e m I. Let eb (0 be a motion o f syst ems ( 1) pass i n g t hr ou gh 
t h e po i n t ch ;.. Rn a t t he momen t t =0 . If i t i s s teady b y La g r a ng e , 
t hen f o r ;'I nOy t ';:' R v e c to r o f se ri es 0 ) a b s o lute l y c o nv e r ges . Be
s i d e s eb ( t) ~ S ( t ) . 

Let Dm ~ m = 0 , 1, 2, . . . ) be a sequ e nc e o f t he (n x n) - ma t r i c e s 
d e fi ned i n t he f o l Lowi ng 

n I	 i
DO = A 'I. Ao . (A 0) rk	 (6) j; 1 drk C o 

11 .	 . 

( Dm) rk .. :£ d;k C;n • (7) 
I d 

-. [	 ] T dy	 '-' ( l Dmtm ) , s » Y • •••• Y ... .. y • ( 8 ) 
dt	 m~.O 1 r D 

where	 the matri c e s of c o e f f i cient s D m ( m= 0 , 1 , 2 ' 00 ' ) a r e d et e r 

mi ned by (6 ) a nd (7) . Be s id e s the ma t r i x ( ~ D t m) i s bound en 

) 

m
Le mma 3 i s prov ed by the d i r e c t ca l c u lg'tion o f t he f i r st 

vari a t i o n of s yst em ~ l ) . 

By indu c t i o n on k it i s ea s i l y t o rec e i v e the f o l lowin g 

" ( '<I (k - l 'l ec m! Il1-S ... (k -1 - s ) " ( k ) d\" y k) = ~ ~-- ( ~ - - D t )y • y (9) 
S 0 s '(k -1-s )! m-o (m- s ) t !" dt k 

Le t 
k 

eb ( t ) .. ~ a t ( 10 ) k - U k 

be a ma t r ix o f s e ri es t he c o c f f i r i cn t s o f wh ich a r c d e te r mi ned 
wi t h the h e l p of t he r ec u rrent e qua t i on 

k~ 1 

Gk ,~ k1	 ~ n, G k- .l - s Go - I ( i d e n t i t y mat r ix) . ~ J I ) 
s=o 

fo l l owi n g f r om t heorem 1, l emma 3 , e xpr e s s i on ~ 9 ) and t he 
in t e gral r epr e s e n t a ti on of t he s o l u t ion o f sy st em (8 ) we hav e 

Th eo r em 2 . Let eb (~ be a mot i on of s yst em ~ I ) pa ssing throu ~h 

the po i n t ebo ~ R D a t t he mome n t t ~, o i s s t e a d y b y La gr ange . The n 
we ha v e the foll owi ng st a t eme n t s : 

I) Ma t r i x o f p owe r se r i e s (10) a b s o l u t e ly c onv e r g e s f o r 
a ny t ... R ; 

2 ) <b et) i s s t eady by Lyapunov if a nd o n l y i f c/> (t ) is a bound ed 
f u n c t i on ; 

3) eb(t) i s a s ymp t o t i c a ll y s tea dy i f a nd o n l y i f l,~ ( t. ) t ends to 
ze ro whe n t • DO ; 

4 ) If v e c to r of se r i es [S(t) - Co ] ha s a l t ho u gh o ne r o o t , th en 
t he o r b i t o f .p(t ) i s a s ymp to t i c s t e ad y i f a nd o n ly i f n- 1 c ha

r a c t e r i s t i c roots of ma t r i x 

Q = _1_ In t/J (t " )
 
t "
 

I
 
have n e g.u iV L' (t' a l part s , whe r e t * i s a ny i t s r oot.
 

Tn co nc l u s i o n .iu t ho r I ' X P rt'~ : S ( ' S h i s s i n c e re ' g r,1 tit ud c t o 
Pro f. N. N . r: n Vll n l l l I o r ]ll' rllla ' li' nl ill l CIH i n n tn t il.. wo r k . 

wher e d I I3 ik ( i ~ k ) . d 
k 

_ 2 Bkk ( ' =k ) d i ., B kI ( i :-> k ) • c '	 rk ~ r 1 •r k r	 rk r 

Lemma 3 . Le t eb (t) be a mot i o n o f sys t em ~ I) . pa ss i n g t hr ou g h 
- -	 - - n

the poi nt ¢ o .". R a t t he momen t t '" O. Th e n t h e fi r s t v a ria tio n 
o f s ys t em (I ) , r el at i ve t o eb (0 . ha s the fo r m 
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