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I . INTRODUCTION 

The dead t i me , B. o f t he coun ter wi t h pro l ong ing dead time 
is defi ne d as the t i me period duri ng t ha t a t l ea s t one impulse 
of the part i cl e i s present. It i s produce d a fter re g i s t ra t i on 
of a ll impu l s e s o f emit t ed partic l es. The id le pe r i od , 1. o f 
the coun ter i s de fi ne d as t he time per i od dur i ng t ha t the coun 
t e r i s id le. The cyc le, C. is t he t ime pe ri od he t we en t wo suc
cessive registered particles . It is clear t hat t he cycle i s the 
s um o f the dead t ime a nd t he s uc ces s i ve i dl e pe ri od. 

TIle dead t i me d istr ibut ion is known onl y i n speci a l ca s es. 
Takacs /12.13/has derived i t [ o r t he ca s e of n Po i sson homoge
neous i nput process of emi tted part icles. Some limit proper 
ties, in language of M /G /~ queue , may be fou nd in ' l l The dis 
tri bution o[ t he cycle or its Lap lace transfo rm were obtained 
for non- modi f i ed co unte r in /6. 10.1I, 14/. The jo i n t Laplace t r a ns 
form of th e cy cle and t he number, I' . of pa r t i c l e s ar r ived a t 
t he coun ter du r i ng the dead time , f or the mod if i ed coun te r, 
's i n /8~ The j o int d i s t ri but ion of t he dead time a nd t he suc 
cessive i d l e pe ri od i s known onl y f or a di s cre te mod if i ed co un 
ter/ 5. 7.9/ . 

I n t he presen t note we der i ve a n i n t egr a l e qua t ion for t he 
join t d i s tr i buti on o f the dea d t ime and t he s uccess i ve id le 
pe r i od f or the modi fi ed cou nter w i t h pr ol ong ing dead t i me . The 
asympt o ti c ex ponen tia l law of t he dead t i me of t he coun te r of 
order m with the Poisson homogeneous i nput process is proved. 
We i nt r oduce c la sses of t - r ec u r r e nt an d I - s emi r e cu r r en t ~ve nts 

a nd ap pl y them to t he co unter t heory . 

2. PRE LIMINARIES 

\~e s uppose t ha t t he counter i s i dle be f ore th e registrati on 
process . The modi f i ed coun t er wi t h pro l onging dead time is 
a co un ter [or whic h t he fir s t dead t i me i s produced by sequences 
of impulses, Ix 1; =1 ,and in te r a rriva l t i mes , ITn 1';;'",1 . lx l';,. 1 n
are assumed to nbe i ndependen t pos i t i ve random variables with 
the d i s t ri bu t i on f unct i ons 

1-1 (t) = P ( X < t ), n > I (2 . I ) 
n n 
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The sequence Ix 1-- 1 is Independen t of IT I ":.. 1 . whe re T =. 1
r 1) = II 1, - n n + 

- Tn • n > L and r tOO 0 i s a s equence o I t he arrival moment s - n o x 
with 0 =~o < T < ... . We a s sume tha t ITnl: = l is a s equen c e o f 
posi t i vQ r a nJ om v ar i a bl e s with the d i s t r i bution f unc t ions 

F (t) '" P (T < t). n ,- I (2 . 2) 
n n -

More ove r , we as s ume that a1.1 su c ces s i v e d ead time a re r e sumed 
with tbe i nit i al c ond i ti on s , i ndependen t ly oE t he previ ous dea d 
Li me s. Th is mod ified coun t e r with p ro l ong i ng dead time wi ll be 
denoted by f = (F l , F2 • •• • : HI' H~•... ). Some of its b a si c p r ope rt ie s 
we r e es tab 1Lshed in , 8/ . 

For a g iven modified counter with p rolo nging de ad time 
(a modi fie d c oun t e r fo r sho r t ) , (" = (rl . F2 •.. ·; HI'H2.·.·~jt is c on 
ven i e n t to c ons i der [I seq uence o f mod ified coun te rs ,ll(k1 k= I ' 
whe r e 1(\ = (F'k' F k+ 1 . .. . ; IIk , lJ k-t I , ... ) . k;;: L. Suppo s e t ha t t he 

i r s t dead t i me o f any coun te r '(: • k> I . i s produced by se 
k I ec I kl"" I k - k k T
qu enc e s I>: .m d T . l ' w ie r e :v ~ X k ' . T = I . 1 . n.. n =l II 1\= • II . In -~ II r. ~ n -

Also we define t he dead t i me, t h e i d l e pe r i od , I k, theBk• 
cvc l e , Ck• and t h e numbe r , vk• o f the emi t r nd pa r t ic les arri 
ved a t t he counter duri ng the d ead time , [or any k » I . 

We ob ta i n an impo r tan t c las s o f modi f i ed cou:1 t e rs , named 
mod i fie d counters of orde r m,rn >l. if there i s an i n t ege r m 
suc h t ha t Fm ~ • • , IIm cJlD~+1 ~ • . . , and we wri te simpl y e •Fmi 1
If = (Fl • . . . ' Fm ; 1I 1•••• ,lI m) . It i s c l ear t ha t t he mod ifi e d 
c oun t e r of o r der I i ·; Lhe (non- mod i I i c d ) coun te r with p r o I ori 
gi n~ dead ti me. 

Le t u s put 

A It =: Ix < T I .. . I '1' • ~ < T I' . .. + T 
II It k kin- l ' k +- l It t . k +n-i 

(2.3) 
X' k 'I II_I<Tk lll_II, n -·1 . k> l. 

Then tA~: n2:1 .,k~ J I a re semire c urrent cvenls ' l21 that is , for 
a ny k a nd i n r e ge r s i J wi t h 

l:;' i < i < ... z.i ' n~l (2. 4) 
O 1 o 

we hav e 

k I i () k I- i o 
p eA k ... A k IA k peA .. . A I ) • ( 2 . 5) 

I I I n 10 t I - l o In - 0 

As ha s b ee~ p roved i n 8" for P k = (I ' k = n) we have• n
 
k
 p = P(Ak

) . 

11 - 1 (2.6)P k = p eAk ) 1 p eA Ii ) P k ~ j •
 
n II j'd J II -J
 

1 1 

n ~ 2.} 
2 

Fo r eve ry v we denote by f (z ) its gene rat i n g fu nc ti on, t ha t 
k k 

is. r (z) = ~ P kz n, [z I < 1 , k > I . 
k 11= 1 n - 

In o r de r to determine the joint Lapl a c e t ransf o rm , ¢k (s, z ) = 

- sC k vk . . , " 
= M(e "Z ) of the mod i f i ed c ou n te r '<\ (Fk • Fkfl''''; H k'a 

ec 

HI ' ''')' k > 1 . l et us put a (8) = r e- sxdF (x ) , H ;: O. The new 
k+ - k k 

c ounte r lt s =: ( F. S. F 8 1 , ... ; H H 1, ... 1, 8 > 0 , k >]. whe r e 
k ' k k + k, k + - 

F S(x) =: a
k

(8) - 1 r e-stdFk(t), determin e s t he i n t e ge r -va lued ran
k 0 

dom va r iab le v~ de fined a s the numb e r of emi tt ed particl es 
ar r i v e d a t t h e modi fied c oun te r f: du ri n g i t s de ad time . Le t 
u s pu t P ~ ( s) = P (v : = n}, n :2 t , k ~ 1. 8 ~ 0 . 

The o r em 2. 1. The j o int La p l n c e t r a ns f o rm o f t he mod if i e d 
coun t er 1(\ = (F • F + 1 , .. . ; Ilk ' II k l l " " ) ' k ::: I . i s g i ve n h y 

k k 

ec n - 1 k 
¢ ( s , z ) ~ 1 (\I a (s»zoP (s ), s » () 11. I -: I k . ] 2 . 7) 

k i =" 0 k+ i nII = 1 

Tn part i cu l a r , i f F = F r = F2 = .... th en 

¢ (s .z) =r S
(a (8) Z) . 5 >0 . Iz l < l . k > l . ( 2 . 8 ) 

k k - - 

whe r e r: i s the gene ra t i ng f unc t ion of v ~ a nd a( B) ~ a l (s ) 
= 8 2 (8) '" • .• • 

If M(T I) < "" . then 

M(C ) ~ M(T I) M (I\ ). ( 2 .9 )
k 

Proof. Si nc e C = T ~ ~ .. . +T k .we h ave 
k v 

k 

. - 8(t 1 + •.. + t ) II 
eJl (5. z ) ~ 1 r e II z dF (t ) ... dF (t ) " 

k n = I A k 1 k + II  n 
n 

x dH k(XI) .. · n- (x n) , dH k i 

where t he i n t e g r a ti on a r eD An h a s t he fo llowi ng fo r m 

(X 1 < t C. X l < t l " ( 2) (' " " : ... -I l lI _I)C l) 

( x 2 < t 2 ,.. . (
x " t 

n - I 11 -1 

3 
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(
 
~ l < t 1 + ... + t n )
 

X n < t n 

(here the s i gn " c " deno t e s t he c ompl emen t o f t he se t ment ioned 
i n	 t he pa r e n t h e s e s ).
 

The \va l d id en t i t y inpl i e s the mea n va l ue o f Ck . Q. E. D.
 
Us i ng t he one- t o- one c o rre s p onde nce be tw e en t he di s t r i bu 


ti on f un c t i on s a nd the i r La p lac e t r a n s f orm . we ma y as s ume . due
 
t o (2. 7) and (2.8) . that
 

V: (t) =P(C k < t o v k =i) . i > l . k > l	 ( 2 . 10 ) 

is	 kno wn . 

3.	 DEAD r I ME AND IDLE PERI OD 

The d e a d t ime a nd the i d le pe r i od a re . i n gene r a l , s toc h a s 
tica l l y de pe nd e nt random var i a b l e s . Th e e xc e pti on s a re , f o r 
e xa mp l e . i n t h e ca s e o f t he mod i f i e d count e r s wi t h t h e Po i s 
s on homoge n e o us inpu t proces s o f emi t t e d par t i c l e s . a n d t he 
c oun t e r s o f o r de r 1 with constant impuls e l e n g t h s . The j o i n t 
d is t r i bu tion of t h e de a d t i me a nd the s ucce s s i ve i d l e pe r i od 
o f the mo d i f ied c oun t e r i s k no wn on l y i n the c a se o f d is c re te 
mod i f i e d c oun t er /7 / . I n t he pre s en t par t we d e r i ve t he i n t e gra l 
e qua tion t o t he j o i n t d i s t ri bu t i on . Wk (z , u ) = P( Bk < z , J k< u ) . k ~::l , 

a nd t h e d i s t r i but i o n f unc t i o n Zk(z) = P(B k< z) , k .::l, r e s p e c ti 
v e ly , f or t he mod ifi ed c o un t e r f k = (Fk • Fk+1 .... ; Hk• H lt+ 1. .. . ) . 

\ole	 s h a ll s uppos e F (0 + ) = 0 , k ? 1 . 
k 

Theorem 3 . 1 . ( i ) Fo r a 11 z> O,u> O,k>l 

z Z z 
W (z. 1I) r (F k(y+u)-Fk(Y+ ))dHk(y) +

k	 
r r (W k+1(z-x.u) 

o	 0 x 
cc ec 

- Wk tl (y - X. 1I» dll k (y) dFk (x) + ~ I x 
r = 1 i l ••. •• i r. 1 r 

I - (3. I) 
z z y - x 1 I r 

x r r r (W (z - x - t, u ) - W (y - x - t, u) dV * ...* V (t) x 
o m r+ 1 rn r+ 1	 In I m r o x 

x dH (y) dF (x) , 
k k 

whe r e m 1= k+ l , rn, = m1+ i l, . · · . m 1 ~ m 4 i and t he s i gn - r ;> de 
n o t e s t h e convolut ion. r+ r r 

4 

( i i ) Fo r a 11 z > 0 a nd k 2:. 1 

z z z
 
Zk (z) = r (l - Fk (y+ » dHk(y) + r r (Z k + 1 (z - x ) 

o	 0 x 

e z z y-l!"" - Z k + 1 (y - x ) dH k (y) dFk (x) + I }; r r r x (3 .2 ) 
r e 1 11. .. .. l = 1 0 x o r 

i 1 i r
 x ( Zm (z - x - t ) - Z m (y-x-t»dV ..... V t) dll (y) dFk (x) ,
 m mr + 1	 r+ 1 1 r k 

wh e r e m 1 = k+ l . m2= m 1+ i 1 . ... . mr +1c m r + ir 

Pr oo f . Si n c e t he p r o of of 0 .\) i s a ua l ogo u s to t h a t of 
(3. 2 ) , t~e prove on l y (3 . 2 ) . The event IB < z ] i s th e un i on o f
 
two di s joi n t ev e n t s A 1 a n d A whe r e A l ~ 

k
II3 k < z , >: ~<T r· l a nd A 2
2•

= IB <1. ,)(k > T k j z
I< 1 - j .
 
Cl e a r l y p eA 1 ) = r (1- F

k 
(Y +») dH,( Y) :
 

o
 
Unde r t he c ond i t i on \0 < x T k<)( k = y <: z l - I3 say,
2 

1 - 1 

"" P( A 2 1I3) ~ P( y - x < Bk + 1 < Z - I ) + s P (C + C + ", + C <y -x < 
12 1-	 r ~ 1 J1. 1 1 I r 

< C/1 ~ .. . , C /1 .. B/1 < Z _. x) , 
- 1 r r -1 1 

where /1 1 = k .. I • 1-' 2 ~ I-' 1 + V , I • • •• ,1L r t 1 =Jl r + I-'v ' r 2:. I
 
Us i ng t h e Ha r k ov pr ope r t y 10 f t h e r a nd om va/i ab les /1 1 •. . . • 11 1
 

r t 
a nd ( 2 . 10 ) , we ha v e 

... cc 

P(A2 IB ) = P(y - x ~ B k + 1 < z - x ) + I ~ (C + ... t C < 
m 1 mr f c:: 1 i 1•· ·.. l = 1r 

< Y-X:SC rn + " ,+ C m +Bm < Z- lt , V =i 1.· · · . v ~ i r)
In rn1 r r + 1 1 r 

whi c h imp l i e s (3. 2).	 Q.E. D. 

Co r ol 1a r y 3. I . I. For the modi fied c oun ter of o r de r J . f e (F;H) , 
we ha v e 

I. Z Z y-x
 
W(z.u)" r (F'(y + u) - F'(y + » dH( y) t r r J (W(z-x - t.u ) 

o	 0 x 0 

(3 . 3 ) 
- W(y - x - t, u ) dN(t) dH(y) dF(x) . z ~O . u ~O, 

5 



- -

- - -

- - -

(4 .2 ) 

(¢ S (a (~» -¢kS j(a(~»)]j[l-a(;) + a(;) ¢ S(a(~»),'
whe r e N(0 i s t he renewa l f un c t ion of the cyc le , t hat i s, N(0 m +	 In 

"" m-k-l - = ~ G *n(t) , and O *n(t) i s the n-th convo lut ion of t he distri 
n = 0 l a( s) =[1 + ~ P~(8)a(B)j(¢ s(a(6) /¢\a (s» 

j =1 J m khu ti on f unction , G, of th e c ycle wi t h i tse lf . 

s - s - - 8 - 
- ¢ . (a (8»/ ¢ (a(s»)]/[U-a(s»/¢ (a ts) +a (s)Coro ll a r y 3 . 1.2 . For t he modi fi ed c ounter o f o rde r 2 ,f = k + J k k
 

(F, F *; H,H*),I.Je have
 

¢S (a (s» /¢kS(a (s» ) • 
mz	 z z y-x 

W(Z,II) ~ f (F(y +u) -F(y +))dH(y) + r r r (W* (z - x - t. u ) 
o	 a x a whe r e (3 .4 ) 

- W*( y - x - t, u ) dN* (t) dH( y) dF(x) , z > 0, U > 0 , 
¢S ( z) = 1 - ;: (P (Ak(s» _peAk (s») zn 

k n = 0 0 0 +1 

where w* is t he jo i n t d ist r i b u t ion of th e dead time a nd the 
kp eA o(s» ;; 1 . k.: 1 , and peA k(s» s uccess i ve idl e peri od, a nd N * i s the r enewa l func tion o f t h e n 

cycle f o r the mod i f i e d cou n te r 'f *= ( F * ; H * ) . 
c o r re s ponds to tha t o f t he ass oc i a ted coun te r f 8 . S > O . 

The p roo f wi ll be d i v i d e d i n t o four s tep s . k 

( I) Fi r s t of a l l we prove tha t , unde r o u r c o nd i t ions [ o r 4 .	 LIMIT PROPERTIES
 
any A >O, I¢ S ' ( l JI < OCI and lim ¢8' (1) = 0 , k = I, • . . • m . \-,1('
 

t h a t k A-- kIn t h i s par t we s ha ll d e al wi th the modi fi ed c ou n te r of o r 
der m, if = ( F , ... , F ; H 1 , ... , H m), wi th the homogeneous 

_ ¢ s " (1) ~ l (P (Ak (8» _ e -(A +s ) D ) • S '> 0 • Pois s on i np u t proc ess of emi t t e d pa r t ic l es with t he r ate A. In nk n ~ 1 
thi s case th e de ad time a nd the i dle p e r iod a re independen t "" where D = r ldH rJt) .Due to tha t and (i ), we have t hatr a ndom va r iab les and, more over, the idl e period distribut i on 

- , 0 -	 i s e x po ne n t i a l wi t h the same parameter A. 
00	 00l¢ s ( 1) ; < iff 1¢ 6 ' (1) 1 < cc iff. et c .• iff 14> 

s ' 
( 1) I --:: m
 

Th e o rem 4 . 1. Le t 'f = (F "", F; Ht> ••• , lI m> be a mod if i ed
 
1	 2 

In o r de r to p r ov e (I) it i s s u f f ic ie n t to s ho w t he same fo rc o u n t e r of orde r m wi t h ( i ) H (t) 2= ••• .? Hm(t), t ;:O; (ii) F(t)1 4>' (1 ) Et rh s ' (1) whe n s = O. Ind e e d , c/:> S ( c o r res po nd s t o </J 
m 1I\ A	 m m= 1_e-

A
: t >O; (iii) f t 2dH (1) <",,; ( iv) H (0+) = 0 . The n F' (t) = 1 - e - I , t -,O, where A = A(l + s / Ce AD - 1), and if A~ <Xl.-	 m In o t h e n \ ' '''. 

tlim P(BJM(B ) > t) = e - t > 0 • k ~ I ,.•.• rn ,	 (4. J) It is c l e a r thatk
A... "" 

1 _A I NO 

Pr oo f . According t o t h e a bov e note , He c onclude t hat M( D ) P(AI) A r II I ( t) e dt .r-, 

I ) - sB k -sck	 
k 

M(C k ) -l/ A, M(e ) =M{ e ) (,\ +s) /A, k = 1, ••• , m , Due t o 
ec tn-AI III n i 1e i t her (2 . 8 ) a nd ( 2 . 9 ) or ~! He ha v e P(A ) ~ A / n l ( [, I1 ( X) dx) e dt , n > 1 • 

n	 m- Be / M( B ) 
M(e k k ) = f S(a(s» , 

k 
y 

rh (z ) = 1 - A r exp(- A r (1 - zH (u» du)( l - H (y»dywhe r e 5 = s / (M(C k ) -I /A) . m	 In III 
o 0There f o r e 

00 

Since D '" r y (l- H (y»dy < 00. t h e int e gra l 
2 mk _ _ j- s B~ I M( B\. } - Ii _ m -k - l cc 0 Y	 YM(e . ' ) = a(s )(¢k (a (s ) + s P (8) a (s ) r (1 - H (y» exp(-A rU - zH (ul Ldu ) rII (u) dudyJj = 1 o In 0 m 0 In 

6 

note 

( 4.3) 

whe n 

( 4. 4) 

( 4. 5) 

7 



c o nv e r ge s un i f ormly in z i;; [ 0,1]. The r e f o re we may t ak e t he de 
r i va t i ve o f (4 .5 ) wi t h re s pe c t to z - l a nd ob t a i n 

2 ' ~	 y 
</J ' (z)	 = - A ( (I - H (y» exp (- A r n _ zH (u» du 

y 

o	 0 In r H (u) du dy .m	 m 
In 

o
Le t A >0 be a r b i t r a r y . Deno t e 

2 A Y
 
I l (A , A) = A ( l - Hm(y» e XP (-A (l - lI (U» du ) 

.v
 
m ( H m(u) du dy ,o	 0 o
 

1 (A • A)
2 </J ; l (1) - I ] (A, A ) , 

A 
I t is obv ious t hat I (A, A) < A2 e.zp(-A ( (1 - II (U» duD . He nc e , f o r 

2 - 0 m 2 
an a r b i t r ary « » 0 , t he r e i s 1\2 «( ,A) > 0 s o t ha t I (A, A) < (/ 4 
whe nev e r A > 11. «( , A) .	 2

2 

Us i n g t h e pe r - pa r t e s i ntegrat i on me t ho d we conc l ude 

I I(A ,A) = 13 (A . A) + I .p ,A ) tI (A . A) ,
 
5
 

whe r e 

A A
Ia (A. A) - A exp (- A ( (1 - H m(n» du) ( H m(n) du , 

o	 0 

1 (A, A A 
4 = exp (- A ( 1 - lI (u» du ) . 

mo
 
A y
 

I s(A, A) = A ( exp (- A ( 1 - H (U» du ) dy - 1 ,
 
o 0 m 

I t	 i s clear t ha t 

A
 
II (A .A) I < AA exp (-A ( U- II (u» du ) .


3 -	 In 
o 

He nc e t he r e i s 1\ 3«( ,A) > a s o that 113 (,\ . A) I<£14 whenever 
A> A a (f . A) . S im i l a rl y t he r e i s 11. «( , A) > ° s o t ha t 11 ( A . A) I < tl4 
when A > A 4 ({ , A) . 4	 4 

Th e c ond i t i o n lI n/ Ot) = 0 e ri t a i Is tha t , f o r a ny ( I > 0 , t he re 
i s A «(I) \~ i t h 1 - (1 < 1 - II (u) < .I when e v e r 0< u < A (, l. The r e -
f ore - m	 1 

A (t) 
A(( 1) 

A r -Au - A(1- ( ) j ' e	 " dy - 1 < I r. (A • A) < A ( e 1 dy _ 1 
o - "  o 

8 

a nd 

-AA({ 1 ) - AA(( 1 )
 
- e :: ls(A,A) ~ ( l - e ) / (I - ( ] l - 1 « / <l - ( 1 l .
 

Us i ng t h e i neq ua l i t y f/O -( 1) < 2(1 wh i c h ho l d s f or 0 «1 <1,/2 

we	 ge t Il s (A. A)I ;: max ( e-A(f 1 ) , 2 ( 1),
 

N O\~ , f o r a g i v e n ( 1) O . we ma y c hoo s e 11.
5

«( 1» 0 so t ha t
 
A 

e -A «( 1) < 2( 1 whene ve r A > A S«(1) ' From th is r e s t r i c t i on He ma y 
find ( 1 a nd A so t ha t ( 1 = d 8 a n d A . A (f / 8) . He nc e , i f 
A > max (t\ . «(.A(!/8» l j:h e n Icb ' (l)1 < 00 . 

2S IS 5 1	 TIl 

( II )	 From ( 4 . 4 ) we ha v e t ha t li m P( A; ) = O , and t he condit i o n 

( i )	 f ' 1 " k A-+ "" k +l1 o r the Th e o r e m t rnp i e s p eA 1 ) < p eA ), n > 1 , k _ 1..... m-l , 
n +	 - n 

and cons e q ue n t l y , P(A~ ) ~ p(A I~ _m+ i) ' n ;:: m. Therefore , t h i s, 
( 4 .3 ) a nd limrjJ'(l ) = 0 y ie l d li m r,b '; ( l ) - 0 ,k - I , ... , m. Henc e 

- , A-_ m A.."" 
6 

fim </J - (1) =0. k= l .... .m. 
,\ -eec k 

Th e th eo ry o f s emi r e c u r r e n t ev e n t s ' 3 1 e n t a i.ls t ha t 

li m p eAk ) , k = 1 ,... , m, 
n 

n · oo
 
ex i s ts and e qua l s , i n our c ase, e -A~ s o tha t
 

li m p eAk (s) = e - (A+ s ) D = p	 • s > O . 
8 n .• ec n 

It	 i s ev i de n t t ha t lim (l -. a (s » / p = s . whe r e P=P s f o r s = O . 
1.-+ 00 

(III ) Here we s how t ha t 

li m r,b~ (a (s» /p _ = 1. i = 1 ~ . . • m. (4 . 6 ) 
A-. oo s _ 

lole no t e t ha t , f o r any fi xed A > 0 , </J~ ( z) i s non-d e c r e a s i n g 
f unc t i o n f o r each 0 < Z < I. Us i ng t ha t and t he e lemen ta r y i ll
e ql:? l i t y e-:: 2 1- x , x~ O~ we obt a i n P

ii 
- q, ~ ( l) 5: </J f (a(S) S. 

< cb 
6 

(I -8/A). Due t o t he i ne qua li t y (I_x)" > l-nx, lx ' < I.1	 _ _ 

we	 ha ve , f o r s u ff i c i e n t l y la r g e ,\ > a . 
s - 00 _ i i 

1J (.1 - s / ,\ ):.,J - ~ () - s/ A )(P(A (a» - peA (s») ~ 
I " =0 n n 1- 1 

- "1;' 
= p -	 - s/'\ r,b I ( 1) . 

~ 

He nc e 

1 <	 6 (a (s» / p < 1 _ 8/A p: l S' (1) 1 - s / Ap-l r,b 5"(1)
 
i 1i 5 I
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Using (2.9) and 

m-k-l 
M(lI k ) = (¢~ ( l) - q,'(l) + 1 - ~ P \ ¢' (l) - ¢~ . (1)))/ P" 

m j = 1 J m + J 

we co ncl ud e that lims/Ap-I = s , so that (4.6) holds. 
A...cc 

(IV) Using (4.6) we have 

lim Qs(a(s») /¢ ~(a (s» = l . i.i =l , ... , m. 
A-.oo ) J 

Finall y, it i s e a sy to show that lim p./p _ = 1 • whi c h c omp
l e t el y prov es t he theorem. A...ce S Q.E .D. 

5 . t -S EHI RECURRENT EVENTS 

Th e notion o f s emu r e c u r r e n t e v e n ts ( s e e (2- 4) - (2.6)) pl a y s 
an i mpo r t a n t r o l e in t he cou n t e r t heory in d e t e rm i ning s ome o f 
ha s i c prope r t i e s of mod i fi ed coun t e rs wi t h p ro l o n g i n g dead t ime . 
He r e we pre s en t th e gene r a l i za t i o n o f thi s not i on t o t r-s emi-: 
r e c u r ren t e v en ts a nd t he n a pp l y t hem t o t he probl em o f deter
mina t i o n of t he j o i n t d i s t r i bu t io n o f lk a nd Ilk f or th e mod i 
f i ed c ou n t e r <:- k = (F'k · Fk ' l . .. . ; lIk . H k + 1. . .. ) . 

We s ay that a system o f e vent s I Ak (t) : n » 1. k > 1 • t (,.. [0 • .,.., )1 
n - i s t r-s e mi r e cu r r e n r if , f o r a l l k ·;· l. i n t e a o r s i , with 1 <i < i l ~ ' " 

- h J - lJ
 
< i , n > 1 , a n d t , ... , t .:: [0. 001. we have
 

n - 0 n 

k k k k -t l o k ~ j () 
P(A . (t I) ... A . (t ) I A . (t I ) ~ P(A. . ( t .) ' " A . . (t» . ( 5 . I ) 

11 I II n 10 ({ I I -I " I In-lin 

I f t he t - s em i r cc u r r e n t e ve n t s do n o t depe nd o f t he sup e r 
sc r i p t s k , th en th e y a r e c a l l e d t -re curr e n t c vo n t s , I t i s c l e a r , 
t ha t i f IA~(t): 0 ~ I, k::.: 1 , t ;: [ 0 ".,11 a r e t - s emi r e current e v c n t s , 

k
t h en IA (t) : n > 1 , k > 1\ a re semi r e curren t e ve n ts fo r a nv 
t ..: [ O. ~ ]. . - - 

I t i s si mpl e t o prov e that , f u r a n i n t e ge r - v alu e d r a nd om 
v a ri ab l e , " k (t) . t ;; [0, ,,,,], d e f ined v i a 

k - - 
P ( t) = P (lI (t) ~ n ) = P(A " . A I A o» . ( 5 . 2 ) n k I n- n 

whe r e Ai = A j( ",,), i = J"." n - l , we h a v e 

pk (t) = PtA \ t») . 
I I 

I f {An:n ~ll a re r e cur ren t e ven t s . t he n IA n(t) • An: ° 211 
a r e , f or any t ;: [0 "",], r e c u r r e n t e v e n t s wi t h delay . Fo r the de fi 
n i ti on of the r e current e v e n t.s with delay s e e, fo r e x amp l e / H, ! . 

In o r de r t o d e t e r mi ne Ujt (t,n) "" P(Ik < t, I' k ",n). n ~l, t >O,k.?l, 
fo r th e modi f i e d coun t e r 't k~ ( F I , F k .. l .... ; Ilk' Uk I"")' 
w~ i nt r oduc e t he f o l l uw i n g sy s t ~m o f f unc t i o n s IY; :+0 :- 1 . k > II 
Vi a 

YI ~O 
k 1 

I (5.4)k k k k
 
Y = max(Yn-I' x n_ I ) - T n_ 1 • n ~ 2 , j
n 

J 

k:
The interpre tati on of the fun c tionsly n > 1. k >ll is the 

n - 
fo llowi n g . Let 't k = (Fk • F k + 1 , .. ·; Hk,H k + 1 , ... ), k ~l.be 
a modi f i e d counte r. Denote by Ie; a c o un t e r wi th pro Long i n g d e ad 
time for that t he n-th emitted par ti cle, n ~ l, ha s the impul s e 
l ength X k • th e interarrival time afte r the n -th particle i s 
T k • a nd tH e con d i t ions aft er th e idl e peri od d o not r esume th e 

-i ; i t i a l conditi ons. Hence, if yk > O. then yk i s t he time period n- n 
starting at th e arrival moment o f the n-th particl e at th e 
coun te r :e ~ , k ~ 1 , and needed to f i n is h all impulses o f emi t t ed 
par ticles arrived be fo r e the a r r i v a l o f th e n-th particle. I f 
Y~ < 0 , then the n- th parti cl e b e gins the d e ad t i me a n d the 
prev i ous idl e period has the l ength - Y ~ . 

Th e similar f unc t ion s have been us ed in ! 2! to d etermi ne the 
n umb e r of c us tomers se r v e d dur ing the bus y peri od of a GI/GI/oo 
queue. 

Let us put 

k 
An(t) ",l x k <Tk + · ·· +Tk +n-l , Xk +l < T k+ l t ... + T kt n_ I· .. ·· 

(5. 5) 
I <: T k I ' - Y I, I < t I, II :> 1 • k ;-:. 1 , t :; [ 0 , 00] •Xk + 11 - ,. n- n+ 

Th e n IAk( t) : n > 1 , k > 1 . l '- I O. oo]l a r e t - scmirec u r r en t e v en t s 
n - 

a nd f o r Uk(t , n) we h av e 

Uk (t , n) = p :(t). n ~ 1 , t ~ 0 , k ~ l . ( 5.6 ) 

I In ord e r t o c a l cu l a t e ( 5 .6 ) we i n t r od uc e rnndom va r iab le s 
qk (x) , n > l , k > 1 , x > 0 • d e f i ne d as t h e n umbe r o f the pa r 
t f cl e s arrived a- t t h e c ou n t e r f ~ be f or e th e ar riva l o f the 
(ni l )- th pa r t i c l e who se i mp u l s e s are p r esent a t the c oun t er 

( 5 .3 ) a t t he mome n t x a f t e r t h e (n + 1)- .t h a r riva l mome n t . 
P k (t) = peA k(t) _ nil P(Ak)p k +~(t). f0> 2. Le t u s de f i ne, f o r x ~ O . - oc < Y < """ n ~ l k ~l ,n n 

)j =1 J n - J 

f nk(x. y) ~ p (ql: (x) = 0 , _ y k < y ) . 
n n ,. 1 ( 5 . 7) 

11 10 



,/, k l x) ~ p (qk(X) ~ O ) . 
n n (5 . 8 ) 

It. i s ev i d e n t t ha t 

peA k (t» = f k (0 • t ) ( 5. 9 ) 
" n 

:111 <1
 

q k (0) ~ 0 iff Y k < O. ( 5 . 10 )
 
n n+ 1
 

Fo r t he fu nc t i ons ~/k (x) we yi e ld
 
n 

k co 

n ( x) f ... f II k (t I I •• • 1 t n + x) Il k 1 1 (t 2 + .. . t t n I· X ) (5. I I ) 
o 0 

Hk lll_ l(t il t x ) d Fk ( t l ) ... n_ l ( t ), x ~ O .n:::l.k~ l.dFk l n 

Fo r f k(x.y) Wi ' hav o t i ll ' f'o l l ow i m ; r e c u r r e n t e q ua t i ons 
n
 

(II ( l t It) - II « l - y ) t » )el l" ( I) , if Y > - x ,
 
k k kfk (x, y) { ~f

1 ( 5 . I •. if v : - x .
 

Let n ow n >2. Th e n , f or .mv x > () • - "" Y< OG . :lIltJ k ::: 1
 

k 
f f ll_ l (l l lt , y - l ) lI k l n _ 1 (l - y ) d F k H l- t<') t (5. 13 ) 

o 
~ k
 

k
 
t f Vn_ 1(l .. x) (II H _ 1(1 , x) - Il k 1 n-l«I -y) I » ) d l~ 1," _I ( t) . f (x , y ) n

II o
 

i f y > - x ,
 

"'" k
f f 1 (t , x, Y - l ) H 1 (t f x) d ~' k l ( l ) . if y ::: - x , 

o 11- k I n - + n 

"" (00)

I t i s ea s y t o show t ha t i f ll! n1 n=l o r IFn t n: l a r e c on t i nu o u s 
f r orn ri gh t , t he n, [or y > O. we ha v e 

k "" "" 
r lU, y ) = f ... ( H (t . .. . + t ) H (t + . .. It ) 

Ii 0 0 k 1 n k + 1 2 11 

... II k I n-l (t n ) - Hk (t 1+ ••• + 1 n- y) H k + 1(t 2 + ... + t n- y ) (5. 14 

Th e orem 5. 1 . Th e j o i n t d i s t r i bu t i on , U «. n) ,o f t h e i d l e pe
ri od a n d t h e numbe r o f emit t e d p a r t i c l e s ~ n'i v ed at the counte r 
dur ing t h e d e a d t i me o f t he mod i f i e d c ou nte r 't k ~(F k ,F V · · · ; 
Il k ' II k + 1 , •• • ), k ~ l, i s g i v e n by (5 . 6 ) , wh e r e P ( A<n (t )~+l S c al 
cu l a t e d by (5 .9 ) us i ng t.he fn rmll !; lc f r olll ( 5 . 7 ) th r o ugh (5 . 14 ) . 

Remar k. Le t {' ~ ( I" ; II) h e a mn d i f i cd r oun t e r o f o r d er I . Pu t 

e- ¢ ('I.) I 2. (P (A~ (t» - p eA ~ + l (l» ) Z II , 
t 11 ", 0 

¢(z) = I - ~ (P (A ~ ) - P(A~ t1 »z n, 1'1.1 ~ 1 • t ~ 10 . 00 J • 
n = O 

wh e r e P (A~ ( t» '" P(A ~) ;: 1 . Then , f o r t h e ge ne r a t i ng f u n c tion 

f ('I.) = ! pl (t) z n , we ha v e 
t n= 1 n 

f ('I.) = z¢ ('1.) / (1 - 'I. + z ¢ (z» . ( 5 . 15 ) 
t t 

Pu t 

00OQ 

f H(t - t ) ... H( t + ••• + t -t) dF (t ) ...dF(t ) , t >0 .P = li m f 1 1 1 n n 
t n 0 o 

I f H or F i s c o n t i nuo u s, a n d P = P t I \ ~ O > 0 • t he n , due t o ( 'i . I 'i ) . 

( ') • 1/1 )P (1 < t) = 1 - P \ /P • 

ec 

M(I) = P- 1 rP t dt , M(ll ) ~ (M(T l ) - f Pt dt ) M(.' ). (') . 17) 
o o 

Example 5. 1. Let t' = (1 _ e-~ t ; H) . The n 

1 -A t 1 ) -At ni- 1 GO <to 11 ...\ •
P An(t» ( = (1 - e ) P(A = (1-8 )h I n! r « ( II( u )d ll) II ~lly . 

n o n 

and P (v = n, 1 < t ) = P (v = n) P(I <t) , so t ha t we o b tn i II I li t' klll\W Il 1' 1 ' ~ ; 11 1 t 

P{I < l) = 1 _ e -A t , 1 ~ 0 . 

Example 5 . 2 . Let f = (1"1. 1"2 , . .. ; 11 1 ' II !.! . . .. ) I" , :t Iilllll i l' i l'd 
c ou n t e r , whe re II n, n2: 1. is the d i s t r i ln u i ll il 11I 111' 1 i " ll " I t i l l ' 

cons tan l On which 0 < 0 
1
.$ 02~ . . . . T'ho n , r il l ; II I V II . k ...: 1 

nd t >0 . we ha v e 

k 
P (A (I» = F k 1 ( t I- 0 II 1 ) - F k 1 (II I k 1 I ) .n n+ - n+ . - II I · - 11 ... II (t - y» dF (t ) ... dF (t ) . n > 1 • k > 1.

k l n-l n k 1 k+ II - ] n
 

p k (t) = F (0 )-) .. , F (D \.)(F (t I J) ) -F (D
 I I » • n k k k t 0-2 k I- n - 2 n 1 k - I III II - 1 n I k - I hi k 
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,UBypet.IeHCKHH A. E5-85-322 
3aMeTKa 0 MOgH~H~HpOBaHHOM Cl.JeTl.JHKe 
c MepTBb~ BpeMeHeM npogneBaro~erocH THna 

,[(nH MOgH~H~HpOBaHHOrO Cl.JeTl.JHKa C MepTBb~ BpeMeHeM npo
gneBaro~erOCH THTia BbiBOgHTCH HHTerpaJibHOe ypaBHeHHe AITH COB
MeCTHOrO pacnpegeneHHH MepTBOro BpeMeHH H TipOCTOH, .[(OKa3bi
BaeTCH aCHMTITOTHl.JeCKHH TIOKa3aTeTibHhlH 3aKOH AflH MepTBOrO 
BpeMeHH B cnyt.Iae roMoreHHoro nyaccoHoBcKoro npo~ecca Hcnyc
KaeMbiX o5pa3~0M t.IaCTH~ Ha ct.IeTt.IHK nopHgKa m. BBogHTCH Knacc 
t -ceMHpeKyppeHTHblX COObiTHH H TipHMeHHeTCH K TeopHH CBeTl.JHKOB. 

PaooTa BbiiiOnHeHa B J1a6opaTopHH Bbil.JHCnHTenbHOH TeXHHKH 
H aBTOMaTH3a~HH ORHH. 

llpenpHHT O~~eAl{HeHHoro HHCTHTYT& RAepKNX HCCneAOB&HHA. ny~Ha 1985 

Dvure~enskij A. E5-85-322 
A Note on a Modified Counter with Prolonging Dead Time 

For the modified counter with prolonging dead time the 
integral equation is derived for the joint distribution 
of the dead time and the successive idle period . The asymp
totic exponent ial law of the dead time is proved in the 
case of the homogeneous Poisson input process of emitt~d 
particles and the modified counter of order m. The class of 
t-semirecurrent events is introduced and applied to the 
counter theory. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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