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O. INTRODUCTION 

In the last years the us e in practice of di screte queue ing 
systems with fini tely or infinitely many servers has i ncreas ing 
tendency. The discrete sys tems are used a s mathemati ca l models 
of, for example, mass servicing machine s , electroni c mach i nes, 
transport problems, automa ted filmles s blob-length measurements 
in track chambers in high-energy physics / 1~ particle counters, 
etc. 

Borovkov 12 .31 studied some limit properties for the case of 
queue with finit e ly and infinitely many servers . 

For a modified queue we suppose that the service times of 
all customers serving during any busy period are independent 
random variables with not necess arily identical distribution 
functions. Modified MIGIII queue has been investigated by 
Yeo / 4 1 and Welch / 51 modified GIIMII and GIIGIII queues by 
Pakes 16 ,7 1 and GIIMII by Shanth i kuma/8 ~ Modified GIIGII has 
been stud~e · db"y Dvurecensk'~ J. , Ososkov 19 / on the part~c. 1e coun
ter language. 

The joint distribution of the busy and idle Reriods for the 
GIIMII queue has been derived by Kalashnikov 110 ~ For the dis
c.rete modified counter wi th prolonging dead time the joint dis
tribution of the dead time and idle period was done by Dvure
" k " 0 k 1 11 1 cens ~J, sos ov 

In the present note we derive the busy and idle periods 
joint distribution for the discrete modified queue GIIGllc, 
for I ::: c < 00 . First of all we shall concentrate ourselves on 
the discrete modified GIIGIII queue, then we shall continue 
with the general case of GIIGllc, for any 2 < C < 00 . We note 
that the presented formulae are computationally convenient for 
the practical use, and they may be used for the discrete modi
fied GIIGII 00 queue, too. 

I. DISCRETE MODIFIED GIIGIII QUEUE 

We suppose that the queueing system wi th c servers, 1:5 c < 00 , 

~s idle before the service process and the customers arrive 
at the queue at moments 0 = '1 < 12 < " , . Let Xk , k ::: I, be 
the service time of the kth customer in the busy period, and 
let Tk ' k £ I, be the i~~_erarrj_'!...al time between the carrivals 
of the kth and k f Lst is the_customers. The-Jrusy period,I3, 
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time period when a t least one customer is served. The idle pe
I Criod, , is the time period when no customer is served. The 

sum, C c; BC + I c. of the busy period and following idle period 
is said to be a cycle. For the modified queue we suppose that 
any busy period is produced by the sequ e nce of the service times, 
Ix 1:- 1 , and by the interarrival times, IT 1""_ IXkl;_ are 
as~umed to be independent positive discretekr~nJom variables 
with the distribution laws 

hk (0) ; P (X k ; n h). n? 1. k ~ 1 , (I. 1 ) 

whe re i hk (n) ; 1, k::: 1. The sequence I Xk. I;; 1 is independent 
n; 1 

of the sequence ITk I: , where TJt ' k ;:: I, are assumed to be posi~d 
tive discrete random variables w~th the same step h > 0 and with 
the distribution laws 

fk(n) = P(Tk=nh). n?l, k? 1, (I ,2) 

where l fk (n) ; 1, k ~ 1.Any successive busy period is resumed 

with i~ifial conditions, independently of the previous busy pe
riods. This discrete modified queue will be denoted by 9. C = 

= (fl' f2•... ; hi' h2• '" ). 
9. cFor a given queue ; (fl, f2' ... ; hi' h2•... ) is convenient 

to consider a sequence of discrete queues, l.<:il~ 1:1 , where 9. ~ 
= (f k , fk+l , ... ; h.k' hk+l , ••. ). Suppose that the first busy 
period of any queue ~~ is produced by sequences I X kl "" 1 and 

k l "" k k ndl=
IT -1' where Xn = Xk+n-l' Tn; Tk+ -I' when for;;z~ , we 
defiRe the corresponding busy period, Bt idle period, I~. and 
the cycle, C~, respectively. For simplicity we put h; 1. 

Our main aim is to determine the joint distribution, W:(n,m)= 
= P(B:; n, I ~ ; m), n, m ? 1. of the busy period, B~, and the 
idle period, l~, of the discrete modified queue 9.~, 1 S c < "", 
for any k 2:1. 

First 0f all we begin with the discrete modified GI/GI/I
1 

queue 9. k , k;:: 1. 
It is evident that 

1 n- 1 j 1
W (n, m); l l hk(j} fk (t) Ak (n, m; j. t) + hk(n)fk(n + m). (I. 3)k 


j; 1 t; 1 


n,m.?l,
where 

1( .) 1 1 I kAk n, m; J, t = P(B k = n, I k = m Xl i, T ~ ; t). 1 ~ t ~ j < n. (I .4) 

So we have 
1 


Wk (I, m); h k (l) f (l + m).
k (I .5) 
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For any n ~ 2 and 1 S t S j sn-l we have 

j- t+ 11 1
Ak(n, m; j. r) ~ Bk(n, m; r; j. t), (I .6) 

T= 1 

where B~(n,m.[';j. t) is the probability that B! = n, II ; m 
when X~ = j, T~ = t,and from the service times of the sec~nd and 
following it service times, r cycles with the sum of all busy 
periods equal to n + m - t, without the service time of the first 
customer, are c\eated. 1 

The event IBk ;n, I k ;mldepends only on lX k ,· .. , X k+ _ 
n f 

Tk , ... , Til. Thereforek+n
1 1 1 

Bk(n, m. r;1t) = l Ws (n 1 , m1) ... W (n. m ), (1.7)
1 S T r r 

where sl = k +l, s2 = s + , ... , sr = S -1 + n _ 1 and the sununan l 
tion is taken over a ll integers n 1, /TIlT, ... , rnr > I, /TIr ~ m,with 
n 1 + ... + nT = n - .i, m 1 + ... + /TI = n + j - t. 

This proves the following thJorem: 

Theorem I. The joint distribution of the busy and idle pe
riods of the discrete modified GI/GI/I queue 2 ~ =(fk ' fk + I' ' " 

h , hk + l , ... ), k ~ l,is given by the formula (1.3), where 
k

Ak\n,m ; j, t) is calculated from (1.6) and (1.7). 
To determine W~(n,/TI), k > 1, for cC.2,we need to have the 

following two distributions: Vk (n 1. n2 , r) and U k(n 1, n2' Z, t), 
Let Vk (n1 , n2. t) , n \ 2 1 , n 2 :::. 0 , t. 2, 1 be the probability 

that at the queue 2k ~ (fk,fk 1""; h , hk 1"")' k 2, I, . + Is. + .. 
a customer arr~ves at the moment t and from the serVlce t~mes 
of all customers, have been arrived before the moment min(n 1• t), 
the busy period of the total length n l + n 2 is created such that 
the busy period formed without the service time of the last cus
tomer participating in the creation o f the above busy period 
would be less thaD n l . This probability is evaluated in for
mulae (1.3)-(1,15). 

It is clear that if n =n, n 2 = 0, t = n + m,then Vk(n,O,n+m) = 
Wi ( ) 1 

k n, /TI . 

So we have 

Vk(l,n2,t) = hk(1 + n2) fk(t), t 2, l ( 1 . 8) 

V k (2, n 2' 1) = h k (2 + n 2) f k (t), = V k (1, 1 + n2' 1). (I .9) 

If I ~t S n -1, n2 2: 2 ,then1 

Vk ( n l' n2, r) = Vk (t , n l + n 2 - t, t). (I .10) 

3 



Now let t > n . Then 
- 1 

Vken • n V (n • j. n • t). (1. 11 )• t) ","±
1 2 j= 1 k 1 2 

where Vk (n • j • n • t) is the joint probabil i ty of the event des
l 2~ribed in thi formula~io~ of Vk (n l

. n . t) and~either X ~ = j. if2
J < n l • or Xl = n l +n 2• . 1f J = nt}' 

Hence, if 1~ S.nl - 1, then 
j 

Vk(n l • j. n2• t)= hk(j) ~ f k(i)VAk(n l • j. n 2• t. 0. (1.12) 
i= 1 

where 
j- i+ 1 

VA k(n l • j. n2. t. i) = ~ VB k(n l . j. n2• t. i. r) (1.13)
r= 1 

and VI\(nl .j. n2• t.i. r) has the similar sense as B~ (n l' m ; i. t.r). 

Therefore 

1 1 

VD (n • j. n • t. i. r) = ~ W (j I' k 1) ... W (j l' k 1 ) x


k l 2 s s r- r
1 r- 1 

(1.14) 

x V s (i r . n 2' t - i - i 1 - k 1 - ... - i r- 1 k _ ). 
r l 

r 

Here sl = k +1, s2 = sl+ i l ,'''' s s + j and the sum-
r-l r-l' .

mation runs over 1ntegers j , k ,.~., iI' k , i > 1 W1 t h 
. . . 1 1 r- r-l r-
Jl+···+ J r=n l - ' J· 

For j = n we have
l 

V k (n l' n l' n 2' t) = hk (n 1 + n) f k (t). (1.15) 

The following expression has great importance in its appli
cation to the modified GI/GI/c queue, when c .? 2. 

Let Uk(n l • n2' z. t). n l ::: 1, n 2 ::: 01, z ~O, 1 St S z+n l • be 
the probability that.at the queue ~k= Uk' fk 1'·"; hk• ~+1'''.)' 
k ~ 1. a customer arr1ves at the moment t and trom the serV1ce 
times of all customers. having arrived before the moment 
min (z + n l • t) and which are served after the moment z. the busy 
period of the total length n l + n 2 is created such that the busy 
period formed without the service time of the last customer par
ticipating in the creation of the above busy period would be less 
that nr This probability is calculated in formulae (1.16)-(1.20). 

It 1S clear that 

Uk ( n l' n 2' O. t) = V k ( n l' n 2' t). ( 1 . 16) 

4 

The def i nition of V yields
k 

U
k 

(1. n 2' z • t ) '" h k( 1 + n 2) f 
k
(t) (1.17) 

and 

n /' .t ' 

Uk(nl.n 2.z.t) =,~ Uk (n l.Ln2.d. (1.18) 
J = 1 

wh~re U/n . j. n2 . t) i: the joint probability. of the ivent ~es
cnbed 1Il he f~rmulatlOn ~f Vk (n l' n2. t) and\ e1 ther Xl = j. 1f 
J < nl 1\ t, or X l = n l + n 2, lf J = n 1 1\ t!' Here x I\ y ;: min(x, y). 

Hence , if i < n 1/' t, then 

(Z +j ) A(t-l ) 
Uk ( nl. j. n2 , z , t) = hk(j) ~ fk(i)U fnl-j,n2. Z-i + j,t-il.(1.19) 

i = 1 k+ 

and if.i n t'"' t. then 

U (n l . i \ t, 11 2, z. t) = h/n l + n2 ) fk(t). (1.20)
k

n l 

2. DISCRETE MODIFIED ~ruLTISERVER GI/GI/c qlffiUE 

In this section we derive the joint distribution of the bus y 
period and idle period, W:(n. m). n. m ? 1, of the discrete modi
fied queue ~ ~ = Uk' fk + l , ... ; h k,h k+ l •... ), k :;: 1,for any 
c ~ 2, assuming the knmYledge of the corresponding formulae for 
all queues ~~, where 1 S s < C , k ~ 1. 

Let n. m ~ 1 be given integers. For any 1 ~ i ~ n ,', c. let 
integers tl , ... , ti with t 1 + ... + ti < n be given. Put 

J 1 = n, J 2 = J 1 - t l ' ... , Ji J i-I - ' t i-I 

and, for any 1 S .i 1 'S, J 1 ..... S i i S J i ,define 

a 
1 j l' a s + 1 = max (a s - t s' i s + 1) for 1 'S, s 'S, 1. 

To any t i assign t * via 
1 

J + m , if t . Ji 1 1 ai' 
t * = ----- 

~t. , otherwise. 
1 

Let us introduce functions A~ (n , m ; iI ' t 1 •...• i i • t j) for 
SisS J s , 1 S t s 'S, a s ' when 1 Ss S i. via 

e l k .A:(n. m; jl, t l •...• ii' t )= P(D: n. Ik=m X l=JI'j (2. 1 ) 
Tk k, Tk * ) 1 = t l ' Xj = J i • j = t i . 
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It 	is clear that if t , * = J , +m.then 
1 1 

Ak 
C 

(n. m; i l' t l • ...• i i' t i ) = 1 	 (2.2) 

and if tr < J i + m and i < n " c. then 

c J i + 1 &j + 1 
A k(n. m ; i l • . .. .. ii' t ) ,= I- I- (j l + t fk+ i ( t t + 1) xt l j hk + i 

Ji + l =l ti+l=l (2.3) 
C( ' t J' t ).x A k n. m; 11' l' .... i+l' i+l 

Therefore we have 

c J 1 a.l c 
Wk(n. m) = I  ~ hk (i l )fk(ti) Ak(n.m; i • t

l)· (2.4)
li = 1 t = 1 

1 1 

We note that the above considerations may be carried for ~~ 
too. In this case we obtain (1.3) and (1.4). 

In order to determine W~(n.m)it is sufficient to determine 
A~(n.m ; il.tl'"'' ii,t i ) for any i.:>::n " c. Therefore in the 
sequel we investigate the properties of (2.1) and calculate 
them. The investigation will be divided into ten steps. 

(i ) First of all we assume that 1.5 i S n.5 c. 
It is clear that 

A~ (1. m; 1. 1) = 1 
(2.5)}


W~(1. m) = h
k
(l)f

k 
(l + m). 

A~(2.m; 1.1)= W:+l(1.m). 

c 
(2.6)A (2.m;2.1) We 1( 1. m).

k	 k+ 

c 
Ak (2. m ; 2 • 2) 1 . 

By recurrence we have, for 3 < n :s.c. 
c 

Ak(o. m; 1.1) = 
c 

Wk+ l (n- 1. m). (2.7) 

and for 2 .5 i ~ n - 1 , S t ~j. we obtain 

c 
Ak (n. m; i. t) 

j-H2
(-]

2 
I-

r = 1 
n~(n. m. r; i. t). (2.8) 

Here nC (o . m ; i. t) is the probability that n~ = n, I~ = m. 
when x} = j , T ~ = t. and from the service times of the second 
and following it customers, r cycles, with the total length of 
the first r -1 cycles and the r th busy period equal to n - t. 
without the service time of the first customer, are created. 
Therefore 

n:(n. m . r; j, t ) = I. W: (0 1, m l ) ... W: (nr • me ) ' (2. 9) 
1 r 

where sl=k + 1, s 2= s1+ n l , .. .. sr=sr_l+nr_l' and the 
s UIllllla tion is taken ~ver integers 0 1, ml , ···. n r- .l' m _ 1 ~ I,r
nr 	 ~ n - , J, mr = m W1 th n 1 + m 1 + ••• + n = 0 - t. 


If i = n. then r 


A~(n. m; n. n) = 1. 	 (2.10) 

For 1 :s. t ~ , n - 1 we have 

[n-t+1] 
c 

Ak(n. m; n. t) = -f B~(n. m. r; n. t) 	 ( 2. I I) 
r= 1 

and 

c 	 c-l c-l )nk (n • m • r: n. t) = I- W8 (n l' m1) Ws (n r • mr . (2. 12) 
1 r 

whe:e s1 = k +1, ~2 = sl + n1 ,···, sr = 8 l + n r_ l • and the sumr_
 
mat10n runs over 1ntegers nl' m l ,···, m l' n , m > I, m > m 
. 	 r- r r - r - • 
w1th n l +m l +· .. +nr +mr =n-t. 

(ii) Now we suppose that 2 ~ i oS n :s. c. 
Put to = 0 and Os = to + ... + t s-1 ,loS s S i + 1. Denote 


by So an arbitrary index, 1 .5 So S i. such that Os + i s ~ . 


?! °s + 1 s' 1 ~ s S i. Then 0 0 


A:(n.m;il.tl...·.i.t)=AC(n.m;8 +i • 8 i + 1 ). (2.13)
1 I k So So 

In the following we shall suppose that < i ~ c~n and 
t ,* < Ji+m. 

1 (iii) Assume there is tq?! I, 2 Sq oS i. wi th j 1 ' ••• , i q > 2. 
Then 

Ac( . . ' ) _ A C ( _ 1 . ' _ 1 '_ 1kn.m,11·tl· .. ··1i·ti - k n .m.l l .t1... ·.Jq_l • 

(2.14 ) 
t q _ l' i q - 1. t q - 1. i q + r t q + 1 • i j • t i ). 

(iv) If, for some u, 2 ~u Si. there is v, 1 ~v~u. such 
that iv oS tv + ••. + tu' then . 
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•••• 

Ac(o.m:.il·tl·····L •. t . )=Ac l( n .m ; .i l • t l·····.i l' t 1 +k 1 I k+ y - y

(2. 15) 
+ t.i 1. t 1, .. . ,i.t . ).

v v + v+ I I 

(v) Taking into account the third and fourth steps we see 
that in the following considerations it suffices to assume 
t1 = t2 = = tj = l ' and es + ts > fl

i 
+ l , 1 ~ s .s i . Horeover, 

from (2.3) we conclude that we may restrict ourselves to the 
case i = e. 

Suppose that e + j 5< J 5, S = I, ... ,e. Denote by sl a n ar
5 

bitrary index of such customer whose service is finished fistl y , 
that is lO S + i s < e + j , I < s < i. and let s ., be another in

1 . 1- s S - - 

dex (if there is any ) for vThich the corresponding customer is 
finished firstl y after the moment (J s + i . 

1 51 
(vi) Let at least one customer service b e finished before 

another, that is, there is q, I < q < e with 0 + J' < 0 + J' 
- -. q q 8 5

for some s, I s s "- e. Denote by 

Z s 1- 1 + j -c, N1 =s 2-s1 + js i , N2 = n+l-s -j . 
8 2 8 12 2 8 

2 

Then 

Nl N2 Z 5 +- n lc 
Ak(n, m ; .i 1' 1•. . .. i c' 1) = I I I I Uk + (n l • O2, z, t) x cn = 1 n = 0 z = 1 t= 1 1 2 (2.16 ) 

c 

x A l(n - 1 m : j 1 - 1 , 1. .... j 1- 1. 1 • j - 1. t).
k+ c- c 

(vii) Let now 1 + j 1 j c ' Putting Z j 1 - c , c + ° = ° 
N 1 =n- j l' we have 

Nl Z Z

A~( n . m; i1' I, .. . . ie' 1) = I I I Uk+ (n l . 0. z. t ) x 


n = 1 Z= 1 t= 1 c 
(2 . 17) 

c 

x Ak + 1 (0 - 1. m ; j 1 - 1. 1. '" • i c -1 - 1, 1 . j c - 1. t). 


(viii) Let us suppose that j 1 n, e5 + j 8 < J s=2, ... ,c. 
s ' Then 

c 
Ak (0.m ; n. 1 • .i 2 • 1 .... , i • 1)

e 

[~-l ( 2 . 18)
2 c- 1 

I 1\ ( n. rn. r; i 2' 1. . ... j. . 1) .. 


r = 1 c 

8 

c-1 
where J = max (j2' j 3 + 1 , .•. , j c - c -1),and B.k (0: m. r; j2' 1 , ... , 
j , I) have analogous sense to that expla1ned Just after (2.8).

c 
Hence 

c-l C 1 
ilk (o,m,r; j2. 1 .... ,j. 1)= I A - (0 1, m1; j2' 1. 

c 8 
1 

(2.19)'c-1 c-1 

j,I)W (0 2, m2) '" W5 (Or' ror)'
s 
c 2 r 

Here s 1 = k + 1 , s2 = s 1 + 0 1 , ••• , sr :; S r-l + 0r_ l' The summation 
is taken over integers 01:::J, O2,,,,, nr~l, m l , .. ·, mr_l~ I, 

mr ~ . m. 
(ix) Let us consider the case when there is q such that 

es + is J 5 ' I S s S q , q ~ 2, and () 5 + j 5 < J 5' q < S .s e. 
Then 

c 

A k (n, m; 0, 1, n - 1, 1•... , 0 - q + 1, 1, j l' 1, i , 1)


q+ c 

(2.20) 
c-q + 1 1. . .

A k + q _ 1(0- q + , m, 0 - q + 1, 1, J q + l' 1 ..... ]c' 1). 

(x) Finally, we suppose that 

j 1 = o. j 2 < n - ' 1. ...• j u < 0 - u + 1. j u+ 1 = o· - u, 

for some 2 S u < e. Then 

c ( 1 . 1Ak n. m ; n, • J2' , i 1. n - u, 1. j 2' 1. ...• j , 1)
u u + c 

(2.21 ) 
c 

. l ' 1 . 1)A k(n • m ; n, 1, n - 1, j 2 - 1. 1. J •• J <0 , J •• 
U u+ G C 

Combining all the above ten steps we may obtain all possible 

cases of (2.1), and this proves the main result: 


Theorem 2. The joint distribution of the busy and successive 

idle periods of the discrete modified multiserver queue, ~ ~ = 

= (f • f,,+l , •.• ; h k , h k+l'''')' k:::l, for any 2 :s e < "". 1S
k
given by (2.2), (2.3) and the formulae from (2,5) through (2.21). 

Remark I. It is evident that for the discrete modified queue
ing system with infinitely many servers, ~ '; = (fk' f k + 1 , .•. ; 

h k , h k + l , ... ), k~ I, the joint distribution, Wk'(n. m)of the 

busy period, 13';, and the successive idle period, Ik'. is given 
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by 

W""(n,m)=Wn(n,m), n,m > 1, k > 1. 	 (2.22)k k - 

Remark 2. The distribution law of the cycle C: ' P~(i) 

P(Ci= iJ, 2: 2, k2: 1, c= 1,2, ... , "", is given by 


c c 
P k (i) = r W k (n , m ). (2.23) 

n+m= 1 
ll.m~ 1 
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