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1. Introduction
1.1 The real asymplectic algebra sp(n,R), which is the algebra of the
group, of linear canonical transformation in 2n-dimensional phase spa-
ce, plays en outstanding role in many physical problems / . This is
why various sorts of representations of this algebra ere interesting,
In this paper, we sre going to'concentrate our attention on a purel}
algebréic,method of constructing the representations. The central no-
tion is that of the cancnical, or boson reslization which meens an
expression of elements of sp n,R by meens of polynomials in qusntum
cenonical variaebles Di»q4 eych that the commutation relations sre
preserved. For physical relevance of auch canonical realizations of
sp(n,R) we refer to the articles /3/ and other referencfs quoted the-
rein,

1.2 In the papers /4’5/, explicit forms of realigétions for sn(n,R).
have been constructed uesing the method of coherent state represente-
tion /6/
ppira and of generators of a subalgebra gl (n,R). Another clhas of N
realizations has been described in papers s here realizations’
of ép(n,R) in terms of (2n-1) canonical pairs end of generators of
sp(n-1,R) are obtained.

1.3 We have formulated recently a method /1/, which enables to.con-
struct wide families of canonical realizations of a semlaimnle Lie
algebra g staring from induced representations of g with respect to
a suitable subalgebra of . In the present paper, we applv the me-

f

. These realizationas are defined by means of %n(n+1) canonical



thod of Ref. 1 to the case of sp(n,R)..For anv r=1,2,...,n, we con-
struct reccurent formulse which give realizations of sp(n,R) in'term
of rLG- % r’- + %) - cenonical pairs and of generators of the sub-

algebra gl(r,R)@sp(n-r,R). Bath the above-mentioned types of reali-

~ zations appear to be particular cases for r=n and r=1, respectively.
2. Preliminaries

2.1 The algebra g=sp(n,R} is the n(2n+l) -dimensional real Lie
algebra. We choose a basis consisting of n(2n+l) generators-

xij ==& &3 )(__J.,A_1 sy 1,5= -n,.e.,-1,1,...,n 8atisfying the commu-
tation rules
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2.2 For any r=1,2,...,n-1, we define
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any such br gives the following decomposition of algebra sp{n,Rl) S
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This decom‘position will be used as a starting voint for our construc-
- tion. More details about properties of such decompositions can be
found in Ref. 1, sec. 4.
. g.} The Weyl algehia ‘\'ZN is the complex associstive algebrs with
r

identity generated by ZNr elements. .
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where i,3=1,2,...,r, t=r+l,r*2,...,n. They satisfy the commutation
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relations ~ |
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2.4 Let g be a real Lie algebra. By io we denote its complexifica-

7
tion; furthemore, U(éo) is the enveloping algebra of this comnlexi-
fication.

- Il

Definition: A realizstion of g is s homomorphism ¥

s T: g_’w2Nr®U(g~0)' : ’ (5)
2.5 The homomorphism T extends nsturally to the homomorphic manping
(denoted by the same symbol 7 ) of the envelopine algebra U{(g) into

% ~
szrQU (Ep)
Definition: Let Z(F) be the centre of U(Z). A reslization ¥ is ca-
11ed Schurean or Schur-reaslization if all centrsal elements CeZ(R)
are realised by 1 @Co where C'; s are :central elements of the enve-
loping algebra U(g,).

2.6 In view of possible applicetions to the representation theory,
we introduce the involution %+" in w2N by meens of the f?llowinp re-
lations

YUa = s
+ (6a)
pqﬂ = pn\/& '
whered,4 run through 211 the allowed velues of the indices.
Similarly, the-.involution "+" on U([z’oj id defined by !
Y* =-Y forYe Bq (6b)
- =

These involutions define naturally an inveclution on w2Nr® U(Eo):
+ — + *
(E a3 Trj@Sj) = [ A5 N;@Rj ’ (6c)
J J
where, Tfjcszr and gjeU(goj.

Definition: Let g be a real Lie algebra and let "+" be the involution



on WZN @U(g ) described above. A realizanon 7 of g on WZN ®U(g°)

is called skew-Hermitean, if for all elements Xeg, the following
relations hold
[
(Tx))* = -zXx). 7)

3. Construction of realizations

3.1 Using the commutation relations (1) we can bring’the decomvosi-
tion (2) into the form

b
r .
nT = R{Xy0, Xg g xi,—i} :
b
g," = R{xij, Xgt» Xq, ¢ Xog, o]~ £L(THR) @8p(n-r,R)
b n
r _ &)
n "= R{Xeg, Xy 50 Xy ),

where again i,j=1,2,...,r and s,t=r+l,r+2,...,%.

Evidently, the get{Ln,Ll by 5 1¢538,551,2,000,T3ter+1, 0000}

is a baeis in n+ . We write the elements of this basis es the matrix

Lyl Dyym2 oer Ipn
: {
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Iy Iy, e byop
R e e

‘We introduce an ordering in the sbove basis in which its elements

are ordered lexicographically. The monomials of U(ﬁ+f can be then
written as the matrices
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~

where, of courseé Nigr Ny _ps Ny
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\,
non-negative integers, £or any i,j=1,2,.s.,r and t=r+l,r+2,...,n.

)

3.2 Now we are pble to 'apply the general construction described in

Ref. 1. Let 6 be an auxiliary representation of the algebra
b b

g,@n_" on a vector space V such that
b,
Ty -
G'r(n— ) =
br
. Oule,” is faithful. - . (11)

We denote by W the csrrier spaee of the induced representation
Op = ind (g, 6,). If {vl,...,vd} is a basis in the space V, then the
vectors

O,r+1 *** Myn

N nr’r+1 v nr’n UDvi (12)
moa cee My n
nr,-r"'nr,vn R

form a basis in W.

3.3 We define the creation and annihilation operstors &;,, 859 O
the space W in the following wey: ‘
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snd similarly we define the operators 81 -t’ai —t'a' -3 1._3 i .

Furthemore, we define the operators X'k

i,k=1,25¢00,T% x~st)xs,-t’

X_S pr Sit= v+l ,r+2,...,n, by the relations !
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.3.4 According to theorem 3.6 of Ref. 1, the jnduced representstion

?r = ind (& (Tr) can be rewritten using the above defined operators

(13a-b). We get the formulae”
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3.5 Now the sought skew-Hermiteesn reslizations sre obtained easilv
by replacing the operstors in the sbove expressions by suitable al-
gebraic objects. For details,(see Ref. 1., sections 3.7-3.9). They

r("m)' Z (qis 58 * 93 -8 Pj,-s)*

are given by the formulae:
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/
Tr(xr,r+1) = %1 '
n -
i »*
;tr(xr+1,r)= 5 T}(xr+1,s) Prg * Pr,-g Xrs1,-s ~

a=r+l

~

r
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» - r
where Trkxﬂl,s)_ kzqk,-(wl)pk,-s,+ Xr41,8 * 55!‘*1,8-
=1

3.8 For any r=1,2,...,n, the element b, has the seme meaning as the
element b from sec. 4 of Ref., 1. Therefore, we can apply theorem 4.3
of Ref. 1 to the realizations (15) obtaining in this way:

Proposition: T; are Schur-realizations of sp(n,R) in the

W2Nr®U&gl(r,R)@san-r,R)) for any r=1,2,...,n.
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Bypouxk 4.
HoBrii Kiacc peanusauuit anreép Jlu sp(n,R)

E5-85-13

/1/

B maHHOM pafGoTe NMpHMeHAETCS MeTOn paboTs IOJIST oCcTpoe—
Hisi 6030HHBIX peanusanmui anreép Ju sp(n,R). 3tu peanusanHu oK —

‘ 3 1
CHBAawTCH PEeKYPPEeHTHHMH (opMyliiaMu, cojaepxaummMu r (2n-— 5T + E)

KaHOHHYeCKHMX Iap u TeHepaTopoB mopanre6ps. gl(r,R) @ sp(n-r,R),
rbe r = 1,2,...,n. OHM aHTUIPDMHUTOBHE H MYyPOBCKHE.

Pa6ora BrimonHeHa B JlabopaTopuH TeOpPeTHYECKOH GH3HKH OHﬂH,

Coobmenne O6LeAHHEHHOTO MHCTHTYTa ANePHHX HccllemoBaumit, [ly6Ha 1985
b . .
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A New Class of Realizations of the Lie Algebra sp(n,R)
The method of Ref./l/ is applted to the construction
of boson realizations for Lie algebras sp(m,R). These reali-
zations are espressed by means of certain recurrent formulae-*

in terms of r(2n - %{ + %) canonical pairs and generators
of the subalgebra gl(r,R) @ sp(n-1,R), where r = 1,2,..,,n.
They are skew-lermitean and Schurean.
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