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1. Introduction 

1.1 The real a:vmp1ecti~ algebra ep(n,R}, which ia the el~ebre o'f thP

group,of linear canonica1 trens'formetion in 2n-dimenaiona1 phaae epa
ce, p1aY8 an outetandinJl' role in many phyei.ca1 orob1eme /2/. This ia 
why various sqrts o~ repreeentationé 01' this e1~ebra ere intereetin~. 

In this paper, we are FoinR tO'concentrete our ettention on e pure1v 
e1gebràic. method ~r constructin~ the representetions. The centrAl n~ 

tion ie that of thecenonica1, or boson rea11zetion which meene an 
expreesion of e1ementa Q'f ap n,R by means o'f polynomie1s in qU9ntum 
cenoníca1 varieb1ee Pi,qi' s~ch thet tn~ commutetion re1ationa are 
preser,ved. For physice1 re1evance 01' euch canonica1 rea1izations 01' 

sp(n,R) we ref'er to the erticles /3/ end other re'ferencea quote d the
, ,

reino 

1.2 Ih the papera /4,5/, explicit 'forma of ree1i;etione for !p(n,R). 
have been conetructed using the ~thod 01' coherent etate representa
tion /6/. Theee rea1izetions ere de'fined by meens of ~(n+1) canonical 
peire end or ~eneretore 01' e 8ubel~ebre gl(n,R). Another ~laas 01' 

r~e1izetion8 hes been deacribed in pepera /7/; here realizetions'l' 
01' épln,R) in terms' of (2n-1) cenorri ca'l peire and 01' ~eneretors 01' 

ePln-1,R) are obteined. 

1.3 We heve ~ormu1eted recent1v e method /1/, which eneb1ea tO.con
struct wide 'fami1ie8 of cenonice1 reelizationa 01' e semieimnle Lie 
el~ebre ~ 8tarin~ 'from induced repreeentetions o'f g with respect to 
e suiteb1e 8ubelgebre 01' k. In the present Deper, we apply the me

~:-.- .. ~~::r~;YT \
f Wl ''''',' ,... \.. t 1 Iln"$l~urlt'I ti .. 

~~:;;:~~It~'i. ",···r'~:~tÀ 



/ 

• i .. 

thod of' Ref. lto the case of sptn,a). ,For an:v r=1,2, ••• ,n., we con
struct reccurent f'ormulee which give r.ealiz~tio~a of sp (n, R" in' term 
of rl2n- ~ z; + t) - canonic81 paira and of' ~enerators of' the sub
algebra gl\r,R)~sPtn-r,R)~ Batb the above-mentioned types of rea1i
zations appear to be particular cases f'or r=n and r=l, respectively. 

2.	 preliminariea 

2.1 The	 aLgebr-a g=sPln,R} ie the n(2n+l) -dimensional real Lie 
algebra.	 We choose a basis consistin~ of n(2n+l) ~en~rators' 

= -' Ei éj X_j'-_i ' i,j= -n, ••• ,-l,l, ••• ,n 8atis'fying the commuX i j 
tation rules
 

[ X.. ,xklJ = ó.- X'l -
\ 

S'lXk '
 lJ JlC"-1 1· J 

~here t-i =. sgn i. 

,2.2 Fo'r any r=1,2, ••• ,n-L, 

r 

b = r x.. 
r L 11 

i=l 

- ( 
+ Si E., o , lXk ' - é. l:.., Ó. -x , 1 (1)J J.,-	 ,-1 . 1 J 1,-lC"--J,· 

we define 

any sUêh b gives ~he folloWin~ decomposition of' 81~ebrer 

b rg = n -I'r\f' 
- + ~ 

b r 1 
n+ =RlX~ 

b	 b 
~,n r	 / 
o~	 

-], r r l
g,Lbr,X =o(X' X, whereo(X>OJ 

g:r==fx E g,[br,X1 = O} 

n~~Rfxt~,[br,xl= -~~~, Whereq~>o}. 

, 

SP{n,R).' 

(2) 

This decomposition will be used as a ~tarting ooint' for our constrqc
tion. More' details about properties of súch decompositions can be 
found in Ref. 1, seco 4. 

~.3 The	 weyl al~ebra !2N is the complex aS80cietive algebre with 
r 

identity genereted by 2Nr elements, 

Pit' Yi,-t' Pi,-j (Pi ' 
~ ,-J = t.i f.,J p, i)J, 

( 3) 

qit' qi,-t' qi,-j ( q i ' ,-J = E... L· q, i ) 1 J J, - , 

where i,j=1,2, ••• ,r, t=r+l~r+2,••• ,n. They satisfy the co~utation 

(f, 

~ .~ 

. 
\JII 

)' 
I 

i 
1 

I 
i 
"11' 

I 

,I 

/'relations 

[Pi t' qjsl =~ij Sst 1 
(4).

[Pi.-t,qj,-J =Ó~j Óst I" 

- (J-ik d.i! + Sil d,N 
Pi,'-j,qk,-l - (1 1 + 5"J 1.[ 1 ~ 1J

2.4 Let go be a r~~l Lie aif'ebra. av i we denote its comp1ex~~icRo 
tion; fUrthemore, U(go) ia the enveloping al~ebra of ,this comnlexi

f'ication. 

D~fini tion: A realizetion of g ia e homomorphism 't' 

(5 )T:	 g"",W2N @U(~(),
 
r
 

2.5 The homomorphiam ~ extends naturally to the homómorphic manpin~ 

(denoted by the aame symbol 7:) of the enveloPi"lR''' al,qehra U Ui) Ln t o 

w· N ~Utg t :\2 r o 

;oefinition: Let Z(g) be the centre of' U(~). A realizstfon ''T is CA

lled Schurean or SChur-realization if alI centrAl elements CEZ(~) 

are	 realise~ by 1 <&lC where C-~ s are 'central eLemerrts of' the enveo
 
loping algebra U<$0) •
 

2'-.6 In vie. of ooss,ible apnl Lc atd one to the representation theory,'
 
we introduce the involution ~+" in W2N bv meane of' \he ~~llOwinp.'re

lations
 
+ 

qc( 1 -qll(~ 

<,6a3 
+
 

Pd,1l P~1!l '
 

where~,~ run throu~h alI the allowed values of the indices. 
Similarly, the~involútioh "+" on U(go) ié de'fíned by 

y+	 = -1 for y (: (r,o' (6b}-	 , 
The~~ involutions define nature11v en involution on W2N ®Utio): 

r 
1

rr: ®g+'	 ,6c)l[ o(j 1fj ® g j r [ ~ 
J 
. 

J 'J 
jJ 

"here l 1Tj (:: "2N and 
r 

Defini tion: Let g be 

11,j ~ U(~ol· 
/' 

a real IJie.., elP.'ebra and let "+" be the involutio n 

3 
2 \. 
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on W2N (3)U(g ) deacribed above. A realization ?:of' g on W2N @U(g-) '~ ,r ,o . r o non-negative integers, 
\

for any i,j~1,2\, ••• ,r and t=r+1,r+2, ••• ,n. 
ia ca11ed skew-Hermi t.e an , if' for ai1 elemerits. X E. g, the f'0110wing j, 

'i~ • ,	 3.•2 No\\' we are ~b1e to 'apo1v thé general construction deacribed inre1ations ho1d I'

Ref'. 1. Let ~r be an auxt1iary repreaentation o~ the 'al~ebra 
(1:'(X) t	 = - rlx ). <'7 ) b b 

go1Dn_r	 on B vector space V auch thet 

3. Construction of' rea1izationa 
b 

G"rln_r) .= O
3.1 Using the c~mmutation re1ationa tI) we can bring 'the decomnosi ~ 
tion	 (2) into t~e f'orm b 

<) I f!, r ia f'ei thf'u1. ' ~ 11)r ob r 
n+ = R{Xi t, Xi,-t' li,-i} 

We denote by W the csrrier apa~e of' the induced representation 
br _ [ 1 SJ = lpd(g, Ô ) . 11' {v1 , ••• ,vd 3ia 8 basd s in the apace V, then th~.go - R Xi j' Xs t' Xa,_t' X-t,af" ~1<.r,R)G>8pln-r,R)	 r r 

vectora 
b 

n r RtXt i, X_t,i' X- j,il. 
(8) 

where 8gein i,j=1,2, ••• ,r and s,t=r+1,r+2, ••• ,n. 
Evideht1y, the ~et {Lit,Li,_t,Li,_j: i ~j;i,j=1,2, ••• ,r;t=r+l, ••• ,~1 
ia a ba8ia in n+r• We write the e1ements of this baaia 128 the matr{x 

L1,r+1 L1,r+2' ·.. L1,n
 
:
. f'orm a baaia in w•
 
Lr,r+1 Lr,r+2 Lr,n, (9)
• • e, 

~.3 We	 d~f'ine the creation snd annihi1ation operatora 8it' aja bnL1,-1	 L1,_2 ·... L1 ,_n ~. .t 
I,	 the space W in the f'0110win~ wey: 

• L L·..r,-r r,-n ... ·..n1,r+1 n1,n n1,r+1 n1,n
'We introduce an ordering in the above basie in whieh its e1ements 

b	 nit . . . ... ni t+1 
are ordered lexico~raphica11y. The monomia1s of' U{n+f ean be then ait Inr ,r+1 ••• nr ,n 
wri tten	 128 'the 1natricea . 

",. In~ ,.-1 • • • n l , -n 

"n1 r+1 • • • n1 n , .. nr,_r·· .nr,_n'. , 
l'nr,n 'n1,r+1 n1,n) (nr,r+1 nr,n)(I n 

r,r+1 
- ( X1,r+1··· X1 , n ••• Xr,r+1 ••• Xr,n )(

~,-1 ~,-n 

(10) 

f
~nr, -r·· .nr,_n 

i, n1, -1 ~ , -n) f, nr , -r nl", -n) .	 ajs
X\.X1,_1 ••• X1,-n •• ~,\Xr,_r •• e Xr,_n • 

where, of' c~urse nit' ni,_t' ni,_j be10nga to No, the seí of' alI 

4 

~1 ,r+1 ·.. Jl1~n 
: 
nr,r+1	 ·.. nr,n I~vi o 2) 

·..n1.'':'1 n1,_n 

. rtr,-r·· .nr, ...n 

n1,r+1 n1,n 

n j e 

nr,r+1 nr,n 

"1,-1 n1,_n.
 
• nr,_r·· .nr.,-n 

l2) Vi =: nr,r+1 ·.. nr,n I ® Vi 

n1,-1 n1,_n ·.. 
OI
 

OI
 

• nr, -r· •• nr , -n 

(1)12) ,) 
n1,r+1 ~,n 

n j e- 1 

n @ Vi 

n1 , - 1 "1,.-n 
l&> Vi ~ n,isl nr,r+1 r,n 

• nr, -r· ••"r, -n 
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and similarly we define the operators ,ai ~t,ai _t,ãi _j,ai _j i j.
'" ~ , '" ",,' "" 

Furthermore, we de~ine th~ operetors Xi k i,~=~,2, ••• ,r; ~st)Xs _t, 
v . , ' 
X_s,t' s,'t=r+1 ,r+2, ••• ,n, by th~ reletions I " 

)

1\ 
i' 

.,,\ 

er Xr+l,r ,= 
) 

r ~ 
L (Jr{xr+l;e)~a 
s=r+l ) 

N 

+ ar,-a Xr+l,s 

. 3.4 
~r 

Accordin~ to theorem 3.6 of Re~. 1, the induced renresentstion 

= indl~, ~r) can be rewritten using the above defined operetore 

( 13b) 

X_s,t = 1 @()r"X-e,t)· 

Xs t = 1 ®6'rlXet)' 

...J 

Xs,-t = 1 ®<lrlXs,-t}' 

XO k = 1 ®ÇlX i k),1 , r , 

.," 

I ' 

( 

i" 
I 

!IIhere 

r

C ()rlXjr) aj,r+l + ,2ãr , - l r+l ) ar,_r. 
j=l ) , 

r 

~~\xr+l ,e) = .Lãk,-lr+l> ak,-s + X~+l,a 
k=l 

l13a - b ) . we, get the f'cr-mu'l ae" .., I , 
3.5 Now the sought skew-Hermite8n ree1izations are obtained e8silv 

n 

) L
X•. ) = \( a. r 1J L\ 1S 

s=r+l 

a , JS + s.1,-s' a· ) +J,-S ã i o,-J 
aj,_j + " 

by replacing the operators in the above expreasions by suitable a1

gebra!c objecte. For detat1s,lsee Ref'. 1., sections 3.7-3.9). Thev 

are given ,by ~he formulae: 

+ 
r 

\ 8
k 

_ o ak _.L ,1 ., J 
k=l 

+ Xi .
J 

'n 

'T;txij)= L (Qie Pje + 
s=r+1 

qi,'-s Pj,-S) + Qi,-j Pj,-j + 

~r~Xst) = 
) 

r 

L(ak,-s a'k: ,-t 
k=l 

- ãk t 8 k s ) + Xs t 

r 

+ L Qk,-i Pk,-j + Xi j +ln-:f.+}) cfi j 
k=l 

/ 

~ ,~..... 

)rlXs,-d= 

r 

[ , 
J=l 

r 

\( ã o k 
~ J,
k=j 

8 k t - A o 't la . J, JS + 

I 

I 

,'?'~(Xst)= L(Qk,-S Pk,-t 
k=l 

- Qk;t PkS) +'X s t 

r r 

~ + [ \ / ã o k ak - e· ) A °t + X tL-- \ J, s J,-e J s,
j=l l:{=j+l 

r j-l 

t'rlX-s,t)= [ [lak,_j 8'k:,_t - 8jt) Sj,_e + 
) J=l ~k=l 

( 14) 

r r 

l'~(XB,_t)= L [(Qj,-k Pkt - Qj,-t )Pjs + 
j=l k=l 

r r 

+ L L (qj,":k Pk s - Qj,-s) Pjt + Xs,,_t 
j=l k=j+1 

(15 ) 

( r j 

+ L )\Ak,_j 8k,-S 
.i=l Ç;-l 

..~ r lXr , r+1 ) = ar., r+1 

- aja) 8j,_t + X-a,t 

... 

"~ 
~ ~ 

q 
'I 
IA..: 

I 

'Lr(X_s, t)= 

+ 

r r 

[ LlQk,-J Pk,-t 
j=l-k=l 

r j

L '[lqk,-j Pk,-s 
j=l k=l 

- Qjt ) Pj ,-s- + 

- Qje ) Pj,-t + X-8,t 

6 7 ) 
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't'~lXr,r+1) 

..t~(Xr+l,r )= 
n

L r;(x.r +1 , a) Pr e + Pr,-s Xr+ 1 ,-~ 
s=r+1 

Qr,r+1 

r 

L.l'~(Xjr)+ 1) Pj,r+1 + 2Qr , _ ( r+1) Pr,-r, 
j=l. 

I ~ 

,t 

I 
r l 

'I 
I 
I , fi 
I 

li 
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B ~ õ .~ '6 /1/" ,IJ,aHHOH pa OTe npasrenae-rca MeTO,D; pa OTbI .QnH noc-rpoe-: 
!Um Õ030HHblX p earraaauaü anr-eõp 11M sp (n, R). 3TH pe.9.1IH3aIvfJr om;t

t 3 1 
ChIBalOTCR peKy"ppeHTHblMH QJOpMynaMM, CO,lJ,epx}aIl\HMH r (2n- '2r + 2) 

KaHOHHqeCKHX rrap H reHepaTopOB rroAanreõpw. gi(r,R)e sp(n-r,R}, 
rge r == 1,2, ... , n , OHH aHTlf3pMliToB~I M myponcrcne • 

BYPAMK tI. 
HO'Bblll xrracc pearnraanaü anreõp JlM sp (n, R) 

Pa60Ta asmormeaa B Jlaõopa-ropna TeOpeTMQeCKOrr li!H3HKH bH5IJd., 

where 1:'~\Xr+1,s)= 
r

L qk , - t'r+ 1 ) Pk , - e. + Xr+1,a + ~J"r+1,e. 
k=l 

).8 For any r=1,2, ••• ,n, the e1ement b r haa the eame meeninp: as the 
eLemerrt b from eec. 4 of' Ref'. 1. Theref'ore, we ,can app'Lv theorem 4.3 
of Ref'. 1 to the rea1izetions (15) obtainin~ in thie wey: C0061lteHHe

" 
06'be.rumeHHoro HHCTHTy'Ta R,l:lepm.ix Hccne,l:lOBaHHH. 

• J" 
Ilyõrta 1985 

Propoeition: 
( 

~r are Schur-rea1izations of s,p(n,R) in the 
W2N ~U\gl<..r,R)C1>ap~n-r,R)) 

r . 
for anv r=1,2, ••• ,n. 

Il~\ \ 
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/ II The method of Ref. is appl±ed to ~he construc~ion 
of bosou realizations for Lie algebras sp(n,R}. These reali 
zations are espressed by means of certain recurrent' fOrTIrnlae

in t e rms of r(2n - ir + I) canonical pairs and generators 

o f the subalgebra gl(r,R) ~ ap(n-r,R), where r = 1,2,·.q,n. 
\ ~ TÍley are skew-lleI'l:Ji'tean nnd Schurean. ~ 

\;j 

The investigation has been p,erformed at the Laboratory1 ' 
of Theoretical PhysicB, JINR. \I 
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