
12 Ko n . 

06b8AMH8HHbiM 
MHCTMTYT 
AABPHblX 

MCCnBAOBaHMM 

AY6Ha 

E5-84-828 

A_DvureC'enskij , A_Ososkov 

A DISCRETE MODIFIED COUNTER 

WITH 	 PROLONGING DEAD TIME 

Submi t ted t o llJou r na l o f Appl t ed 
Pro ba bi 1 i tyll 

PeAaKT Op 	 3 . n . 1 111awKeBH~ . HaKeT P . Jl . 0 01'11111 0 11 . 


Ha60p 11.11 . J)o r OJUo50DOfl , J1. t1. Kall1c xnc60Boii. 


1','I1 " ",c:aHo e n el.la Tb 22 . 0 1. 85 . 

~opMaT 60x90/16 . ·.....tc e n~a,A ne ...a T b . Y4 . -H3A . JlH CTOB 0 , 79 . 


r..- ... alll 39 5 . 3a Ka3 35 7!. J • 
 1984 
H3ACl Te nbc KHH OTACJl 03 b p.AHHe HHo r o ~HC T"'TyT a AAepM~X HCC Jle AO BaH"' ~. 

qy "i<.ta HoCI<OBCKOioi o6naC TH. 



_ 

I. INTRODUCTION 

The dead time, B, oC the counter with prolonging dead time 
is defined as the time period during that at l east one impulse 
of particle is present. It is produced after registra t ion of 
al l impulses of emitted parti cles. The dead time distribution 
i s known only in spec i al cases. Takacs / 1,2/ ha s de r i ve d i t 
for the case of a Poisson homogeneous input process of emitted 
particles. Some nsymptotic properties , in a l anguage of t he 
M/G!/ queue, may be found in pape r by Afanas'eva, Mikhailo
va 13/ , 

The idle period, I, of the counter with prolonging dead time 
i s defined as the time period during that the counter is idle. 
The sum, C. of the dead t ime and the f ol lowing by him idle 
period is said to be the cyc l e . That is, the cycle is t he time 
period between two successive r egistered pa rt icles. The dis 
tribution of the cycle or its Laplace transform were ob t a ined 
on l y i n the form of compl i cated contour in t e3rals / 41 or in t he 
form of integral equations 1 5 ,6 / , The Laplace transform in t he 
exp li cit form ha s been derived in / 7 / , 

Th e automated blob-length measurements in track chambers 
in high-energy physics / 8l lead to a counter with prolonging dead 
time where the input process and the lenuth of particles ar e 
discrete random variables with the same step h . Fo r the case of 
the geomet ri c input, the distribution law of the length o f the 
dead time (in the qu eue ing theory language) has been obtained r in -' 8'. The gene r al case of a discrete GI/GI/~ 1,35 been descri
bed in 1 9 • 

In the present note we derive the joint di st ribution of the 
dead time and the idle period for a discrete modiricd counter. 
In the particu l ar case o f the geometric input of emitted par
ticles we derive it in a different way to the general case. for 
this aim we use the independence of the dead time from the idle 
period . 

We suppose that the counter is idle before the registration 
process. The discrete modified counter with prolonging dead 
time (in the sequel we sha ll write only discrete modified 
counter) is a counter fo r which the first dead time is produced 
by sequences of impulses, 1)( I ~_ • and interaL-rival times, 
ITk I~=J . I )(k Ir~ l are assume~ ~olbe independent posit ive di scre
te ran om var1ables W~!he dis tr il21tt:i..llil l aws 

8h ~ 1 "TYl ~ 
0 '."1"" 

L-.... I 6 t·:t _:. . .~; .. 
••... .. ' . .... .. .. ,s..[i .J ~ , 



h.(n) = P (x =nh). n > 1 • k ~ 1 • 	 ( I. I)
k 

~ 

whe re I hk Cn) = I, k ~ I . Th e seque nc e 1)( I (1003 i s indep e ndent o f 
n:::l k k = l 

the internrriva l time s I Tk I k_ l . whe r e T k = - 'k + 1 • k. ~ I, a nd r k 
I rk 1'k=1 is a sequence of the arrival mome n t s o f par tic l e s ,... ith 
0 = ' 1 < ' 2 < ... • . We assume t ha t I Tk It : } is a s equence or posi 
tive di sc r e te rand om vari ables wi t h t he same s t ep h and wi t h 
the distribution laws 

fk ( n ) = peT. = nh). n ~ 1. k ~ 1. 	 ( I . 2 ) 
~ 

where n: 1 fk ( n) = I, k:. 1. Hor e ov e r, we assume t ha t th e s uc c es 

sive dead t i me s a re produced by the ana logous way independentl y 
of previous ones. This counter will Y)e denoted by e= ( fl ' 
f2' • • • ; h l • h2o .• • ). The basi c p r ope rties o f th e mod i fi e d co un 
t e r (not ne ce ssari l y discr e t e ) are descr ibed i n 1 10/ , 

2 . DEAD TIME AND IDLE PERIOD 

In th e present sect ion we d e r i v e th e joint distribution law , 

W(n,m) of the dead time and t h e f o llowing by him idl e pe r iod, 

that is, W(n.m) = P(B = nh,I = mh), n . m 2: 1. Fo r th e simplicity we 

put h = I. 

For a g iven c o unter e:::: (fl ,f2 , ... : hi' h2 ' " . ) . it i s c onve 
nient to consid e r a s equenc e o f discret e modified count e r s , 
l e. I;=, . where e . = ( fk .fk + , .. .. ;h•• hk + , . .... ) .· Al so we d e f ine 
the d ead time, Bk , t he id l e period, lk. a nd the eyc I e . Ck• of the 
counte r ek • for any k ~ 1. · 

Le t us pu t 

Wk(n . m) =P( Ilk = 11 . I , = m) . n. m ~ I, k ~ 1. 	 ( 2. I) 

It i s c l ear that 1'I,(n.m) =W( n.m) .· Suppos e th a t the f irs t dead 
time o f any count e r ek i s prod u ced b y s e que nces IX: J:""1 a nd
I T ~Jn = l .where X~ ::: Xk + n - l • Tk "" T k+ _ 1 •n

We def ine 

Wk(n .i. m)= P( ilk = n. x ~ =i. Ik = m). 	 ( 2 . 2) 

I t is e v i d e nt t hat 

n 
W. (n. m) = }; Vi . ( n . j . m) . 	 ( 2.3 ) 

j =, 
Us ing the inde pe nd ence of Ix k I ; "" 1 f r om I Tk 1 ~= lwe h a ve , f o r 

any k ~ I and m ~ 1 • 

2 

1'1.( 1. 1 • m) = h. ( 1) f k ( m + 1). VI. ( 1. m) = Vik ( 1. 1. m) • (2. 4 ) 

W. ( 2 .1. m) a hk (I) f. (1) \'), + , (l.m). 
(2 . 5) 

Wk (2 . 2. m) = hk (2)(f (m + 2) +fk ( 1) W.+,(1.m)). 

For the general c a se n ? 3 we obtain 

Wk(n.l .m) D hk (l ) fk (1) Wk+, (n - 1 . m) . 	 ( 2 . 6) 

Defin e b y r ecurrenc e , f or 2:s j :S n - 1, 

j - 1 
Wk(n.i.m ) = hk(j)(fk(j)Y!k + t(n - i.m l+	 . l: fk(i)Ak(n.j.m.i)). (2.7) 


J = 1 


whe r e 

j - i + 2 

2 
A. (D. i. m. i) = :!; Bk(n.i.m . i.r) • 	 (2 . 8),= I 

He re Bk(n , j,m, i,r ) is t he probability that Bk = n.x k = i. Tk = i 
and f r om the i mpul ses o f th e seco nd and foll owi ng ilt impulses , 
r cycles, with th e t otal l engt h of the fir s t r- 1 cy c l es a nd 
t he r -th d e ad time equa l t o n - i. without o f the impul s e of th e 
f irst particle , a r e c r eared. The event IBk = n.l k= mli s depende nt 
only on IXk . .. . . Xk + - ' Tl; .•.•. T k+ _ 1 (. The refor e n 1 n 

Sk( n .i. m .i .r ) = 2 f' . (j ,.k ,) ... Vls (j , _ , .k ' _ l)·VI, (j . m) . ( 2 .9)
1 , - 1 	 r r 

whe r e 5 1 '" k ... 1 , 52 ,",5 1 + jl , ... , 5, = 5 , _ 1 + j r- l , and th e s um
illat i o n i s t a ke n ove r in t ege r s j s .k s ~ l . for 5 = 1, •••. r _ 1 . j > n- j. 	 , 
wl t h j l + kl + ••• + j ' - l + kr _1 + j, = n - i . 

By ana logous ma n ne r we h ave , fo r j n . 0: 

n - , 
Wk (n . n. m) = hk (n)(fk(n+ m) + }; fk(i ) Ak( n .n . m . i )) . ( 2 . 10) 

1= 1 

where 
{~ 

2 

Ak ( n • n • m • i ) = l: 9l;(n , n, m, i , r) ( 2 . I I ) 
r "" 1 

and 

Bk(n.n.m.i . r) . l:W, (j ,.k, ) ... V;s (ir_l.k'_l)·W, (j r .k,+m).
1 r - 1 	 r 

3 

http:Wk(n.i.m)=hk(j)(fk(j)Y!k+t(n-i.ml


where St are same as above and t he summation r uns over int ege rs 
js ,k s ~ 1 for 8 = 1, . . . , r -l , jr ~ I , kr ~ O with j 1 + kl + ..• + 
+ j 	 + k = n-i. 

, 	 . ' f ' ThIS proves the ol l owi ng theo rem: 

Theorem I . The j oint distribution o f t he dead time and the 
id l e pe r iod of the di scre t e modif i ed coun ter ek :::: (fk . fk+ 1 , .. . ; 
hk .hk+ I ••• , l, k ~ l, i s given by the f ormul a ( 2. 3), wh e r e Wk( n.m ) 1
is 	ca l culated from ( 2.4) thr ou gh ( 2. 12) . 


Remark . For the d is tribu t i on law, P~ (i ) = P ( C k = i ) . o f the 

c ycle o f the di s cret e mod ified counter ek = U k. fk+ 1 t ';' ; hk 1 

hk+ 1 .' . . ) '\.J'e have 

P~ (i) = ~ Wk ( n . m) . i ~ 2 . k ~ 1. 	 ( 2. 13 ) 
n+m= i 
n I m~ 1 

3. 	 DEAD TIME 

The use o f t he formul a (2 . 3) , for the dead t i me di str ibu t ion 

l aw on l y, lead s to the f o llowing recurrent formulae : 


Define 


Pk (n) = P (Bk= n) . 	 (3. I) 

and 
~ 

IVk ( n. j .. ) = }; Wk (n. j) • 	 (3 . 2)
In "" ! 

n ~ 

Then P (n) = l: I'i (n .j .. ). Pu t t i n g Q (n) = ~ f (i). D > I, we 
k j = l k 	 k i-=D k 

have Wk(l. l •• ) = hk( l) Qk(2) = P k (l ) ,l'i'k(2,1 •• ) =hk (1) fk (I)Pk+ I (I) 
Wk( 2 .2 .. ) = hk (2)(Qk(3l+ fk( l) Pk+I(I». For n;o:3 we ob tain 
Wk(n . l .. )= hk( l ) fk (1) P k+l( n-I). If 2S j Sn - l, then 

j - 1 

Wk(n.j .. )= hk(j)(fk(j) Pk+l(n-j)+ .l: fk (i) Ak (n • j ... i)) • 
1 = 1 

where j-i+2
l -.--J J2 

A,(n,j..,i) = l: Rk(n .j • • pi.r) 
r = 1 	 J 

and Bk(n.j .. ,r.)=};W UI.kl) .. ·W . (j I. k I)P (j) . 
S t sr_ 1 r- r- sr r 

Here the summation is the same as in (2.9) . 
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Sir!1 i l ar l y , f or j = n , we have 

n- 1 
Wk ( n . n .. ) = hk ( n )(Qk( n+ l) + i ~ 1 fk ( i ) Ak ( n,n ... i)) . 

\lI'here 
[ n- i + I J 


2 

Ak (n , Il , •• i ) ::: ~ Bk(n . n.qi .r ) . ,c I 
a nd 

Bk ( n.n ... i,, ) =}; W, U I. k l ) ... Ws (j ' _ I· k ' .. I) P (B, = j, .
1 r- 1 	 r 

I s 	 ;o: k, + I) ., 
In 	the l as t formu l a the s ummation is the same as in (2 . 12 ). 

4. 	 GEOMETRIC INPUT 

It i s evident that , for a modi fi ed counter , the dead time 
and the i dle per i od are, in gene ral , dependent random variab
l e s. I n part i c ular case of the cou nt e r e = ( f1 .f2 .••• ;h 1 . h2 .... ) . 

where 

fk ( n ) = (I _p ) p n- l • n ~ 1 k ~ I . 	 (4 . I ) 

and O<p< l .it is s impl e to show that the i dl e pe riod dis t r i 
bu tion law , P ~ ( n) _ P ( I. = n). ob eys the geometric l aw (4. I ) 
with t he s ame parameter p . f or any k ~ 1. Us i ng t he known pro
pert ies of t he geometric inpu t of emitted par ticle , or direct
ly the formu l a ( 2.3 ) we may s ee t ha t in th i s par t icular case 
t he dead time, B k • and the id l e period, Ik .are independent ran
dom variables . 

In this s ection we derive simpler formulae, f or the case 
of 	(4. 1), than (2.3 ) by a differen t way from using t h e i n depen 
dence of the dead t ime from t he id l e per iod. The used meth od 
i s analogous to t hat from /8/ . 

Thus , we suppose that the counter at the moment t = 0 is idle 
and the first particle arrives a t the time '1 dtstributed by 

P(' I = n) _ (I_p ) pn. n _ O.I ..... 	 (4.2) 

Denote by A an event that the dead t ime begins f rom t = O. 
Due to (4.2), we have P(A)_ I _p .We define Pk( j) = P(Xk=j.A). 
Therefore 	 1 

Pk(i) = hkU)(I- p). 	 ( 4 .3)
.5 



a nd f o r j = 0 we pu t 

Pk (O) - P. 	 ( 4.4 ) 

We de no t e th e condit i o na l pr obahili ty in ques tio n , P( Bk = 

n lA ),by P ( n ). a nd the j o int p robab i li ty , P( B k ~ n , A ) , b y P P k(n), 
Cl e arly 

Pk (n) ~ PPk ( n ) / ( I - p ), n ? I , k ? 1. 	 ( 4.5 ) 

Le t Wk ( n,j) ~ P ( B k ~ n ,x~ ~ i ,A ) , II ~ I, i . I ..: .. n , k ~ l. 
The n 

n 	 _ 

PPk(n) = j~ 1 ',\(n,j), II ?: I , k ~ I. 	 (4.6) 

It i s ev ide n t tha t Wk( n , j) . Wk( n ,i .. ) , whe r e Wk( n , i .. ) i s 
t Ile e xp r es s ion ( 3 . 2 ) f rom Se c t io n J . 

Using the prope rt i es o f 'IIk ( n . j ) and t he inde pe nde nce of t he 
de ad t i me f r om t he idl e pe r iod we may prove t he fo llowing r e 
lationshi ps for a ny k '2: 1 : 

Wk ( I , I ) = Pk ( l) p,(O) , PPk ( I ) = IV. ( 1 , I ) • (4 . 7) 

Le t n ~ 2 a nd put B, ( I , I ) = PPk( I ) , 

Bk ( n , 1) = PPk ( n ) , 	 ( 4 . 8) 

then 

Wk ( n.I ) = Pk ( I ) ll k+ I(II - I , I). 	 (4.9) 

De f i ne by recurre nce, fo r 2 5 j $ n - 1 • 

J - 1 

B.( n. j) . pllk(n -l , i- I )+ D k+ l ( n - l. j - l ) .l Pk (i) + 


1 -= 1 

( 4 . 10)

n- 1 _ 

+ .:!: . W,( n - l.i ) . 
1 = J 

t hen 

Wk( n, j) · Pk (j) Bk+ I ( n - I, i) . 	 (4 . 11 ) 

For t he fo l lowi ng it is us eful t o int roduce a f unct i o n D
k 

• 

k ~ I , via 


Dk (O ) = p, 

6 

m 
0k(m) ~ p Ok(m - I ) .j. 0k + l (m - l ) .l l P, ( i ), m ~ I , 	 ( 4, I ? ) 

1= 

the n 

Wk ( n , II ) = Pk ( n ) Ok + 1 ( n - I ) , 	 (4 . 1 J) 

and this proves t he fo llowing theorem . 

Theorem 2. The probabil i ty l aws of th e de ad time of t he dis
c rete modified coun te r e k :: (fk .fk+ l •••• ; hk . hk+ l •• . . ) . k ?: 1. 
with (4 . 1) is giv e n by t he formula ( 4 .5) , whe re PP k ( n ) is c al 
cu l a t ed f r om ( 4. 3) th r ough (4. 13) . 
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