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,. Introduction 

1 .1 In our preceding paper III , the method ot constr uctine realiza

t i ons fo r en arbitrary real semi simple algebra g waS !,>r esented. I t 

wes shown that any induced representation can be rewritten a s the 

so-called boson renreaentatlon. The construction st ~rts from a de 

com!,os1 tion g = nb~6b enb at g, which 1s a simple generaliza ti on 
+oc 0 - /2/

of the triangle decomposition ; it emnloys substantially induced 

re presentations 1)1 of g with rea ~ect to a suitable re ~re sentation 
G af the subaleebra g~ n~ . It wa s ~raved in Ref . 1 tha t t he method 

gives realizations "'Jhic"l nosses t\·:o ;>r o!)crtles ne r llit tine t hei r a ppl i

cation in the representation theory. They are ske·.·.'-nennit'C'an and Sc hu

r een. 

1.2 In the rapers /4-51 (seo also Ret . 6), ext en s ive families of 

realizations for the real algebras ~1(n+1 , R) and sl(n+1,R) were cons

tructed. The method 1s based on the recurr ent formulae derived in 

Ref . 4 which yield realizations of g l(n+1 . R) in terms of n canonical 

pairs and generatora of gl (n , R). Using these formulae, VIe can obtain 

pure boson realizations ":ith 1 d(2n+1-d) canonical r airs (see Table 4 

of Rpf . 6) for d%1 . 2 ••. . • n. 2 

1.3 In the prespni paper . we apply the method ot Ref. 1 to the caee 

of algebras gl(n+l , n ). Par any r=1 . 2 •••• ,n. '''e construct recurrent 

formulae '.':hich eive realizations of ~l(n+' ,R) in ternts ot r(n+ 1-r) 

canonical pairs C'.nd generators of the subal~ebra el(r,R) EBgl(n+ l -r,R). 

It is also shown that these formulae contain the above mentione d 

realizations of Ref. 4 a8 a particular case. 

1.4 The paper is orc;anised as follo';'/9 . All the necessary prerequisites 

are listed in ~ 2 . The following § 3 contains the main results . Here 

t he n eVi wide tamiliee of realizations are derived. In t he l as t sec 

tion the result ~ are discussed , and in particular , a detailed compa

r ison with the realizations, \"hich Vle re derived i n Ref . 4 1s ma de. 

, r . '~JT \ , ' . :· ~;.ti"l.. 



2 . Preliminaries 

2.' The :"'eyl algebra W i s the as soci at ive algebra over (: \'Vi th2N 
r t> . 

i dentity generated by 2N element s ~i ' where Nr=(n-r+,).,nndr 
i =l t 2 t • • • t r; t=r+ l, r+2 , ••• ,n+ ' , which satisfy the relations 

[ pu ·qSjl dj1 Sst 1 	 i ,j =' ,2, ... , r ( 1 ) 

s , t=r+ ' ,r+2 •••••n+' • 

2 .2 Le t g be a real Lie algebra . By g we denote its complexi!ication , 
f urthermore, U(g) i s the enveloping algebra of this complexltication . 

Definit i on: A realization of a Lie aleebra g is a homomorphism 

r, 	g--->"'211 ®U( So)· ( 2 ) 
r 

2.J The homomorphism ~ extends naturally t o the homomorphic mapping 
(denot ed by t he same symbol r ) ot t he envelo~ing algebra U(e ) in t o 

\"2N/' U(go) ' 

Definition: Let Z( i ) be the centre ot U(i ). A r ealization r in called 
Schurean or Schur-realizat ion it al l c entral elements C £. Za~ are 
realised by , ® C where the C~s arc central elements ot the envelo o 
ping algebr a U(go)' 

2 . 4 In view of pos s ible a pplications to t he re ?resentation theory . 
we introduce the i nvolution "+" i n W by means ot t he tollowill82N 
relations r 

(qu)+ -qu 

(PU)+ for i .. ' ,2 •• •• ,r , (Ja ) Pti 
t=t +'.r+2 •••••n+' . 

Similarly , the involution "+" on U(i ) ie def i ned byo 

y+ = - Y f or Y f: g " o . Db) 
These involutions def ine naturally an involut i on on ,V ® U(i'o ) , 

2Nr 

(["'j"j®gS = [~jnj®g! . 	 (30) 
j 	 j 

where Tfj € Vl and gj ' U(go ) ' 2Nr 

2 

Definiti on : Le t g be a real Lie a lgebr a nnd let "+" be the involution 
on W2N ® U(g ) descr ibed above . A r eal ization L of g on W21l ® U(l ) 

r or o 
is calle d skew-Henni tean. if f or a ll elements X E g tho fo llowi ng 
relations hold 

( nx) + a - T(X). 	 ( 4) 

2. 5 Definition: '1'1'10 realiZations 't' and 1:' are called to be related 
it 6ll endomorphism () of W2N ® u(i) exi sts suoh t hat ~ither 

r 0 

Z'(X) = ClC Z'(X)) 

or T( X) = ClCi'(X)) for all Xl: g . ( 5) 

2.6 The algebra gl(n+',R) 	is the (n+ l )2 - dimensional real Lie algeb 

r a with the standard basis { Eij : i ,j =' , 2 , 6" .n+'1. the el ement s of 
which obey: 

[E1j • Bk11 • djk E11 - S11Ekj ' ( 6 ) 

This algebra is a direct sum of its one dimensional centrum genera

ted by the element E= r:'E and the simple subalgebrs sl(n+ l ,R) .ii1=1 

2.7 Por any r=',2, ••• ,n, we define 

b	 (7)LEar 
1_1 

Any euch br give a decomposition of algebra B~gl (n+l .R) in thi s way 

b b 	 b rg = n EEl g rl3:l n r 
+ 0"" 

n~r "" R[XEg,[br,xl .. «~ X. where g(~~O } 
b r 

go ={X.B.[br·X]-O } (6) 

b 
n_r _ R{XE:P..[br,X]= -o(~ X where q'~".o ] . 

This decoml'oei tion will be used as a starting point for our construc 
tion (see aloo Ref. '. sec . 4). 
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We denote by W t he apaco of induced r epresentation ~r"ind( g , (;-r ) .
3. Construction of r ealizati ons 

It {v1 , • . • , vd ) iS a basia i n the space V, then the vec tors 

3 . 1 Us 1ne the commutation relations (6 ) we can bring the decomposi 
t ion (8 ) int o t he f orm 

nr +1 ,l ••• ",,+1 ' 1 
® Vi ( 1 J ) 

nb r R{EU)
+ nr +1 , r Dn+1 , 
b 

r 
go RtE1k' Estl-g1(r,R)<I) g l(n+l-r ,R) ( 9 ) 

wher e Dtj 6-N for j.l , 2, ••••r, t:::zr+ l ,r+2 , ••• ,n+1 and i :l ,2, ••• ,d 
form a basis in W.{ 

o 

n~r • R!Ett } , 
J . J We defi ne the creation and annihilation operators atj , ask 
j ,k:1 , 2 •••• ,r, s, t""r+ 1 ,r+2 , ••• ,n+1 on t he s pace W in the fol l owing where again i,k=1 ,2, ••• ,r and s,t=r+l ,r+2, • . • ,n+l. 

Evidently, the set { Eti : i",1 ,2, ••• tr~ t"r+l ,r+2, •• . ,I!+1 } is abasia way: 
b 

i n n+r . We introduc e an Ord er~ng in the ,above bas~s in the following 
Dr +1 ,1 ••• ~+l. 1 nr+l ,1 ••• ",,+1,1way: Et s <.. E 'i ' hol ds if i 0( i or i :: i and t <. t , i.e • • if we writ 

Dtj+l eli> Vi®v1 ='te the elements of this basie aR the matri x iitj I... Dtj 

Br+ 1 ,1 Er+2 I 1 En+1,1 


Br +1 , 2 Br +2 ,2 En+1 , 2 


~r+ l, r Er +2 ,r •• • En+1 , r 

Dr+1 , r • •• ~+1 , 1' Dr+1,r ••• Dn+l,r 

( 14a) 

Dr+l, l ••• 11n+l ,l Dr+l , l ••• ~+1, 1 
( 10) 

n -1"sk I .•• n"k ®V1= '\,k ok ® Vi 
Dr +1, r • •• Dn+l ,r Dr +1 , r ••• nu+l , r 

then its elements are ordered lexicographically. The monomials of (notice the normal i zation convention we use ) . Mor eover , 'lie def ine the 

u ( n~) can be then writ t en 88 t he matrices oper ators Ei k ' i, k:::z1 ,2, ••• ,r and Es t s. t:::zr +l,r+2 •• •• , n+l , by 

~ 

Eik = 1 ® "r(E1k)nr +1 , l 
n n n~+ " ' I ( n r +1 " , •• E n+1 " ) ... l:c r+l , r . .• :r ---n+1,r) ( 11) ( 14b)=,E r +1 • 1 n+',1 r+l,r n+l,r I Est - 1 ® ~( Est ) ' 


nr +1 , r • •• ~+ l , r 

3 .4 Theorem 3 .6 of Ref . 1 s tate s t ha t t he i nduc ed r epr esentation 

~r~ ind( g . <rn) can be rewritten us ing t he above derined opera t ors
where, of course nti belongs to No the s et ot a l l non- negative inte  t (l4a-b). By a s impl e cal culat ion whjoh empl oys the commutation re l a 
gers, f or any i ='. 2, ••• , r and t : r +l,r+2 , ••• ,n+l. 

tions ( 6) . we g e t the formulae 

) . 2 Now we appl y t he general construction de scribed i n Ref . 1 to the 
case of gl (n+1 ,P.). Le t G: be an auxi liary representation of the 

b b r i , k:::z l , 2 , •• • ,r,~r(Eik ) tk at! + ElkL-aalgebra go~n r OD the s pace V such t ha t 
t· r+1 

b 
" r (n_r) 

b 
• 0 

f r(Est) 

r 

~iS1 ati + Es t B, t =r+ l,r+2 ••• ••n+1 
<rr l gor is fai thtul • ( 12 ) 1 · 1 
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, n+l-r 

~1'( Er+ 1,r) "" a r i-1 , r 'Lr (Ei k ) 'l' (E ) - - - S !k
r ik 	 2 

r n. l 	 , 
T r J

'r(Est) r(Est ) + l! ot~r(Er. r+ l ) L~r( Erj) a r +, , j - L a t r Et ,r+' ( 15) 
j . l 	 t ...r+l 

( 17) 

r;(Er +1, r > · ~r(Er+1,r )) .5 Now the sought realizations are obtained easily by re placing the 
operators in the above expressions by suitable algebraic objects. n + l 

1
The mapping Z'~(Er ,r+ l ) L\l'~( Erj ) - 2 ) Pr+1 , j L Ptr E t ,r+l 

j.l t :rr+l r( pu) 

:Ill 

• 	 au 
).7 For any r ... 1 ,2, ••• , n, the elements br have the 3ame meani ng a s 

t he e lement b t ram sec. 4 of Ref. 1. Therefore we can apply theorem f(qu ) • a t 1 
4 . J of Ref. 1 t o the realizations (17) and ( 10) obtai ning i n this 

'f ( E1k ) • E1k '!/ay 

r (Est) - Est 	 Lemma: ~r and ~; are Schur- realizations of gl (n+' ,n ) in theJ 
W (giU(gl(r ,R) ep.:l(n+ l - r,R) for any r=1,2, •• • , n . 

2N rwhere 1 .k=1,2, ••• ,r, t=r+l , r+2 ••.• ,n+l extends naturally to a faith
_brtul representation W ®U(go ) on W. Thus there exists the inverse 

_1 
2N 

r _b 4 . Discussion 
r'f ' and v:e can define t he mappings Tr ' g->W211 ®U(go) by 


r 
 4 . 1 I n the l ast s ection we are going to compar e our r esult s t o t he 
real izati on s of gl (n+l.R) gi veh in Ref . 4 . They are expressed by t he 'tr - r-1 

0 ~ r 
formulae 

Ac cording to Proposition J .8 of Ret. 1, every such r~ is a real1za
tion ot gl( n+1 ,R ) . We obtain 	 -~ (E ij ) • q1Pj + Ei j + l!1 J ij 1 

n.l 

l'r (Eik ) C -qtk PH + Eik • i,k""1,2, •••• r t 	 r( En+1 ,n) = -Pn 

t""r+1 
 ( 18) 

n 
r 

I i( En ,n+' ) 	 :r qn \ L Cl j Pj + ¥ - En +1 ,n+l) + Lqj Enj
Tr( Es , ) 	 r==q ei Pti + Es t • s,t~r+1 , r~2, ••• ,n+l 

j .l j. l 

1·1 


( 16) 
n

Lr (Er +1 ,r) 	- qr +l,r n 
r (En+1 •n +1 ) L q1 P1 - ~ + En +1 ,n+1 

1. 1r 	 n+l 

Z'r ( Er ,r+l ) 	 • L ~(Er;>Pr+l ,j - C Ptr Et .r+1 . It we put r-n i n the f ormulae (17 ), we get 
j. l t ..r +l 

- ~ 1 + Ei j • i . j .. l,2, • •••nJ.6 The realizations (16) are not skew-Hermdtean with res;-cct 	 T~( Eij) • -Qn+1 , j Pn+1,i 61 j to the ,conjugation (3a-c), but skew-Herm1tean realizations ?r can be obtai 
ne d using t he method described in Ref. 1, sec . ). 9 \ They are given r~(En+l ,n ) • Qn+1 ,n ' 
by the f ol lowi ng f ormul ae : 

(. 	 7 



( 19 ) 

n +1 T~(En ,n+ l) =(- Lqn+1, j Pn +1 ,j - -r - En+1 ,D+,) Pn+l ,n + 
j= 1 

n 

+ 	 LPn+ l j Enj • 
j= 1 

In( En +1 ,n+' ' ::: LQn+ l ,i Pn +, ,! + ~ + En +1 ,n+ l 
1=1 

Comparing the f ormulae ( 1a) and ( 19) , we aee that the realizations 
r and r~ are re l ated( c f. t he definition 2 . 5 ) and that the corres 
pondine automorphism 8 is generated by 

O(qn+1 , 1 ) = - Pi 

( 20 )B(Pn +1,1) q1 
b 


/1( X) = X for X.g n .
o 
4. 2 The formulae ( 18 ) give, in partic ul ar, pure boson r ealizations 

with ~ d (2n+ l - d ) canonic31 ,airs for d". 1 , 2, • • • , n; .tor a detaile d in

formati on aee Ret. /4 / . An analogon s r esul t obviously holds to the 
o t her realizations given by( 1?) , 1 . e ., w1 th 1"= 1 , • •• , n. In this way , 

'lie can ob t ain purely boson r ealizations wi t h a number of pairs non -

equal t o 21 d(2n+l-d ) . f or any d= 1 , 2 , • •• ,n . 

BYPAHK 'I. E5- B4- BI J 
HOBLiA KJI.l(.' (· lW;:1JII I 'I, lI ~lI n ,lJ1 rc(ip Jh-, gle n + I,R) 

MeTOI\ K()l lt" l llYk l\1111 n II T I1 :J I)MIITO DbIX p e aJlH3aLtH H , ovocllo Ba l-lllh1A 

B pa60TC' I I I , IlI lI tM l' II HC'1'CfI K IJOCT p OeHHIO 6 0 3 0HHbDC p eanHS aQHfi AJ1R 

anre6pb! Ji ll gl (n + 1. R). IlonY'leHHble peanHSaJ \HH BbJp a.aJOTCR p e 

KYppe1f1' 1t1)!MII (}N)PMYJI<1Mll n pH n OMODtH r (n + 1- r) 5 030HHbI'X n ap 

H re llc p a. " 'opo n nOAanr e 5pbl gl(r. R) El gl ( n + l -r,R ). rAe r _ 1,2, 
a ' • • D. Q IIH '.lIIT H:JPH HTOBbl H mypoBcKHe. 

Pa6 0Ta BbmonHeHa B na6opaTopHH Te o p eTHt.{eCKoti ~H3HKH OIDfH 

COO~eH"e OObeAHHeHHoro ~HcTHTYTa RnepHWX HccnenoBaHKA . Dy6Ha 198 4 
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