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1. Introductlon 

In his chulcel paper I'll Celkln confJtructed e x p l ici tly a clnss of 

faithful repreeentetion. of the quotient C"-elgebre -e. (1t) 1 d o- ( at) 

(Calkln algabra) of the algeb ra 1!, ("Z) at ell bounded oper.tor. on a 

aeparebh Hllbert epace'l by the cloeed two-eided "'-ldeel d_('dl) of 

all compact operator•• The Celkln algebra p18ye en importAnt ro l e in 

operator theory end 81eo in the theory of C"'- end wilt-algebra • • 

In the laet 15 yeera it bac.~e clearer end cleerer thet for ~pplicA

rione ln quantu~ field theory and quentum IItRtlfttic e t o pologicel el 

gebra. and thelr re81i~lItione a8 algebras of unbounded operator. eri 

.e ln a neturel wey (cf./7 / . /9/ . / 171 end the refer~ncefl there). So 

there hee been exteneive etudlee of the structure of flu c h algebre8 

and related Object •• 

The al. of th i a peper 1a to generalize the 8ituatlon deecrloed above 

to the cla8. of elgebraa of unbounded operetora L· (J) with b • 
• ~-(T). S lIcti o n '2 c ont a ine the necesllary definitionll IIInd notetion. 

(cf.al'o 1 11 ). In 'action 3 there are given ao~e of the noesl01e ge

n8re11Lerione of .1_ ('Z.) in the unbounded celie 1 161 . It 18 proved 

that the clo.ure ot tne eet of finite di_eneiona} operntore on'JS wi t h 

reepect to the uniforlll topology '"CJli. the only p roper two-.ided clo

eed _-ideal" In Lt (n). except tr 18 of type (1) (eee eection 2). 

There ere glven eever.l equlvalent characterlL8t10n. of ( which .re 

u.eful for appli c atlone. The .aln reeult 1a contained ln s e ction 4 . 

There it 1a snown tnet the quotlent elgebra L· (b )1 ' • R. equ1pped 

wit h t he factor tOPOlogy't" ariSing fro.~zla en AO"-a lgebra, i.e . 

nt't.1 1 a algeoralcally and topologicelly 1501ll0rphic to en operator 

_-al gabra .A (is )t't.cl . A 01811. Of auch 18o.orph1e_. 18 e xp lioitly 

gi~.n b y edapting the clas8ical Culkin construction to the unbounded 

caae. Se ctIon 5 1noioat88 ao~e directione ot further inveatigation. 

whioh are now poe 8 ible. 

2. Prell.1narlee 

For a den •• Uneer ••n i fold JS 1n a aeparable Hilbert epAce at. let 

L.' (t) denote the ,,-elgobre of all operetore A with A1lc.lS,A"Jrc:;.1l 

The in~olution i8 gi v en by A _ A" - A"'\tJ' • An Op"-elgebre .A (ll) 

i.8 "-aub.lgebra of Lt (n) with unit I (identity operetor ) . 

Tha topology ton J) glven by the eemlnorme 'f -'A"fl for ell 
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A' Lt{ 15) is called the graph topology. Th1s gives riSe to 8 canon1

cal riIJ g ed H1lbert 5 pace J)(tl c.llc:.~'tt·l and a canonicel dual p8ir 

(J) • b' ). where t' denotee the strong topology 1n 'JUI'. By R,(A ). 

",(A ). A we denote the range, the kernel, the closure of A reep. 

For A tl..t(2!), A bounded we often denote At11(¥) als o b y A. A.ong 

the lII any possible topologie s 1n Lt (n) W8 need the un1for. topolo

gy"l:l) giv sn by the se.ino r",e 

A_ 	I&A\\..w., sup \(.'t .A..,>\"."t •..u. 
a nd the quasi-un1form topology "C b given b y the 8 e lllinorllle 

A _ 	 I~A\\~ sup \\ [)II. 'i 1\ for all 8, i.... ( 11 ) . ...... 
In both cases J.L rune over the family of t-bounde d Bu b 'ete of ~ 

'(·(15 )t'tlll 18 B topo l ogical ..:- a lgebra, L "' ( l:5 )t"ta ] 1 8 III t opologicsl 

alg e bra. 

The most im portent do ma 1n s b a r e t hose wh o r e t 1s • Frechlt - topology. 

Then t c a n be g1 v en by a s et of 9Am1nonu UAn' \\ • where An - An + 

and I ~ Ai ' 11.2 ' •• •• A spa Cial bu t very usef u l type o f euc h (F)

spac es is of t he form 

15 . :,- (T) • " :r (Tn) • T • TH ~ I - an u nbounded .e lhd j 0 1nt 
n,o 

operato r . 

I'a tho ut loss of generality o ne c an s uppos e that T 'tf\. - tnlf" • (1",) on 

appro priate orthonorMal basi e 1n'ik , tnf.~ , l. e •• O"(T) • tt \ • n 
Then t h e es oe n tial spe c trum vess(T) consis t s of t he 8et of ei g enva

lu es wi th infinite mu l ti p l i Cit y . The y ere de noted by t~ end o r renge d 

in in c rea S ing order, t i " t 2: " •. . . Let 1t1'\ be t he correepondtng 

e1g enspac e , P the ortho-projection on t o 1t~ . In /10/ there we8 gi n 
ven 1I c o mp let e classifi c ation of s uch dOllla1ns. We n eed here t ho fol

l ow1ng rough de s cr1pti o n of the three basic types (1 ), ( 11 ) en d (III) I 

bE (1) if ond only if 11m tn • 00 • 1.e .• tS" ess(T) - {1 

J:), (II) 1f and only if ~ ess( T) i9 finite , i.e .,t1 h as It r epre 

sentet10 n b • ~.Ii 1). 'at. an inflnit e d imension e l 

Hilbert subspace . b. t; ( I ). 

b t: (III) if en d on l y 1f 11m t~ • 00 i.e. , %): h at! B represent etion 

tl . L' iii 'at1\. Ii llo , where 15. - (0 ) (the eo - called 

type (IIlA»or 1l. t (I) a nd 

L' ~ 'at" - \. '\: - L"\'~ , ,~,'tt., L ( t ' )?k U"tn. \l1.<, 00 
n 

for a ll k lW l. 

2 

In what follows we cone1der only t he case ~ • ~~ (T) unless other


"ise expl i c i tly Mentioned . This Clll8e 1s vary important for app li ca


tions for many re e e one. So one has for axa .p l e a lMos t ex p l i c it de


.cript ioos of the b o unded set s a nd the t opo logles."t'1)a n d 't l) /6.9/ . 

Wa col l ect here 8 0 me of theee resul t s 1n an approp ri ate fo r ll. 


2.1. Le llma 

i) Le t l3 e- (lIlA) ' then 8 t otel eystall o f bo u n ded sete in '%)ttlie (] 1

ven by 

JlCa ) 	-{,\ -r.n....~ '"\'n.'l{~,l'l-.II.'), 

n 

"here (a ) runs ove r ell sequences of positive numbers witho
 

L .~ (t~)2k <. 00 f o r all It ,H . 


11) l et F be the e e t of a ll positive , bounded end continUOU8 fun c ti o ns 

f{x) on it. suc h thet sup xkf(x) <. - for ell k 1;:'" end f(T)Jr 18 
H. 

I • -dense in ts • Then {Jolt - f(T) l(. • f f:: Fl. lot -unit bell in'" 


is e t o tel systelll of bounded sete t n l:Htl 

111) The t o pologie s 'tl) end"C· e re given by the fo llow1ng semi norlla: 


"e A _ l A' f - I fCT)A fCT)\\ f o r all f t F 

",a A _ IA I f,k _ UTkAfCT)U for all f., F en d k'N 

For e 81 Ml1.r deecription in tha ce se of " gene ra l { F )-space ~(t l 

the fo llo"ing ,,-i de. l in I.!' (II ) i s usefu l / 15/ : 

eCII) 	-t A O"'-C Il) , BAC boundod for 011 B,C' '''·C 1!) ~ -
- {A ''''+CI», " '>leI> , A·xe'l! ~ - lfor 11 _ ~-CT»)-

• {A ~ L·( b ): rnA, TnA": boun ded for a ll n , ~~. 

The n 1n /4/ a nd 1 n a ~ore general cont e xt in / 5/ th ere "a. proved 

that t Al(. . A ' '6 ( IJ )l forlle e totelsyst e. of bound e d aete 1nbe tl 

Relllerk that f( T) t- n (U) f o r f{ F. We summarize eome properties o f 

& (U ) 	 whlch we n eed in the f ollowing . 

2 .2 Le• • a 

i ) If B - U , 8 \ is t he po lar d.co ~pos1t10n of 8{'C. ( tT), then lBUeUr). 
11 ) I f { E(l )\ denotes the s pec t rel family of \ B l and J _ (a ,b l , 

D<acb, then E (J)¥,cb • UE( J)'atclS , U· E{J)"atC.J} 

~ i ) folIo". fro ll / 15/ .11 ) ie aleo 8 1mple, for u: a llp1e e(;J)'a(.c. 

cb is a con sequence of the eetimation 

Un E(J )1' _I\ CTn\O\ )C\B \ -1 E (J»~U' C II~' f or 011 n.~,
1 	 n 

He re IBI - denotes the bounded 1nveree of \B \ on E(J)(l 
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Th e next Le mma i s folklore, 

2 . 3 . Lemm A 

L:)E lH.tJ' if and only if t..)("t} -<'"J.A ,,() for some'Xt-lt. A ~t..'"(ZJ). 

In sections 3 and 4 we noed s o me sirnole fects which we also formulate 

as LemmAta. For completeness tile short p roof s Are in c lu ded. Le t w 

deno t e t he weak t opo logy in 1t G' .6"( b. l:S ' ) is the we a k topo l ogy 

in ~ wi th re spec t to the dual peir ( ~ ,~'). The correspond ing con

vergences will be denoted by ...!::.. ...£.... resp. 

2 .4. Lemma 

/I. seq uence ("t... ) c Xl is tit' - c onve r gent to zero if and o nly if (~) 1s 

t-bounded end ("t . "",) ---+ 0 for all"'\''"t5(hence for oll,,~OK. ). 

f.!:£ili Let "'\'..... .s:.... 0 , 1.e. _ 0 for 811 tAE):)lt) ' • and by Lflm(.J (",,) 

rna 2 .3(-x., /1. ,;...)-----. 0 f o r all A toJ..'t- (n ).'Xt-"I.. ThAt mp.sns ( A "f\) 

is "-co nvergent 1n'at • hen c e 1\ U -bounded. Thus (,,_) is t- bounded. 

On the other hfl n d. if ("",,) 1s t-bounded a nd <" ."'t,,) ---+ 0 for All 
+'tho then f or a rbitrary A ~.L·l~)en d ". A SO .~,"b one get e 

<)' .A *\ .... ) -.. C . S in ce (A "t... ) is \\ ~\ -bounded. <'X. ,A,,,) ---.. 0 

f o r all 'XE:Cl. i.e.,,", ~ O. q.e , d. 

?5 . LemmA 

A sequence ("1\.... ) ell h t- conve r 9"nt to zero if and o nly if ("t... ) 

is t-bounde d and n"n.\\ ---+ O. 

~ One dir ec tion is trivial. the other follows fro~ the estima

ti on : 

\1 11. "\'1'\\\1.. .1 <A+A"\",,,...)\ " \\ A+A ''\-tl.I\ · \\'\'rtll 'C(A}l),,\... \\ with 

C( A) • sup \\ A+A .... "'\\ <.00 '\. t .cl . 
n 

2 .6. Remarks 

1 ) From the proof. i t 1 s obvious thet Lemmeta 2.3 - ?5. are v alid f or 

arbit rary n 
i i ) Lemma 2 .5. i s false if one con9i dar~ an operator a lgebra ~ which 

1s not a M-a lgebra and t r e p laced b y t he graph torology ind u ce d by ~ 
Th i& cen be seon from the followin g exalflple . Let ( 'of.,.) be an o rtho

normal be s i s in 4t , T 'fn" n ~n for n .. ?k. l. T'i'.... .. '(.... for n .. 2k 

for all k/ 1) .. tI- (T). Denot a b y ..,Q.. (11) t h e algebra gen e r a t ed b y 

1 a nd A with A'fl.K "" ( 2k+ l)'fz.....H. 11.11...... • O . '''-( If) i& n o t a ,,-algebra, 

an d the sequence ""r .... . If'1.~ /(2k+l) 19 t. - boun ded .l"t.... D ----+- 0 but 

of courseIA".. U does not go to zero , 

1 

3. Ideale o f co.peet ope rators 

It ie III wel l -known feet that SOme of the equivalent chare c ter i z ation s 

of c ompact ( complet e ly continuous) operet o rs in Hilbert Space do no t 

coincide in more gene ral l ocally convex spaces, Thi s le d t o the defi

nition of different e ubsets of L+ (1rl in / 16/ all of them baing can

did e tes . f o r cOlllpect or co ..pletely continuoua operators in .c. t (ll: ). 

We re pea t th a definltion~ and 80me of the n eeded proper ti ee for ar
bitrary !l 


F (;1\) • \ F ~ .c.+ ( 'I> ) , d1 . 'I. (F) < ~ l 


ComCt,t} .. {A," .c..·C2l) : 3 t-neighbourhoo d U s uch that AU h re lA ti 

vely t-co mpact 1 

Com(t .11&) .. til. i .l· CZI: ): it-neighbourhood U auch thst AU 1a relat i

ve ly' • -co mpe c t) 

Vol(t.t) .. {A E: '('-{ll): A.Ll. 1a rf'! lati ve l y t-compa ct f or ell t-bo un

ded .u. Co ~(tll 

Volet,l'l " {A E: J..t(b): A.Ll. is r ela tive ly U I-compect for ell 

t -bounded ...u. c: %)ltll 

(Vo l ie teken from t he German word -vo llstetig- .. completely con ti
nuous) . 

3.1. Lem .. !!! / 16/ 

i) ; (1) )cCOtll(t,t)C. CO IIICt,lll) eVolet.1I \1) 

COII"I(t.t)CVo l(t.t) CVol(t.1I. h). 

ii} ell eet a ere algebraa . 

11i) COIII Ct . t) and Vo lCt .t ) ere two-sided ldeala, Com(t , . \I) and 

Vol et , •• ) are right ideals, :t( IJ) 18 a two -sided .-ideal. 

1v) Com (t, t) CO .1'_ (» ) • { A ' L>( Il), OAC, .t_ lXlfor ell B,C • .t>(D l\ 
If t is m,triz ab l e. equality holde. 

v ) If %) - b-(T) . then VolCt,t) and Vo ICt , • • ) are"tZ-cl o e e d . 

3.2 Re • • rk s 

i) Uei n g the fec t t h e t 1(- COlllet .t) i mp Uaa thet t he underl y ing s p a ce 

i9 fIni te di men sion a l, it i ••••y to ae a that CO M(t.t ) 1s d i f fere n t 

frO Il VolCt.t) end Co".{t.I.). 

11) BeClllu •• ZJ-(T) Eo(I ) 1a equivalent t o T- 1 ~ <i!_ (~). one sees 

thet in tht. c ue L+ (tl) .. CO.(t . II') .. Vol(t.t) • v o l(t.MI} • 
- -'t

• 7 (.11)" (-'to• • ••nll the "'. -closura in .r.+ (tr». 
Horeov er 11 (tJ I • .1'_ (lI) . 

The next Le mm e givaa en equlvelent charecterization of Vol(t.t) a n d 

Vol(t,.I) which ie etendard 1n Hilbert apece. 

5 
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3.3. Le r'lllD. 

i ) At- vo l (t .t ) if and on l y if (A.,.) i . t - convergent t o zero for any 


sequen ce ( ~) whi c h 18 ~ -convergent t o Z8 ro. 


H ) A flVol( t . \ v. ) if and only I f ( A",.,J 11 \1. \I, - convergent to zero f or 


any a e que n c e ( , ...) which 1 . tt-conv e r gen t to z e ro " 


Proof; i) Le t AleVolCt,t ) an d"'t>'\. ..!:... O . The n A',,~ 0 b ecause A i. 


8" -IT- co ntinuous" (",,) is t -bounded and CA"...) i s rela t ive ly t - com


pact" If A't.... ....!.,I. 0 t han t here i 8 • 8ubae quence ('t.... ) a uc h t he t 

t • 

A"\fI.,, ---'10 "t , 0 bu t t hen A,,"fl-. .J!.... "t wh ich 1s a c ont r adi c t 10n . 


On the ot ha r hsn d , l et A map ~ -zero-8equencee onto t-zero -s equenc e •• 


Suppoae A ~ Vo l (t • t) _ The n there 1. a t -bounde d se t .u.. a uch t ha t A J.\. 


18 not relat i vely t-compact. Hence the r e ie e aequen ce C",..) C J,l. 


.uch t hat (A~,,). ( X~) does not co n tai n 0 t -convergent sub.eq uence. 


Since ( ~..J ie" U-bo un de d i t is relet ively w-compact. Conseq u e nt ly 


t here i . a s ubsequ ence (""c.) with <, . 'fI..) ---" ("\o. "l) for ell" e ft 


a nd 60lle 'Xf:'R. Th1l mean. exectly thlllt (",,,,,) i. e cr -Ceuchy se


quence .and the <r_sequentia l l y completenes s of If i mplie. -x. Ie 1:5 • i.e., 


C"'\"" -"X ) ~ 0 • Hence A ,,\ 'l, 2.. A?. tha t is. (A"\"",,, ) i . a t 

co nvergent subsequence o f ( A",,,,, ) which i s a contradict i on . 


11 ) The proof is eir'llilarly t o i) . 

q.e.d. 

3.4. Coro lla r y 

vol{t.li n) is a two-sided )I-idesl . 

~ Af;.Vo l (t •••) i mpli es M"', Valet •• • ). Let "t",..!:.... O. t hen t he 

estimation UA+-;",&'. ( AA+"t"."\",)' II AA+""" 11 l "'t-.l la a d e to ("...~) con

vergea t o zero with re.pect t o \l \~. hence A+ '" Vo l Ct .1 It) . That 

Vol(t.'. ) ia a left idee 1 f ollowa from 8/•• (A"'a "' ) + 
q.e.d. 

3.5. pro po s i t i on 

Vo1ft.UI) • vol(t.t ) . 

Let A~Vol(t.I')."tn ...!!.......O . then by Le'"111e 3.3 A"".. ..L!.. 0 and~ 
A"Ij" 1s t-bounded (Lem.e 2.4 ) . The s alle Le••a 2 . 4 i ap lies now A,,\I\. -+ 

.!...O i "e., A i; Vo 1 (t , t) • q. e .d. 

The nex t two Le Mlls ta give e quive len t c ha r a ct erizat i on s o f COII(t . ,.) 

end Vo l( t.I W) wh i ch iMply that COIfI ( t .'~ ) • Vo l(t.t) - Vol(t .... a) . 

3.6. LemlAa 

At- Com(t., ,,) 1 f end o n l y if t h ere i a a k ," e u ch t h at AT-k ~ .1_ ('K ) . 

Proof: Let A'ColI(t . ,U ) . l'I it hout l o.s o f gene r ality we mBy ae.ullle 
----- k 
tha t AU 181 ll - co lllp a c t wit h U - t'1tlJ : UT 'f U ' 1) f o r . o me k ~ " 

(, 

Th.t .e.n. AT- k .ep. t he unit bel l o f 1t on 81 r e lativ ely \\ 'i-coMpect 

.et .. On t he o the r ha n d , AT-
k ~ .::r_ ( "at ) i a plie. that A U i s r ehtive 

ly " " - co.pac t . i .e •• '" Co. ( t . l \\ ) . q .e . d . 

Now l e t E(A) be t he .pectre l fa. il y to T - T" • I an d denote by 1l~ 

t he e pace ';It.".... E( (1.,..1) 1t . Claa r l y.'a,...c.1f'1 T) for " 11)4< - . 

:5 .7. Leftlila 

A« Vo l (t •• u ) if an d o n l y if A : 'atJoo ----.. 'at 18 COlftpac t for 811)-"- 4, _ • 

~ Sup poae A , Vo l ( t .I U) . X", c. ~(T ) i llpliee thet t he t-bounded 

a nd I • -bo un de d eet e in 1t~ c oinc ide . Hence A ie compact from 1(.,.. 

t o 1l . To eea t he ot h e r d i r ection cons i der t he decoftlpoeltlone 
.L. • - ..L

1t • '1t,.._ 'K: ,... • 'ZS - 'M.~ i 2),... • 1J~ .~,.. • The eete of the f o rll 

J,.l. JI..... ..Lll. ..u" c1( .... , "' . -bo un ded • ..ul. c.J)~, t-bounded forM 8 

f un d ••e n t al syste m o f t - boun ded ee t s in ~ • l et ~ be such 8 eet 

with U,," ' C f o r a ll 'f "..u. a n d . u ppoee /I. : ';It,.. -.1(. is compact 

for e ll finit e)4 S i nce T- r 'at,.. _ ~~ for a l l r . the operator AT- r 

1. co.pect f r o. 'ltl- to 1t • Furtherlllo re we ••y .uppo.e thet r ie 

c h08en 1n .uc h e way t h et AT- r is bo unded . Moreover . f o r eny S > 0 

there 18 a ,... > 1 with \\ AT- r - 1 "(1I. "I~" fo r a ll "'" lJ}t • We aho", 

t h at AT- r - 1 J.L i . relatively. 1& - c ompact . Thie prove. the lallmlt be

CIt U.e T- r - 1 J,I.. t" un. ove r II fu n daMental e yete. o f t-bo unded sflte i f 

J.l doee" We uee t h e fol l owing c rit e rion fo r cOllpactne•• of )t ell. /3/: 
Le t ('tn.> be a n arbit ra r y orthonorlllal b8!1ie 1n 'i!t • J\ c. ~ 18 reh

tive l y compact if e n d on l y i f f a t" al l L ) 0 the r e 1. a f inite .et 

n 1 ••••• nk o f indicee .uch t hat L \ <.. 1 ." ... .,.\1.<.E. for ell Cff:. .tl' 
' 1f!tn;. 

Thu •• l.t ('til ) Co. tl , t) 0 be g iven. Then there , are 1 ..." •... 11,,'" with 

L \<,,,,.... .AT- r - .....", ')\ J. <. Cf4 fo r ell,"", .JA.. ... ..... , 1 

For "t • "t..... "tL , ,,.. ,..u .. one gete the estili.tionl 

")" I <Of..."T-r-l-t ) \ ~ . L \('fl\. ' AT-
r 

-
1

""" 
-r-l ~ \. , 

... AT " .. 'm, 
r r 1

, 2 L \J <"". AT-
r

-
1 ""4)\1. ... \<"f .... AT- -

1 "L"\1. ~ " ,/? ... 2IAT- - "tLU&" 

'/2 • 2 G&. c2 , E. for suiteble d . Thi. p rovee thet AT- r - 1..u. 
1 . re latively • • - c o.pec t . 

q "e. d . 

3 . 8 . propo s i t l on 
- - '( 

Let IS . Z - CT) , th.n 7(lr ) If _ Co_ Ct . ll). VolCt. "' I). Vo l ( t .t ) . 

This two-e ided ~- ld• • 1 w111 be denoted by t 
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P r oo f: Vie s ho w Vol (t ,' I\) ':::' ComCt.'" 11. ) , then the t wo Idan t1tleB on the 

r ight- ha n d s ide f o l l ow e nd t he r ea t 1. a c onseq ue nce of / 16/ ••• p. 

Pro positi o ns 5 a nd 7 . Thu s s u p p o se A(jVo l ( t.~ ") . We prove t h e e x i e t 

ence o f en 8 )0 with AT-a CO Mpee r , 1 ••• , A IlCo .. ( t . lI ll ) b y Lalll . a 3.6 , 

Firat there 18 an r > 0 " Uh AT -
r 1e boun d &d . For 	all L,. 0 there 1. 

,\ -1 l. I! 2 1. - r
8 ~ .,. 1 e o thet ~T \fU 4; ( ~/4C }\\'f\\ • C 	 - UAT II for e ll .. 	 -,.-1"f {: .J.J"" (eee p r oo f of L I!UII1lI 8 3.7). A a n d AT ",.., co.pact frolll 'at,.. 

to 1(, by t he fo r e going Le llllna. Let X be tha un it ball In ,.. • then 


---=e-;:.as I n Le Mme 3. 7 . o ne p rove8 tha t AT JU I s CO Mpect for . _ ,..1. 
q. e . d. 

3. 9 . Corollary 

A ~ " if a nd o nly tf It (A ) d oes not c o nt ain a, 	\l-c l o •• d infinit. 

di mensiona l 8 u b s pace (i .e., rR. (1\ ) 18 o f t ype I / 10/) , 

P roof: S u p po •• ~~ 18 a u c h a Bubepace an d 'X..~ c: A II' • AT-r lf 
- - - - r ... 
Thia lIeen. AT cn,. .lao cont aina ..~ • Fo r r a o tha t AT - r i. co. pa c t 

t his is 8 c o n t r adlc t lon t o the we ll -known fact a bout compllct ope _ 

r lH o rs 1n Hi l b ert s pac e . On t he o t her han d , if A 4 -C thflln there 18 

.M. > ~ so t hat A : CH.1" ---+ 'It i s no t Il \I. - colllpact. The r e f o re A "'X.)-' 
c on t ain s s u c h a sub s pace 'Il~ . 1l.... c.1l1 If1 Pl1 ee '1t~ c. A~fAC.AtJ 

!It ( A) • 
q . a.d, 

3.10. Re lD erle 

A ~ e lf an d on l y if AS (: -f_ C lJ ) for all 0 ~ a\ ( JJ ) • 

T IDP r oof: Let At- e , then A8 Tn i o com pa ct . I ndaed . 	 i f )(, ia the unit 
mball I n ~ • t he n OTn l<. 18 t - b o unde d, l · A 18 i n thenc e T" ABTnJ(. 

h relati vely II U - c ompe ct . le t AB ~ .1_ (11') t or ell B ~ t1 (1I) end 

...u. _ 8 J(. 
 be a t-bound e d e et ( c f. LeMma 2.1) t hen AJ.l _ A8X 10 

relet i vely 1\ U -compact. i .e.,A Eo t . 
q ,e,d. 

The n e xt r esult Is the ana l ogoue on a t o tha Hi l b e r t s pace c s ee . In e 

more general contex t bu t by othe r me thods it was ind e pendently o b

tained b y Kure tftn /5/ . 

3.11. Theore ... 

Let tI - ~- (T ), 2l' ( 1). Then t 18 the o nly proper ~ b' -clo aed 

two-si ded It-i deel in .1... ( l:5 ) • 

P r oof : Let:l ba an arb itrery 't' a - c l o.ed t"o-aid ed .-ideal in .1.+ ell ) . 

3! ( b ) c:I imp li es 'f c.l • Suppose AE- 'l but A-. " . Then thera 

is e , \I -clo sed, I nfinite diMe n eiona l euba p a ce ~ c !St( A) , 'at: c. 'J1""( T ) . 

'r/itho u t loaa o f gen e ral it y wa May euppoae t hat A 115 boun d e d ( if n ot . 

c hoos e AT - k f o r euit abl e Ie). Ce note the rest ri c tion o f A to If. e"'( A) 

8 

-1 ib y At' Then Ai e xieta and S bo unde d on '¥.~ lt~ c. ""(t( A) i . pli es 

-1.,.,"u' C~-(T) e nd 0 • A~ l \lt~ 11 o E: 1...+ (!J) 8 8 we l l 88 P1 • P • (K,,,, - A1 G\o ". 
18 1n L'" (15" ) . Consequsntly APt ~ J which gives nAP

l 
• PI t- :l 

In t he Hi lbert e p e c e c a • • o ne hoe the fa ct that P 6.'1 e nd di tn P • 

di . Q. Q _ o rt hop r o j e c tl on. i.pUes 0 '" 'J • It ie e • • y t o eee t hll t no" 

"e h ave a sligh tly mo dified r e eult; 

( + ) P E::J. dim p. di ll 0 e nd fL (Q) C~-(T ) i llpl y Q t:.:l. 

Now we dietingu18h tha cues %) - eT) '( II ) a nd b- (T ) E: ( Ill) to 

deriv e !l • .Lt- (tJ ) • 

1. ~- (T) i (II): Th18 lI e a n e 2:,- (T) • 'at " iii b" • "K~ ~ J:]- (T 1 ) 

with 1:)- (T
1 

) f: (I). Th.n 0 i1 J.." (z"... ) ~ f and upe c ia lly 0 " 11 i: "C 

",her. 1 1 - I \ tJ" • 
Moreover b y ( + ) a pp lied t o P1 and p~ ... we hfJ v e P1(~" 'J Theraf o re 

I - P1t~ " t: J . 1. 15., 'J - L~ (tr).11 

2. ts-(T)E; (II!) 1 Thia 118 8na b- ( T) -L' Ill..,.. 	"- (T ) f o r . 011'1 151 

2)--(T ) tel) . O.cau8a I reetri c ted t o %I "" (T ) i . in::J it i. eno u g h 1 1 

t o ahow I' _ I restri c ted to l:,.1 ell"- i. In "J ain c e thia give. 

a galn I ~ J It i s l' - 1:. Ii P where the euWl ie unders tood In [hen 
atron g opara t o r t opo l ogy. Ap p lyin g a g el n (+ ) wa s ee that P ~ J 

• n 
The 	 pro o f "ill be co.p let ed 11 ",a prove l' • 'til - 11 . ~ 11 P • 

"' .... ...... n 
Let ~ be 8 t-bounded s et, withou t restrict lon o f ganere l i~ y l et 

L 1..u.. c:. e4t'f'l,. then 

II (I. -L• ~ p )" • a up l < T. T-iCI ' - 'L • Pn)'f . ·'PI •"' . " n J.l 'f ,~.""" ~.. 
1	 -,• .up 1\ T- (I · - L 8 P ) '! ~ • • up H 'tQ , ( aup\\'1'\l.eup \\T ,,\, \\ ) ltN+1) 

~ ..... 'L." n ... , ..... 'f'.&L ~'''''' 
whic h g o aa t o ze r o f o r N t o i n finft y. 

q. e .d. 

We c on c lud a t h ia aect i o n wit h 15 0 . 15 raMe rlee concerning the v a l i d ity o f 

the res ul ts f or more genera l d o me ins. 

3 . 1 2 . Re . a rk . 


1 ) ( 3.3) - ( 3.5 ) are v a li d f o r a rbitra r y (F ) - d omai n •• 


il) pro p oeit i on 3.B. i . I n g e nera l fa l e. f o r a rb i trary (F)-doMa ine, 


1 .e .,in gen e ,.al COIJI (t ,kl ) ; Vol(t,~ l ) 8S it c a n b . eeen by e~a.ple. 


of Monte l spacee wh i ch a re not S c hwartz apa c ee ( cf. /13/). 


~ 



- -
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4. The Calkin construct l on 

In this s ect i on t he .ain result of the paper 18 p r oved, na . ely t hat 

for 11 • 'tI" CT ) t he quo ti ent fIIlgebra L + (b )/ e - ~ equ i pp e d wit h 

t he fe cto r to pOlogy "C: ari eing f r o. t he uni for.. t Opo~ogy "t:lI' ie a n 

ADM_alg ebra. 1..a., R. 1s a lgebra i c ally and t opo lo gica l l y homorphi c 

to a n appropriate Op·-algebra ./It (i: J t'C,il • Th ie 18 the ana l ogous 

result to the cla8a i ca l one o b ta i ned by Ca l k in /2/. We aleo conatruc t 

t he 1eonorpnlem explIcit l y becausa t he only abs t r ac t inner charac 

terizat i on o f an AO" - a l gebra g ivan by S c hmudgen /14/ la no t appl ic 

able t o 'Rt.tl • Let ua r epeat b r iefly Calk ln 'a constru ction. 

Ram••be r t hat a Ban ach limit, LIM , 1 8 8 8ingular ata t e on 100 ( the 

bounded aequence.), 1 .e.,8 posit l ve ( con tin uous) no rme d l inear f unt i o 

100nal on van1shin g on tha apa ca c o f zero-sequencee. Consider the 
~ 0 w 


Unear apac!. ... of all aequencea (~ ) . "t", f:ll , ~~---.... O.An Inner 


produc t o n il i s 91ven b y ("'t",).('X.",l) • LIM ("t,..'). ... > • Let "i.. be t ha 

quat tent epece of ~ by the subspace o f all aequencee C"'t'"",) with 

~rJ\J. • LIM""...,L. O. So 'it 18 II pre-Hilb e rt s pace "ith acale r 

p r o du c t ) . 

I t eee.s that t here i. eoa . c on fu.10n 1n t he li teret u r e concerning 


t he c oap l eta ne • • o f it . Let u s therefo re f i ret clarify thla point . 


Re i d /1 1/ has e ho wn that i n the c aee o f ., f r ee u l tra fil ter ~ on ~. 

i .e.,UM . li_ou..' i. i. a l rea dy c om p l ete. He co n c lu des that Ca l kin's 

t heore. 4. 1 Coo i.i. inCOMplete" ) ie wrong . Bu t t he .at t er 1e ao.e"hat 

lIore delicate. Tha p roof o f Calk i n 's t heore. 4 . 1 i. clea r ly falee. 

but ~ i e not fo r all Banach 11 . 1 t8 COMplete. T~e following i n te r

e. t ing r e a u lt o f KOrsten /6/ give. 8 co_plete ans"erl 

it. i_ cOlllple t e i f ttnd only If LIM 111 a fini te convex 

linaa,. co"b inatlo n of p u re 8ingular eta t e •• i.e. , 

UM • i U""\A. ak~O. "r. e k - 1. 1'\1.." free u l trafil t er.lit." a k "
For the transletion invarian t Banach i 1_it. 1i i. n o t co~plet •• The 


aXietence of su c h 11aite i. a n axerclee 1n /1 2/. 


Now we d.scribe ou r representetio n of ~ end atart wit h t he conet r u c 


t i on of i aseu.lng that LIH 1_ so as in t h e result .bove • t hat 


l s. i.. 1e co.plete. 


On tha 11 n ea r s pace
.. 
II • \. ( '\".,.) • f • '1~ ' If ....f\~ 0 ~ 

wa conslde r the s.squilinear for•• 

- - k k ... ...
(f ,Q )k .. LIM (T 't.".. T lo",) , f. ("'t ,... ) , g • (1. ,,). k . 0 .1. 2 •••• 

The proof o f Le ••a 2. 5 impli es the t the fo l lowing t~o equivalen ce 

10 

ral ati on . coin c ide. i .a.,lead to t h e aame quotlen t apa ce: 

Thus IS - II /..., (5 /.,) 10 in a nat u r a l way equipped with scslar 

1 i '" g if a nd on l y if ( ;-g)~O 1 f and only if LIM" 1",_'l",\I,1.. 

2. 1 OJ 9 if and only if ( f-O):lSO if and o nly if 
k •

LIM \I T C't..... 'l...)U • 

• 0 

• 
for all k

• 
- 0.1.2 •• , • 

~ 
product_ induced frail ( )k and denoted in the aaee way. Let ~ 
be the coaplet i on of ~ with respect to the nor_ \ \ derive.d frolll tha , 
scala r product ( • )0 !I ( • ). For t ha eleaent. of ~ we u.a the ey. 

bole f, g ••• • wit h f . (-1,) o. ("'r.) • I. 

4.1 . ReMark. 

1 ) If 2:1- (T ) ~ ( 1 ) then ~ • (0). Th!e follo"s frolll the f a c t that ln 

thie caee "'t",..!:... 0 t DpUesl",\"",l --+ O. l,e. C"t... ) .., O . 

11) If ~ (T) "(1) than ai 4l11ar coneideratione a_ in / 2/ giv. that-¥. 

h ee Hilbert epace diMe na10n c. 

ili) Ifb."a, then~-~ 

Next we def i ne a "-rap r eeen t atl0n X o f .t. C~) on b i .e.,a .-homo

.orphis" frOID L.+ (.tJ) int o L+ ( i: ) . 
~ For B E- L· ( ~). f. ("t,, ) \-r. put 1\"(9)f - (B"'t ,,-) . T ha juetitic.tion 

a t su c h a de fi n it ion and aODe prope r ties of ~ are eummar ized 1n the 

t ollowin9 propoeit ion • 

•4 .2. p roposition 
~ ~ 

1) lr (B) 18 co rrectly dafined.1.e.,i f ("f0\ ) t- 2J then (B,,\,,) (;-b end i f 

("t"') ..... 0 t he n (a"'t....) -o. 

1 1) 3'r 1. a "-representation. 

11 1) The kernel of '3'r 1e t 
iv) If B ",tt(tI) la boun dsd t h en 3f (a) ie bounded and Ii ,...(a)". \\a \\. 

~ i) The flrs t part followa f r om t he fect that the t-continulty 

o f B i . pUee the O"'-contlnulty. For the se cond pert SUppOS8 ("'\:"') ..... 0. 

1.e.1'\0'\. ~ 0 and LIM U~n.ua.. O. Fro. thie LIM \\~\1 • 0 follow8 snd 

t ha aa . a ea t i . ation aa in t ha proof of La . llla 2.5 glv•• LIH Ua4tn.\\I,,, 

, C(a) LIM "4,.0\1l 
~ 

i l) We only ahow the "-p r operty. For f - (,\...). g • ( ...... ) {: II 1tie 

(.1rCA+)f.g). LIM ( A·",... 'X",' - LIM <''''\'1\, ,AX'll.'> - (t. 3'r(A)g). ThU 

means f .~(:Jl( A )·) andl' (A+)f -'31' (A}Jt f f o r all ft~ 
Re mark that thiS aha i mplies t h e closabi l1ty o f 3'( (A) fo r all At 

f,L· ( ll ) . 

11 



lli ) Let A ~" • then A ma pa CS' - z ero - eequen cfltl onto t - zero-se q uen c e •• 

i.e., (A"\".) ..... 0 f o r a ll ( '1,, ) .lr hen c e n(A) • 0 o n b a o t;. C KerX. 

On the other hand, if A ~ e . t hen t he re e x i s ts a seq ue n ce (~&) wl t h 

.,...... ...z. 0 but II A"t' ..... -f+ O. Consequent l y o ne c an hnd a e ubeeq uence
f _ 


("t".. ) su c h t het 1 ,..,,,\" c >0 e n d UA 't'l,, 'I it c> o ."".. ~ o . Then 


.. (i) f 0 s nd elso 3f (A) f f 0 	 because lk(A )f l III c. h ence A -. Ke r :;r •
iv ) f o ll ows as in the c l oes ice l 	 CAse. 

'l.e.d . 

S o x induce s a n is o mor ph ism betwf!en It e n d JI'( L+(Z) } elsa den o ted 

b y r • For th e ele ment o f It c o rreepon ding to A ~ L·{:r ) we use the 

eylJlbol CAl. 
T o inv eetigate c ontinui t y propertie s o f.l' it i s ueefu l to de e cribe the 

et ruct ure of ~ in lIIo re d e t a i l. 


Lat rr i (l1l,i,e., b .. 1f..~13o ( 88e 8 e c ti o n 2) . Then Re m8rk 4.1 

A l~ 
 w , " i.,utdhtely giv e8 lJ. ( "t.) t C,.,, ) c 'H•• '\1'\. ---+ 0 J . t hat ie. 2) h 

in e8 s entia l i den tical with i..- i.o 
Ho reover . l e t A .. (A ij ) . i.j .. 1 . 2 wit h Ali - PoAP ' A22 - ( l- Po lA o 
• (l-P ) ' etc.,where Po 18 t h e o rthop rojec tion f"o lll a. o nt o OX ...o 
Th8n it is eae y t o s oe that C the net ural exten8ions o f ) A ,A and

1 2 21 
A22 belo ng t o t:, n- ( .I.' ( ll » - Jr ( ~ ( at. )) by JI (A ) ->r (A,, ) , 

Therefore:Jf( A) ie boun ded f o r ell A t ,c-tCtl). The fact that 'J'I' il fi n 

e l ge b ratce l and topo l ogi c al h olto r p hialll between Rn.l end :r(.L+(l»)t"t:;.l 
c an ba derived 8 0 1n t he c180eical c a ee . 

Let 11 ~ (I II) : In t he s ame way a s for type ( II) it ie eno ugh t o con-

the .. 	 ·eider cru e where 1:1 L' • 'at. i .e.,b~( IIlA ) 

4.3 . La lll.a 
~ A 

z, - L ' • 'at . - 1)-( lf (T» 'at _ L • 'Jt~ 
~ To prove the fir st e qualit y wa a how 

1) i L ' • 'at. 	 L ' • i. ~ t. .c. 	 11) 

.!2....!.l. Le t f .. (';••J • S ,,,..... ll . Then ( ~... ) i, at-bounded e et en d 

a o it cen b e r ep r a.ented (cf . aection 2 ) by 

't~ • · i~~ "it h 1\..,.',,-" 	 " 1 and L a~ (t1) 2 r <_ f o r . \1 T"~ 	 N 1 
. .

TI'le a8 ti "8t i o n 11. 
~ 1" 

I (" ) - > ( 8 1';. ' ) I' - 11 . (L1HIf,; 8 1 -r:' n )'
1\ T"=r ... R" _ 

" 11111 ( 8UP' ~ 8 i "t~
. • , ) . 11 . .' 0 gi'Vee t hat-M-+- n "J 	 1"1" ~ 

~ .
f _ L 
1 

fl with f i • (a i "t~ ) ~ 1t 8 nd L(t,) 2 r I f \1. •1 1 1 

12 

,~ ai ( ti )2r < - fo r ell r, 	Th is p r ove s i ) . Mo re ove r. t he inc lu 
1 

al 0 n i ... c::. i f o r a ll n Dnd i ) immedi ately g ive i .. L Ii at.. 

~\'Je p r ov e t he inclusion for t he cas e LIM .. l i m'\l,. • 11. a fre e ul 


tra f i lte r . Th e g ener a l case o f a fin i t e conv e x l inea r combinA ti on CAn 


be treated be s t a n da rd con s i derAtio n a • 


Hence , let'U. be a f r e e u l trn filr er , f .. L.1i fn £ L '.itt\. . f n-(~ )

L I fn\z. ( t~ ) 2 r <. - f o r e ll r, C"t~)C. '¥. I'\' ,,~ ~ 0 f o r 1_ 00 

It i s well kn o wn 11 11 tha t f o r a l l n ( ~~ ) c a n b e c hos en in s uc h 6 

wa y th a t\\"t~U1.. LIMI&~~\\ 'l. .. If \.1. for all 1. Put "t, - L II .. 
1 
~ • n 

The est imatio n 	
~ 

l\ Tr"'tl. \1 t L. ( t~ )7 r U lt~ lI 1. • 	 L (t~) ? r \f \1.<. f o r ell rE:tN. n 
n n 

gi v es th llt ("tt l ie con t a ined in tr a n d t-bo un de d . f1o r eover, C"t ) 
conver o e s we ek l y t o zero . In d e ed, l et 'X ~tJ • 'J. .. L W'X.f\. 

~ t'l. 1.
Choo se N !l0 t ha t '- " "t n.\\ < [. /l. }"1. f o r e ll 1 whi ch i s pos s i b le 

n , N 

d u e t o t he spec ial cho i c e o f (~~ ) ~ e n ti oned a bove. Co n s e q uent ly 

" 
1("1<,,); )1 • LI ( "'~,'l.)1 + 	 L.1\"'XI\.U- I\ ,"~Il " f. .U).I\ (L.U't~ 1\ 1. ) 1 /2 

n ) N n )Nn- ' 
• ? E. f o r s uffi ci enU y lo rge 1. Th u s Ii ) 1 s r r ov e d . 

~ • ~- (::I" (T » f o llo ws from the o b!lerva tio n that .:t ( T ) Ii.. - t~.rn ' 
In the identity oper a t o r o n -it..... 

o.e. d , 

4.4. ft e marks 

i) S in ce Lemma 2 .1 doee no t dep end o n the s eparabi l it y o f the u nd er


lying s pace these result s Moe a le o v ali d for ,t.. (~) a nd t . 

"jo r-eo v er the si mp le f o r m o f T e nd :fr eT) i mp lies t he t f(:r( T » .. .Jr( f (T)} 


f o r the func tion s f t F • 


1i ) I t s eems wo rt hwhi le t o c o mp ere Ca lkin' s and our c o n s tru c ti on. 


In o ur app roach ~ • L.' W 'al... 'at. L $:1. ... hlp lies 


~ .. L ' Ii i .... e nd 'i. L. Ii -at.... ( -at the co mp letio n o f iI t) . While 

_ itin Ca l k i n 's const r u c t ion o ne has at=> L:"lt.,. ,b~L·I i. ... ~ 

.. L. ' ~ i,,-. il , Fo r e xa mple. t",ke "".... ~'alY\.. II.,,"..U- 1. Then (:;I\) .i. 
but ( .:;:~) i; i> and !'tha t i e mo re l':;n.).l.'t, a8 it ca n be seen f r OM the fect 

that f o r .!l ll (-;(..) ~ ~ : I<,OI. . x ~\·\ < "tI\.' Pn"X .. ')\ "1\,\,,\ . \\P "n\\ ' aUP " Pn'X~1n k 

which go e8 to zero a s n ~ 00 	 , Hen c e , the o rthogonalit y f o llo,",e. 

13 



Now we prove that the elgebraic i8omorphism ~ between R~t1 and 
3"( l" {;, »t't:'~l 18 a topological one. 

4 . 5 . Le mm e 

:..-	 i s 8 contin uoue map f r om ttt't"J to Jt' ( L t (I1»t'ti l 

Proo f : Let ii c blt) be boun ded. So we _ay s uppose t het ...u _.{ (JrlTJ) K 
~5<. 18 the unit ba ll in i. flnd f a n appropr1F.1te f unction. Thus. 

I Jr ( {Al ) U..o. • q f ( lI' (T » :r (A ) f (Jr (T »U. 13r( I (T)M ( T » I • 1\ I (T) M ( T )11 . 

• i Al.u. by p r opoBi U on 4 . 2 . i ... ) end Rell8rk 4 .4.1), J.l- .f t.i)1(. 

q .e.d . 

4 .6. LeMIII. 

Jr 1111 a cant inuou. lII ap f rOIl\ 3l' ( .I.'" ( :, » t 'ti 1 onto 	'R ttl . 

~ The proof ie en adap t ion of Ca l kin ' s TheoreM 5.5 . to the un
bounded caae. It 1s to ahow t het f or each bounded ...u. c lJUJ t her. 1a 
a bounded .u. c.. t,[t J eo that 

( 1 ) II [ Al II.... . QJI «(Al)l.;;. 

Tak e ..u. • f( T )X and re lllark that 
( 2) HAll... . l nf \\ A + KU"",,- • i n f U f( T )A/(T ) • f ( T)K I ( T)'

KH KH 
• 	 inl U I(T)A/ (T ) + G n. 

G t i!_ nt) 

The l a8t equa11 ty follows from t he fa ct t ha t for 	f ix ed f the ee t 

{ f ( T)Kf(T ): K (- 1:: l i . " II - den se ln J. (if ). For t he eirlOle p roof 
one ueea t hat f ( T) ~ le den.e i n ~ • Now put B • f (T)Af (T) and let 
B • Ul e tbe the po le r deCOlllpoe1tion . The n B and tBI E ~ (11 ) by Le ll me 
2 .2 . Le t b be t he e upremum o f t he es sen tial spe ctrum of 181 • 

I f b. O. then I BI en d B e re Co.pac t. hence Btt and ( 1 ) i e t r i vial 
l y f ulfi ll ed . Thu. s uppose b> O. Let ibn) b . the s e t o f point e of 

C!" (I BI) .wi th b <. bn • Then t he b are eig enva l ues of fin it e mul ti pli n 
c i ty wit h t he on l y Pos8ible l imi t pOint b . Le t On denote t he o rtho 
p rOjection on the e iganspece co rresponding to b , Than t he ope r at or 

n 
K -2: (bn-b) On i . compact and 

( 3 ) 	 b . 1\ \ 8 1 - K \I • 1\ U( IBI - K ) \1 • \I B - UK \l ~ lnf II B + G " . 
G • .1_ ~'ll)

On 	 the other hand, a~(n), ~ b 8S can be seen as follows. Chooae 

J . (a .c l. 0 (8, b 'J, eo thAt E(J) 18 1nfinU& di lllfin sl onel , where 
E(.) i s the spec t ral fa mlly of 181 From Lamme 2. 2 there foll ow, the 
8xhtence of at-bounde d ort hono rmpl s ys tem C",) c. E(J) d(. c." 
end 8 monot one sequ ence 0 <. an " An+l ' •••• An -+ b so thet 

• 	 ,,' IBI"" Il "a 1 • For t he element f • ( .:tA) I:: B 11 16n n+ 

H 

(4) IX(B ) f \ • Ll H II B 'tn" . LlH II IBI"",,, \\ • b . 
Here the definition of U ln t he pol ar deco.posl ti on . a e uaed. Thus 

(5) b , 11:>'( B) 11 • U:Ir(I(T)AI( T »II . IIJr([Al )' ..:;:. 

with JJ.. X(f (T» lc 5<. the unl t bA ll i n '¥. • Fro_ ( 2 ) - (5) one 

gete the de.irsd e.ti•• tion (1). 
q.e.d. 

Now Le~m8to 4.5 and 4,6 give t~e ~a 1 n reeult : 

4.7. Theorem 

Let 	l) • ~- (Tl. Then ltl"Cl • .L't (1)) [.'tll'l / t 1e algebraically and-.topologically 1eomor(lhlc to ~(J.} (ll »("t:iJ 1.a . , 'Rt."CJ i, an AO 

algebra. 

4.B. Re _ark 

If one locks at ths proofs ln this saction one s e ee that in many pI e 


ce. tb can be replaced by "C •• But such results would be not .0 nice 

becau s e L+ ( ~ )(~»J i. only a topologicel algebra but not a topo


logical M-algebra. 


5 . Concluding remarke 


The re8ults ln thie peper suggeet a lot of prohle lll s for further in 

vestigations, We mention 80me of them. R••~lt. ln the.e dlrections 

will be published in fortheo~ lng papers. 


i) 	Irreducibillty of the reprrsent8tions constructed will be cons1
dered 1n dependence of the 11m1t u••d in fO l"'lII ing 	 ~ , It appeare 

tha t the approach of /11/ is 8 good gUide. 

1i) In a natural way one can define Fredholm opr rat o r a in tsrme of 

"( " (b) and the unbounded Calkin algebra J...+ (If)/ e 

i1i) very promis ing is the study of Singular st a tee on t:. '" (Jl), i .e. t 

"Cob -continuoue e t at •• which a r e z ero on t . There cen be p roved .. 
ault s conce r n lng ex t ens i ons from t he max i ma l abslian s ube lgeb ra 0 1 

diagona l operators t o .r..~ (1J) along the 11ne c f / 1/. He r e one he. 

to t eke thoae diagonal operatora which co mm ut e with T . 

Acknowledgeme nt : The authora are gra teful to K.- D.K urst en f o r va lu
able di s cuss i ons a nd 1nfor.ing about hi. r e. ul t s p rior to publica-

t 10n. 
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npeACTUOneUItt!: KOru-alllfi JUIJI IICM.n1'llll IlJi,ICC.l IlJI1-f'lil) 

He Orpam(tlemJI>IX (llr~,'pll'i'r,I'C 

npe.nnOJI3t'l!l'TCA. 'IT' !l.T-(1), 'T .,. ') 1 - l'l1MIH'tH1l.HI.;t(t'IIIU,II 

onepa TOp. ll<1kl HIllO, '11'0 ~1.1Hb1t< ,lillie KL}lIe'Ill~Me(HII,nC I1I1~pj]Tllpnlt 118 S) 
OTIIOCItTMhllO Jl.1UltoMC'pU(lil "I"'lllOJ1l11'lUl r~ RUnR(!Tl.'U C1U1.1Il!TBE'IfHblH 

,Il,ByCTOpOlllU1M '1JMKIlYThlM "-UZll'.lJII1M IS , MHKCHMilJlbllui"1 OIICP.1TOPIlOfi 

• -,lJueOp(' r .. (9)). bOJ1ee 10ro, q,llKTOp-d.l1reOpa f+ (~)/e , CIJ.1l'i

)KeHltan tP.:tKTop-TOnO!IOnleJi, mIAY~HpOI;l':HIIIOn OT 'j) , anr~6pa~"lCCKII 

H TononorH4eCXli H30W)p.11II3 Hl.'XOTOpoH Op· -anre6pe A (1) l, q') J • 
HsoMop(ln{3H CTPOHTCR RBHbJM o6pasoM. 3TD o606~aeT XnaCCH\ICCKHii 

pe3ynbTaT KarrKHHa Ha HeOrpaHHtleHHblH cnyqaH, 

Pa60Ta BbInOnHeH.:1 D na50paTopHH TeOpeTHtleCKOH ¢H3HKH mHIr! . 

npenpHHT OtS-beAKHeKHoro HHCTHTYTa R,DepHhIX Hccne,aoBaHHA • .lly6Ha 1984 

Loff l er F., Timmermann W. E5- 84-807 
The Calkin Representation f o r a Certain Class o f Algebr as 
of Unbounded Operator s 

Le t il c il~(T), T-T*? I se lfad j oint. I t i s p r oved t hat 
the c l osure of the finite di mens iona l ope r a t o r s o n ~ with 
respect t o the uniform topology ~ i s the only t wos ided ~~ 
clos ed • -ideal e i n t he max i ma l operator. - a lgebr a f + (m on 
!). Moreover t he quotien t algebr a f+ (il) /e equipped with the 
factor topology induced by ':0 i s algebr a i cally an~ t opologi 
cally i somorphic to an appropriate Op' - algebra ACIl)[ ,.n 1 . 
The i somorphism is cons tructed explici tly. This gene r alize s the 
clas sical Cal kin r esul t to t h e unbounded case. 
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