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1 • INТRODUCТION 

· Suppose that а counter before registration process is idle 
and particles arrive at the counter at instants О= т1 <т2 <···• 
where the interarrival times, Tn =rn+1-тn, n;::1,are indepen
dent pos ~ t ive random variaЬles with the distribution functions 

F
0 

(t) = Р( T 0 <t), n > 1. ( 1 • 1) 

Any arriving particle gener ates an impulse, х , of а random 
l ength (may Ье constant, too). Due to iner tia ofnthe counting 
device , it i s pos siЬle tha t all particles will not Ье counted. 
The time dur i ng that the devi ce i s unaЬle to record is called 
t he dead time. А counter with prolonging dead time i s one in 
which the dead t ime is produced a f t er the registration of all 
impulses of emitted part i cles. An example of that counter is 
the electron multiplier. 

For а modified counter with prolonging dead time (а modified 
counter f or short ) , we suppose that the f i rst dead time is pro
duced Ьу i nterarr ival t i mes , ITn 1: =1, and Ьу impulse lengths, 
lxn 1:=1 , which are assumed t o Ье independent positive r andom 
variaЬles with the distribut ion functions 

Hn ( t ) = Р ( Xn < t ) , n ~ 1, (1 .2) 

'independent of 1 Т0 \ 0

00=1 .Any successive dead time i s resumed with 
initial condit i ons, independently of the previous dead times. 
Thi s counter wil.l Ье denoted Ьу e=(F1 ,F2 , ••• ; Н 1 , Н2 , ••• ). 
lts basic propert ies were estaЬlished in ref/11. 

Our main aim is to determine some asymptotic properties of 
the cycle, С, that i s, the dead time period between the begin
nings of two successive dead times. We recall that, as has been 
noticed Ьу sevёral authors 12- 41, t .he determination of the dis
tribution function of the cycle, D,or its Laplace transform 
у, respectively, is an extremely difficult proЬlem even in the 
case when F 1 = F2 = • • • and Н1= Н2 = • • • ( that .is а non-modified 
counter). However, there are some solutions to that proЬlem in 
the form of the complicated contour integrals /5/ and some in
tegral equations/6,3/ which formally, but not always in prac
tice, determine G or у . For the counter with the recurrent 
input process and i.i.d. impulse lengths, the Laplace trans
form has been derived in paper 171, and, for а modified counter 
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(F , F , •• • ; Нр Н2 , • •• ) the joint Laplace transform of the cycle 
and the generating func-tion of the number of particles arriving 
at the counter during the dead time, v • may Ье found in 111• 

We note that similar proЬlems arise in the theory of queues 
with infinitely many servers 18•91 , film or filmless measurements 
of track ionization in high energy physics 110~random walks,etc. 

2. CYCLE 

For the given counter е= ( F1, F2 ., ••• ; Н 1 , Н2 , ••• ) we define 
а sequence of counters, 1ek1:=1,where ek=(Fk,Fk+1••••;Hk,f\+1••••>• 
k ~ 1. For any k , let vk ,Ье the number of particle arriving . 
a.t ' the counter ek during the dead time . It is clear that V=v1. 

Suppose that 

' А : = .\ )( k < Т k + ••• + Т k +n-1 • )( k + 1 < Т k +1 + ••• + Т k +n-1 • ••• • 

(2.1) 
'х <т 1 ·r k+n-1 k+n-1 • n ·~ , k ~ · 1. 

Then \A~:n~1 , k?:_1}are semirecurrent events 1 111 that is, for any 
k and integers ij with '· 

1 ~ i 0 < i 1 < •• ,< i 0 , n ~ 1, (2.2) 

we have ' 

k k . k k+ to 
Р(А 1 ••• А 1 IA 1, ) = Р(А 1 . 

1 · n о 1- 1о 

k+!~ ) • 
••• А in -to (2.3) 

As has been proved in111, for Р~ = P("k = n)we have 

k -k -k k 
P 0 =P(A1•••An-1An). D~ 1, (2.4) 

where А d'enotes the complement of А. Using (2.3) we may obtain 

. k k 

} р1 =Р(А1)• 

k k n- 1 k. k+ j (2.5) 
Р0 = P(An)- .I Р(А J) Pn-j , D ~ 2. 

J= 1 

For every vk we denote Ьу fk(z) its generating function, that 

is, fk(z) = I Р~ zn,lzl < 1. For k = i we put r(z) = f1 (z). It is 
n= 1 

clear that 

... k 
fk(Z)=Uk(z)-1- I P(An)zn, 

n= 1 
2 

k 
Р(А 0 ):1, 1 zl < 1. (2.6) 

~ 

Suppose that for the counter е= ( F1 , F2 , ••• :; Н 1 , Н2 •••• )·we have 
F .. F1 =F2 = ••• (F(0)<1. F(oo) = l) . 

Then we may determine the joint Laplace transform, Ф(s. z). 
of the cycle С and the generating function of v as follow's. 

The associated distribution function, F;; , to the distribution 
function F is defined via the dens.ity 

-st 
dF

8 
(t) =е dF(t)/a(s), t ~о, s~o. (2. 7) 

... 
where а(В)= ( e-stdF(t). 

о 
For а given counter e = (F,F, ••• ;H1,H2 ... ~)we define an asso-

ciated counter, ев, such that es = (F8 ,Fs , ••• ; Hl'H2 .... ). S?:_ О . 
Let · f 8(z)be the generating function of the number of particles, 
v 8 , in the counter е 8 • Then, according to 1 11. we have, for Ф(s,z)= 
= М ( е -в с z v) , s ~ О , 1 z 1 < 1, 

Ф(s,z)=f 8 (a(s)z). 
/ 

If 
... 

Jl.= ( tdF(t)<oo, 
о 

then 

М(С) = р. M(v). 

(2.8) 

(2.9) 

(2 . 10) 

То i lluminate the relationship between the probabilities re
lated to random variaЬles v

8 
and v , respectively, we prove the 

next lemma. 

Lemma 2 . 1. Let e=(F,F, ••• ;Hl'H2 , ••• ) Ье а modified counter. 
For any s ~О we define the probability measure, Р8 , on the Borel 

00 ... 

u-a l gebra В ( R 00
) via Р 6 = П f.LF х П Р.н , where f.L Н is the pro

n=1 s n=l n 
bability measure on B ( R1 ) corresponding to the distribution 
function Н. Then Р6 is equivalent to Р0 , for some s0 >О, iff 

о 

there is а constant Ь > О such that F(t)= О, if t ~'Ь. and F(t) = 1, 
if t> Ь . In this case Р8 = Р0 for any s > О. In the other case Р8 
and Р0 are singular measures, for any s >О. 

Proof. In order to prove the lemma we examine the Kakutani 
theorem-on equiva lence of the infinite direct product of proba
bility measures 1 12~From (2.7) we have tha t, f or any s0 > 0, f.LF 

во 

and р. F are equiva l ent, a nd the Radon-N ikodym derivative 
- s0 t 

withres pect t o f.L F is diL F / dllF(t)=e / a(s0 ) . 

of Jl. 'F 
so 

Hence p( f.LF 

so 

~ 

."" -s ~P 1 112 112 
,f.L F):= ( (е , a(s0 )) dF (t) = a (s0 / 2) / a ( s0 ) 

о 3 
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Therefore p(pl' •PF)=liff a
2

(s0 /2)=a(s0 )iff F8 .. F.The 
. •о •о •о о 

Laplace transform of F, ,. а (u) has the form а (u) ... a(u) a(s0 ), 
n 

for any u ~о. Therefore a(ns0 ) =а (s0 ) for any integer n ~ 1. 
Putting b--lna(s0 )/s0 we have that a(ns0 )=e-n•o. It is known 
that а completely monotone function a(s) is uniquely d~termined 
Ьу its value for 180 1: ... 1,when the series ~ 1/80 = .оо1 81 , so 
that a(s} .. е-sь for any 8, n,= 1 

The same fact may Ье proved using the property that, for . 
any s 1 ~ о,. 82 ~." О, I!F and P.F. are equivalent measured on B(R1). 

' 8 1 82 
Let now 81 ~ s 2 ~О. Then, for any t 

t dFs 
FB (t) = г __ 1 

1 о dF8 . 2 

. . -1 оо -(в1 -а2)х 
(х) dF8 (х) .. a(s2 ) а(8 1 ) ( е , I(o t) (х) d~ (в:), 

2 о ' 2 

where ls is the indicator function of the set S. The Chebyshev 
inequality entails 

• . оо -(s 1-s2 )x со 

F 
8 

(t) ~ a(s
2

) a(s1)-1 f е d F 8 (х) J 1 (О .t) (x)d F8 (:i) = F8 (t). 
1 о 2 о' 2 2 

Therefore, if p(pr
8 

·ILF)=1then F80 (t)=F(t) for any t~O. 
о 

and, consequently, Fv (t) = F(t) for any v «е [О, s 0 ) and t ~О, that 
is, a(V+S)=a(v)a(s) for any v«e[O,s0 ). Let us put а(sо)=е-ь80 
then, for any n, a(s0 ) = a(nso/n) = a

0
(s0 /n), so that в(s0 /n) = 

-bso /n -bso m/n 
=' е • If m ::; n, then a{ms /n) = е • From the continui ty 
of a(s) we see that a(v) = е-ь~ for anx_ _ v с; ( Q_!_~_o)_. Since !'-(~ ts 
an analytic function in ~е s >0, a(s) is uniquely determined in 
[О,оо) Ьу the values it assumes in ((),s0 ) (see ref/ 14~ Sect. 
2.6.1). 

Appealing to the Kakutani theorem the proof of theorem is 
finished. Q.E.D. 

3. COUNTER OF ORDER m 

We obtain а very important class of modified counters if 
there is an integer m such that F m = F m+ 1 = ••• , Hm =Н m+ 1 = .... 
In this case the counter е= ( F1 , F2 ••• • : Н 1 , Н2 , ••• ) is said 
to Ье the counter of order m and we write simply e=(F1 , ... ,Fm; 

· Н 1,.,., Hm). If, particularly, F = F1 = ••• = Fm, then we write 
е .. (F; Н 1 , ... , Hm). 

From (2 .1) we conclude that for any counter е = ( F 1 , F2 ~ ~ • •: 
~.. н2 ' •.• ) we have 

k со 00 

P(R0 )=J ••• :( Hk(t 1+ ... +t 0 )Hk+1(t2+ ... +t0 ) ••• Hk+n-1(t0 ) (3,1) 
4 о о 

dFk (t1) ... dFk+n-:-l (t0 ), k,n ~ 1. 

Hence there follows, for the counter of order m that 

k m) Р(А11 ) = Р{А0 , n ~ 1, 

for any k ~ m. 
This ·case corresponds to m-semirecurrent events studied 

in 1111
• 

(3.2) 

It is evident that the counter ( F1 , F2 , ••• ; Н 1 , Н2 , ••• ) is 
of order miff (Fm ,Fm+1 , ••• ;Hm,Hm+1•••) is of order 1 (that 
is, а non-modified counter). Similarly if (F1 ,F2 , ••• ; Н 1 , 
flг, ••• ) is the counter of order m ,. m ~ 2, then ( F2 , F3 , ••• ; 

1-\!, Н3 , ••• ) is the counter of order m-1. . 
For the modified counter of order m, ( F1, ••• F m ;. Н 1 , ••• , 

Hm), we have from (2.6) 
m-k-1 k j 

Uk (z) = ( 1 + . I Р (А 1. ) z (t k+ 1(z)- fш(z)))/( 1- fш(z)), 
J=O (3.3) 

\z\<1, k=1, ••• ,m. 

Here the sum over the empty set is defined as О. 
The equations (3.1) and (3.2) entail that Р(А~) ~ Р(А~) ~ ... 

and that {P(A~);=1is а sequence of non-periodic recurrent 
events ~for the definition of recurrent events see, for 
example,15~. Therefore there exists the limit 

р = lim P(Am). (3.4) 
n n 

Due to Dvureёenskij 1111 we have that if р >О, then, for atiy k = 
= 1, ••• m, P=limP(:A~)and I Р~ = 1. In paper 181 there are the 

n -1 оо 

conditions which entail р>О. For examp~e, if Г tdFm(t)<oo,then 
00 

о 

р . > О iff J t dHm(t) < оо 
о 

and Р(А~) >О, (3.5) 

4. LIMIT PROPERTIES 

In this section we derive the asymptotic exponential law 
of the cycle of а modified counter of order m when р-+ О. Si
milar proЬlems were solved in 1161 , in the queueing theory lan
guage for the case 0 / D/ oo,that is, for а particular modified 
counter of order 1, in our presentation. · 

In the following we will suppose that 

H 1 (t) ~ H2 (t)~ ... ~Hm(t ) , t~O. (4.1) 

5 
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Then~for Р('А~). t,n~ 1,we have 

(i) Р ( А~ ) ~ . Р (л:) ~ .•. , > Р ( л: ) , n ~ 1, 

(ii) 
1t 1t 

Р(А: 1 )~ Р(А2 )~ ••• , k= 1, ••• ; m, (4.2) 

(iii) P(A:+ 1)~P(A~+t), n~1, t-1, ••• ,m-1, i! m~2. 

For any k = 1, ••• , m, we define а cycle, Clt• as · the cycle of 
the modif ied counter ( F; Hlt , ••• , Н т). .. 

Introduce, for any k = 1, ••• ,m, а function 

Фt(z)=1r I a~z 0 , lzl<1, (4.3) 
. n ... o 

where · a~=P(A~)-P{A~+J),n>O.It is clear that Фt(l)=p.Using 
the property Uk(z)-1=zфk(z)/(1-z),lzl<1,we conclude from 
(3.2) that 

m-k-1 
t't(z) = z(фk(z) + j:l pf zJ(ф'-m(z)- фk+J(z)))/ (1- z + z Фт (z)), 

(4.4) 
'lzl<l, k=l, ••• ,m. 

From 1 11/ there follows that if р> О, then 

, 00 k . - Ф k ( 1) ... I ( Р ( А0 ) - р ) , k = 1 , ••• , m • 
n= 1 

(4.5) 

Hence using (4.2) we obtain that 

1Ф~(1Н<оо trr IФ;<l)l <оо ш, etc., itt IФ~<t>l <оо ш М (v2) < оо. 
т 

In this case, for the mean value of vk, we have 

т-k-1 

M(vtt)=(Ф{(1)-ф~(1)+ 1:- J;t Pf<Ф~(l)-фk+J(1)))/p. · (4.6) 

.. 
Let us similarly as in Section 2, study the counter of or

der m, ёв = (F8 ; Н 1 , ••• , Hт),where Fs is the distribution function 
associated to F, defined Ьу ( 2. 7). Let Р ( A~(s)), Ps, P~(s) and a~(s) 
Ье the quantities defined for the counter е8 , s~O.Then using 
the form of (3.1) and the Chebyshev inequality we may obtain, 
for any 5 1 2: 52 2: О and k = _1 ; ••• , m , 

Р(А:(5 1)),:::Р(А:(52 )),:::Р(А:), n;:: 1, Р 81 ~Р82 ~р. 
Using (3·.4) we have that if (2.9) -'holds, then 

р>О itt р 8 >0, s>O. 

6 

(4. 7) 

(4.8) 

} 

t 

fl. 

... 

l 

Due to (Fsl >s2(t)=Fsl+в2 (t) '51 • 82 ~О • (Рв1>s2 "'Рвt+в2 • 
If 

00 

D=JtdHт(t)<oo, (4.9) 
о 

-Лt · ' 1 71 and ·r(t) = 1- е , t ~О, for some Л> O,then. due to Takacs 1 

-ЛD 
Р=е • (4.10) 

-'(Л+ в) D 
Hence Р8 =е < р, and Ps is strictly decreasing function 
of в. 

Varying the parameter р с;; (О ,1] we may obtain. _ in ~eneral. 
different functions фk(z),k . = l, ••• ,m. Taking into oaccount this 
dependence on р we shall write фk(z) = Фрt (z). Similarly we write 
Р (А~) = Р ( А~)(р). . , 

Theorem 4.1. Let ( F ; Н 1 , ••• , Нт) ~е а modified - c~unter of 
order m wi~h (4.1) and (i) F(t) = 1- е- t, t 2: О; (ii) J t2 dHт(t)<oo; 
(iii) Нт(О+) = O.Then lim Р (Лa~r,(p)Ck> t) = e-t, t>.O, k = 1,~ ••• m. 

л~оо -
where ~ = ak(p) = 1/M(VJt/• 

' 
Proof. Si.nce р. = 11 Л, due to (2.8)-(2.10) and (4.4), we may 

write, independently of the form of F 

-вakck/p. . i -
М( е ) = fk(a(s)), 

where в = 5 а k( р) 1 р.. 
Therefore 

-sa.kck/p. _ s _ т-k-1 k _ _ 
М(е )=[a(s)(фk(a(s))+ .I

1 
PJ (s)a(s)J 

)= 

(ф 8(а(s))-фk8 .(a(s)))]/[1-a(s)+a(s)фm8 {a(s))]= 
т +J . 

= a(s)[ 1 +т-!-l pkj (s) a(s)j (ф ~( a(s))/ ф: ( a(s))
j = 1 

- ф:+j(a(s))/ ф~(а(s))]/[( 1- a(s))/ ф:(а(s)) + a(s) 

(4 ;;-,1 1) 

Ф ~(a(s)/ Ф ~ (a(s))], 

where ф: is the function defined Ьу (4.3) for the associated 
counter ев. 

In the following the proof is divided into four steps. 

I. First of all we prove that under our conditions, for any 

Л > О, 1 Ф ~,(1)1 <ос and lim ф ~,(1) =О. In order to prove this, 
Л-но 7. 

i:,. 
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it is sufficient to show -'ЛЬе same for ф~(l).Indeed, ф~ 
ponds to Фm when' F = 1- е · t, t ~О, where 

corres-

л -.\D 
=Л( 1 + se ) , ( 4. 12) 

and if Л-.. о, then Л-+оо. 

It is clear that 

оо .\ n+ 1 oo ,t .\ 
P(:A~)=ЛJH 1 (t)e- tdt, Р(А~)=Л /niJ(JHm(x)d.x)ne- tdt,n~1,(4.13) 

о о о 

00 у 

фm(z) = 1-.\ f ехр( -.\ J ( 1- zНm(u))du)( 1- HmCY)) dy. 
о о 

00 

Since D2 = J у( 1-Hm(y)) dy < оо, the integral 
~ о у у 

J (1- lfш(y)) ехр(-Л Г (1- zНm(u))du) Г Hm(u) du dy 
о о о 

converges 4niformly in z~[0,1]. Therefore we may take the de
rivative of (4.14) with respect to z = 1, and obtain 

200 00 у 

ф~(Z) d:. -.\ J (1-Hm(y))exp(-.\ J (1-zНm(u))du .Г Hm(u)dudy. 
о о о . 

Let А> О Ье arbi trary. Denote 
А оо у 

11(.\,А)=.\2 .Г (1-Hm(y))exp(-.\ J (1-Hm(U))du) .Г Hm(u)dudy, 
о о о 

12 (Л, А)= ф~(1)-1 1 (Л,А). 

А 

It i s obvious that 1 2 (Л,А)~Л2 ехр(-Л J (1-Hm(u))duD2 • 
о 

Because of D<oo,for an arbitrary с>О, there is Л2 ( с ,А)>0 
so that 12 (.\,А)< с/ 4 whenever Л>Л2 (с,А). 

Using the per-partes integration method we conclude 

11 (.\,А) = 1 3 (Л,А) + 14 (Л,А) + 1 5 (.\,А), 

where 
А А 

13 (.\,А) = -Лехр(-Л J (1-Hm(u))du) J Hm(u)du, 
о о 

А 
1

4 
(.\,А)= ехр( -Л J ( 1- Hm(u)) du), 

о 

А у 

15 (Л,А) = Л Jехр( - Л ((1 - Hm(u))du)dy-1. 
О О · А 

It is clear that \ 1 3 (.\,А) \ ::s лАехр(- Л f (1-Hm(u))du). 
о 

8 
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" Hence there is Л3 (с,А)>О so that llз(Л,А)!<с / 4 whenever 
Л> Л3 (с,А). Similarly there is Л4 (с,А)> О so that \14 (1\,А)\<с /4 

when Л > Л4 (с , А) • 
Тhе condition Нm(От)= О entails that, for any с 1 >0, there is 

А(с 1 ) with 1-c 1 ~1-H~(u) ~ 1 · whenever 0<u<:A(c1 ).Therefore 

А(с 1) _Л , А(с 1 ) _ .\(1-с 1 ) у 

.\ f е уdу~15 (Л,А)~Л Г е dy-1 
о о 

and 
-.\А(с 1 ) -.\А(с 1 ) 

-е ~15 (Л,А)~(1-е )/(1-с 1 )-1<с 1 /(1-с 1 ). 

Using the inequality с 1 / (1-с 1 )<2с 1 which holds for 0<c1 <V2 
· -А(с 1 ) 

weget \15 (Л,А)\~mах(е ,2с). 

Now, for а given c
1

>0,we may choose Л5 (с 1 )>0 so that 
-ЛА(с ) . · 

е 1 < 2с 1 whenever Л> Л 5(с 1 ). From this restriction we may 
find с 1 and А so that с.1 =с / 8 and А=А(с/ .8). Hence if 
.\>max(Лi(c,A(c/8))), then \Ф~(1)\ <с. 

2Si$5 

II. From (4.13) we have that лl.t~ P(Ai)=O and (iii) of (4.2) 
entails Р(А~) ~ P(A~-m+ 1),n:<:,m. Therefore, this, (4.5) and 
lim ф '( 1) =О yield lim фk_( 1) =О, k= 1, ••• , , and, consequently, 
д ... оо _ , .\-+оо 

lim ф ~ ( 1 ) = О, k = 11 ••• , m • 
Л-+оо 

Using (4.6) we may check that ,lim ak(p)=O, ,lim ak(p) / p==1. 
1\ ... 00 1\-+00 

Therefore lim ( 1 - a(s)) / р = s. · 
А->оо 

III. Here we show that 

lim ф ~ ( а(s)) / ~=1, i =l, ••• ;m. (4.15) 
Л-+оо 1 в 

We note that, for any fixed p~(0,1J,ф~(z)is non-decreasing 
function for each О$ z ~ 1. Using tha.t and t_he elementary i nequ
ality e- x>1 - x, x> O,we obtain Рв==Ф~ (1)~ф~(а(s))$ф~(1-sаk(р)). 
Due to thё inequality ( 1-x)n ~ 1-nx , 1 х 1 is1, 

1
we have f~r suffi

ciently small р > О 

s 00 n i - · s' ф . (1-sa k(p)) = 1 - ~ ( 1-sak(p)) ~(s)=P-:--sak(p)фi (1). , 
1 n= O в ~· 

Hence 

1 < ф 1~( а(s)) / р _ < 1-·sak(p) p:.1 ф~ '(1) < 1- sak(p)p-
1 ф~ '(1), 

- в - s 1 - 1 

where we use (4.7), so that (4.14) holds. 

9 



IV. Using this .fac,t: we have 
- -

lim ф~(а(s)) / ф 8 (а(s))~1, i,j ~ 1, ••• ,m. 
Л -но 1 J 

- Finally, it is easy to show that in our case 

,lim р/р- "' 1, 
1\ .... 00 s (4.16) 

which completely proces the theorem. Q.E.D. 

Theorem 4.2. Let (F; Hl' ... ,Hm) Ье а modified counter of or
der m for which the conditions of Theorem 4.1 are fulfilled. 
Then 

. - sak ck 1 р. - qak vk 
l1m М ( е е ) ~ 11 (1 + s + q) , s , q > О , k ~ 1 , ••• , m • 
л~~ . - (4. 17) 

Proof. The proof is similar to that of Theorem 4.1 and it 

· -sak~ /p. 
rnay Ье obtained from (4.11) replacing М(е )Ьу the left-
hand side of (4.17) and a(s) Ьу a(s)e-qak.Here we notice only 
the following. 

-qak 
It is clear that lim (1-a(s)e ) / p~s+q, In order to prove 

л~~ 

lim ф ~( a{s) е -qak (р) ) / р_ ~ 1 
л~~ 1 s (4.18) 

we proceed Ьу analogous manner as in the proof of (4.15), We 
notice that a(s) ~ 1:... sak, e-qak ~ 1- qak· 

. - - ~qak Therefore 1f a(s)~min(a(s), е ), then 

Р6 5 ф~(a(s)e-qak) ~ ф;(а(в) 2 ):;: Ф:((l- sak(p))2 ) ~ 

~ -, 
::; 1 - I. ( 1 - 2sak (р) n) а~ (s) ~ р _ - 2sak (Р) ф ~ ( 1). 

n~o в 

-qak - -qak 
If е ~ min(a(s), е ), then similarly we have 

s -qak 8 - 2qak s' 
p 8 ~фi(a(s)e ):::;ф 1 (е '):::;p 8 -2qak(p)ф 1 (1). 

- - -q& -1 s, 
Hence 1~ф~(а(s)е k) / p 8 ~1-2ak(p)p ф 1 (1)max(s,q), 

Taking into account that (4.18) · yields 
. . в - -qa.k )/ -в с -) -qa.k) · · 1 lim ф . (а( s) е ф . а( s е ~ 1, 1, J "' , ... , m, 

л~~ 1 J 

we have proved (4.17). Q.E.D. 
10 

Corollary .4~2.1. Under the conditions of Theorem 4.2 

. -t 
lim P(akvk > t)= е , t> О, k=1, ... ,m. · 
л~~ - . 

Proof. It is evident. Q.E.D. 

Theorem 4. 3. Let ( F; Н 1 , ••• , H.J Ье а counter of order m such 
that F is the distribution function of the constant equal to 1. 
Let Н 1 , .. ,, Hm vary so that (i) there is an integer n0 such that, 
for any Hm• 

О< Hm(1) ~Hm(2) ~ ... $Hm(n0 ) < 1, Hm(n0 + 1) ~ 1; 

( ii) Н1 (n) ?. Н2 (n) ?. ... ~ Hm(n) , n ~ 1. • 
If Н 1 (1)~0 whenever Hm(1)-o0,then 

-8& с -q& 11 
limM(e kke kk)=1/(1+s+q), s,q> О, k= 1, .. .-,m. 
р-+о+ 

no 
Proof. In th.is case р = П Hm(i). Due to Lenпna 2. 1, р 8 = р for 

1=1 
any s~ О, It is evideJt that р ... О iff Нm( 1) ... 0, Therefore ф~ .. фk 

and ф~'(1)~0 when р~О+. Hence, using the analogous method as 
in the proof of Theorem 4.1, namely the part where we prove 
(4.15), we may obtain 

- _qa. 
limф(a(~)e .k) / p",1. 
р~О+ k 

Appealing to (4 ,11) we prove the theorem. Q.E.D. 

Theorem 4.4. Let (F; Н1 , ... , Hm) Ье а counter of order m, where 
F(t) < 1, for any t ?_О, ar1d (2.9) holds. Let Hm Ье the distribu
tion function of the con~tant D >О, :ц Н 1 , .. ~ ;Hmvary so that 
(4.1} holds and lim P(A1)",0,then 

D-+oo 

· -sa.kck / p. -q&kvk) 1/ (1 ) О 1 limM(e е = +S+q, s,q~, k~ , ... ,m. 
D-+oo 

Proof. It is evident that, for any S>O, ф 8 (Z)= 1-F (D)>O 
---, ._ -qa. m s 

s s - k 
and Фm(Z) = O,Therefore Фm(a(s)e ) / р-в=1. 

Using the per-partes integration method we easily check 
D , 

p_ l p=(a(sp/ p.)- J e-s (l-F ( D))t / 11 dF(t) / (a(sp/11)(1-F(D)))~ 
8 о 

~ (а( sp / ll)- 1) 1 (а( sp / р. )р) + е -s < 1 - F < D)) Dp. 1 а( sp / 11 ) + 

D - s ( 1- F ( D )) t 1 р. 
+ s J е ( 1- F ( t )) dt / (а ( sp 1 р.) р.). · 

о 

ll 

1 

" 



If D-+oo, then the first term converges to -s, the second one to 1 
and the third to ·s. · неnсе lim p_/p=1.Using the similar argu-

D-+oo В . 

ments as in the proof of Theorem 4.2 we finish the proof of the 
· theorem. Q.E.D. 
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