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In some proЬlems of the mathematical theory of particle coun­
ters /4,5,13/, film or filmless measur~ments of track ionization 
in high energy physics/2,6,7/, queueing theory12/, random walks, 
etc., а class of semirecurrent and m-semirecurrent events ap­
pears. These classes have interesting properties and here we 
study the numerical estimate of probabilistic formulae corres­
ponding to integer-valued random variaЬles denoting the first 
occurrence o·f the experiments at the n th trial, and their asymp­
totically exponential properties. We present very precise and 
computationally convenient forrnulae, The application of m -seшi- . 
recurrent events to counter theory with prolonging dead time 
i s studied in more detail·, and an illustrative numerical example 
i s given. 

1 • PRELIМINARY RESULTS 

We su~pose that d-uring the k th experiment, k = 1 , 2, ••• , an 
event, ~ , either may occur or not, The occurrence о~ the event 
at the nth trial, n = 1 ,2, ... , will Ье denoted Ьу An and its 
non-occurrence Ьу л:. The events (А~ : n,k;:: 1\ are said to Ье 
semirecurrent if for any k_:>l and i J with 1~ i

0
< i{ .•• < in,nf; l, 

we have 

k k k k+1o k+1o 
Р(А 1 ... А1 1 А 1 ) "' Р(А 1 _ 1 ... А 1 _ 1 ) • ( 1 • 1) 

1 nо 1 о no 

Denote Ьу v k ~ - k ::::, 1 an integer·-valued random variaЬle saying 
that the event А occurs in the k th experiment for the first 

. k k -k -k t1me and put Pn= P(vk = n) = Р(А 1 ••• An_ 1An)• 
Using (1 . 1) we may prove that 

Р~ = Р(А ~) , 

p k = P(Ak)- ni1 P(Ak)pk +J • n ~ 2 . } 
( 1. 2 ) 

n n J = 1 J n- J 

Let us define for any k::;:l and \z\ <1 
00 k n· 

U k(z) = n~ J'<An) z, where 
k ~ 

Р (А0 ) = l and Р k (z) .. I. Р ~ z n • Due to 
~ nи 1 

= I. Р(А k)(1 - Pk (z)) z n. 
n= 1 n + n 

(1.2), we have Pk(z) = 

.. , 
t.,_ ~~ -· - ~ ·:,~"lt - \ l 
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An interesting case i s obtained when there is an integer m 

so that Р (z) = Р +1(z) = ••. • Then semirecurrent events are • m m. • 
sa1d to Ье m- sem1recurrent. In th1s paver we shall concen-
trate ourselves mainly on Vhis class of semirecurrent events. 

Remark 1.1. It is clear 
recurrent events ·, t hen (Bk: 

that if IA ~ : n, k.? 11 a re m -semi-
n,k > ll, where Bk=Ak+!k,n > l, 

· are (m-1)-semirecur rent. n · n n -

lf m = 1, then ( 1. 1) and ( 1. 2) do not depend on the s uper­
scripts. The m-semirecurrent events are recurrent (for the de­
finition of the recurrent events see, for example, / 9,10 / ) iff 
m = 1 • In this case ( 1 • 2) reduces to the known formula /9 ,10 1 
for the recurrent events 

р1 

• > 2. } 

Р(А 1 ), 

n -1 
Pn = P(An) - I P (AJ)Pn-J 

• J= 1 . 

( 1. 3) 

wqer.e Pn = Pi = Р~ = . •. , P'(An) = Р(А~) = Р(А~) = . .. for each n . It 
is evident that semirecurrent events 1/{ : n, k ;::_ .11 are m -semi­
recurrent iff IB ~ : n,k > 11 , where В~ = А~+ m-1, n ,k _:::1, are r e­
current events •. 

If m = 2 , then ( 1 • 1) has the f ollowing form: for any k = 1 , 2 
atld i j with · 

1$ i 0 <i 1 < ... <in, n~ . ..l . 
k k k 2 2 . 

Р(А 1 ... А i 1 А i ) = Р(А i i .. . А i 1 ) • 
1 n · О Г О п- О 

( 1 • 4) 

Therefore for (1.2) we conclude that 

Р~ = Р(А ~) , 

· n-1 
р k = Р(А k ) - I р (А k ) р 2 • ' 

n n i= 1 j n-J n ~· · } 

( 1. 5) 

for any k = 1,2. Th is c1ass o f semirecurren t event s i s a lso 
known in literature as the recurreri t event s with delay 110 ,1l / . 

Some basic proper t ies of the semirecur r ent and m -semirecur­
rent events are studied in more detail i n/8/ , 

Without amЬiguity we shall write {А~: n;::_ 1, k =l, ... ,ml for 
m-semirecurrent events {А~: n,k _::: 11. We say that .for m-semi­
recurrent events IA~: n;::, 1, k = 1 , ... , m 1 the ca s e of periodici ty 
holds, if t here is an integer t > 1 such that Р(А ~) > О if n = . 
= t, 2t, .... In this case Р(А~) = О whenever n f, · jt, The greatest 
intege r t >1 with this property is called t he p~riod. I n the 
opposite case IA~I~=1 is called non-periodic. Th e s equence 
IA~ 1-;'",1 , for k = 1, ••• , m is said t o Ье cer t ain or uncertain 

... k ... k 
according to whe t her I. Р = 1 or I Р n < l. 

n= 1 n n= 1 · 

2 

'! 

... 

r 

2. APPROXIМAТIVE FORМULAE 

In the present paper we shall 'deal with m -semirecurrent 
events (Ak : n > 1, k "' 1, ... , ml wi th 

n - · 

(i) Р(А~) ;:: Р(А:);:: ... .? Р(А~), n;:: 1, 

(ii) ' Р(А~) _::: Р(А~) ;::_ ... , k = 1, ... , tn, 
(2. 1) 

(iii) 
k .. k+ 1 

P(An+ 1) $ P(An ) , n _:::1 , k = 1, ... , m - · 1, .if m ::: 2 • 

Here we derive approximative formulae for IP:I~1 , ·k = 1 , . .. ,m. 
This r e sult will Ье applied in Part 3 to t he modi fied counter 

· with prolonging dead time, 
Define for any k = 1, ••• , m 

а k (z) I akzn+ 1 , lzl <1, 
n= О n (2.2) 

where ak = P(Ak) -P(Ak 
1
), n >0, (P(Ak) =1) , and 

n n · n+ - О 

Фk (z) = z - а k ( z) , 1 z 1 < 1 , . (2.3) 

We suppose that р > О, where р"' limP(A~) . Then IA~I ;_ 1 i s cer-
n -

tain and, consequent1y, due to / 8/ Th.4.1 , each I A~In:1,k=1, ... ,~1. 
is so. According to /8/ Th.4.2, · p=limP(A~) f or any k = 1, ... ,m. 

. n 
It is clear that Фk (l)=P, k = 1, ... , m, and from the evi­

dent equality Uk(z)-1=t/lk(z)/(1-z), k = 1, ••• , m, lz l< 1, 
we conclude 

m-k-1 
Pk(z) =(фk(z) + j:

1 
P~(фm(z) -Фk+j(z))zj)/(1-Z+t/lm(z)), (2.4) 

k=1, ... ,m, 

We recall that here the sum over the emp t y set is defined as о. 
The next resul t generalizes ' the analogous one from 121. 

Theorem 2.1. Suppose that for m-semirecurrent events wi th 
( 2. 1 ) we have 

(i) р>О, 

(ii) the equation am(z) = 1 has а solut ion . Then f or any 
k= 1, ••• ,m 

· р k = Ь f3 {3-п-1 + r k, n > l ' 
n k 1 n - (2 .5) 
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where 

"" 1 d j-l j 

f3 = 1 + j~l j! dz)-l[фm (z)]lz=1' /31 
"" 1 d J j 
~ -:- -. [.ф (z)]l ' 

J =О J ! dz J m z = 1 

bm= /3-1, bm-t=Фm-1 ({3), 1f m_?2, 

1-1 
bm-1 =Фm-1 ({3)+ ~ PJm-1 {3J(/3-1-фm-1 +J(/3)), for 2~i~m-l,ifm::::_3, 

j= 1 

and lr~ 1 ~С k(q(1-P(A~)))0(the constants Ck >0 and q >О do not 
depend on n ) • 

Proof. If Р(А~) = l, 
which contradicts with 
Cauchy formula, (2.4) 

then P(Am) = 1 for any n and а (z) =О 
(ii), so

0 
that Р(А Т> < l. Accordfng to the 

entails 

Р ~ = _1_ р Pk (z) dz = _1_ (1 F k (z) dz 

n 21Тi lz\=1 z n+1 21Тi lzl;.,1 (1-Z+ф (z)) zn+1 
m 

where Ft(z:h k = 1, ••• , m denotes the numerator of the right­
hand side in (2.4). Since 

00 

1-Z+t/1 (z) =1-z I amz 0 =1-a (z), (2.6) 
m n= 0 n m 

then its value for z = 1 is р> О. The coefficients for am(z) 
are positive, ' therefore, due to (ii), there is а positive root 
of the equation а (z) = 1. Denote Ьу f3 this minimal one. I t is 
clear that 1- z + фm (z) has no zeros in the circle 1 zl < f3. I f 
there- is 0<80 <217m such that am({3e 1 0 ) =1, then this can hap­
pen only if cos 80 n = 1 for all n ::::_ 1 for which а:_ 1 ~ О. There­
fore а m(z) is а power series in z t f ·or some integer t > 1 , and, 
consequently, а~= О, which is impossiЬle. So, we have shown 
that f3 is the unique zero of 1-z+_ Фm(z) in the circle lzl~/3 . 
It is clear that it is simple, because а ({3) >О . 

Denote Ьу R > f3 the radius of а circle ,_n that (2.6) has the 
unique zero Z=/3. From (iii) of (2.1) we conclude a~~a~-m+k + 
+ ••• + а~ , n 2:, m - k. Hence .F (z) has no singulari ties in the 
circle lzl < R. Denote 

k 1 Fk(z) dz -Fk(/3) k 
r = -- 9 = -+ Р • 

n 217i l l ( 1 .l. ( ) ) n + 1 , . . , -· _ . _ n + 1 n Z=R -Z+'I'mz Z 
(2. 7) 

The integral on the left-hand side of (2.7) can Ье estimated 
Ьу the maximum modulus lrkl <С R-n. From (2.6) we have that 

m n - k m (1-Р(А 1 )) ~1, therefore tliere is q>O such that R=ll q(1-P(A 1)) 
and the estimate of the remainder is estaЬlished. 

4 
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Putting f3 1 =1/(1-ф:n(f3)) and bk= -Fk(/3) we may ,obtain (2.5) 
from (2.7). From (2.5) we see that the convergence radius for 

' the power series for Pk (z) is at least {3, hence (2~4) implies 
bk::::. о. 

То estaЬlish the explici t expressions for {3 and {3 1 , respec­
ti ve1y, we consider а func tion w = z - ф ( z) tha t in а con­
form way transforms some neighbourhood gf the point w = 1 to 
some neighbourhood of the point z = {3. Therefore w = w(z) has an 
inverse function Z= z(w). It is clear that {3 ~= z(1) and {3 = z'(1) . 
Using the Lagrange expansion f.ormula 116 1 we obtain the formulae 
for {3 and {3 1 • Q.E.D. 

>-' 

Remark 2. 2. The root of the equation a m(z) = l may Ье eva­
luated more effectively using the Newton approximation method. 
ln' fact, it s~ffices to take into account the form of (2.6). 
Then for {3 1 we have {3 1 = -1/а' ( [3). 

As wil1 Ье shown in Examp1~ 3.4, formu1ae ( 2 ,5) give ve ry 
precise estimate of pk even for small n. The remainder t e rms , 

k · n 
rn, are, for sufficiently large n, very small with respect to 
the main factors. Therefore from (2.5) we obta in very pr ecise 
and computationally convenient formulae Р ~"' bk {3 1 13-n-1, k = l, 
••• , m . 

Corollary 2.1.1. Let t > 1 Ье an integr r and let !Ak : n ~ 1, 
k = 1, •• о , m 1 Ье m -semirecirrent events wi th Р(А k) = 'Ь whenever 
n is not а multiple of t, k = 1, ••• ,m. Suppose (~.1) holds when­

ever n is а mul tiple of t and 

( i) lim Р(А mt) > О , ' 
n n "" 

(ii) the equation а (z) = l (P(Am ) -P(Am ))zn+ 1 = l 
has а solution.m n=O nt nt+ t 

_ k -n-1 k 
Then for each k- 1, ••• , m · Pnt= ~{3 1 {3 _+r

0
,where {3, {3 1 and 

bk are evalua ted from Theorem 2 о 1, replac1ng фk (z) Ьу 

z - -~ (Р(А k t ) - Р(А kt ) ) z n + 1, k = l , ... , m . 
n= O n n+t 

Proof. Defining А k =А\, n > l, k = 1, • •• , m, we obtaip the 
case described in The~remn2.1: Q.E.D. 

3. APPLICATION ТО COUNTERS 

An important class of semirecurrent events is Gbtained i f 
we consider а modified counter with prolonging dead time. 

Suppose that particles arrive at the counter at moments О = 
= т 1 < т2 < ... according to а _recurrent process with the common 
distribution function F(t) =P(T 0 < t); where Tn = тn+1-тn,n 2:_ 1 , 
are interarrival times. Any arriving p~rticle generates an im-

5 



' 

pulse of а random length (may Ье constant, too). Due to inertia 
of the counting device, it is possiЬle that all particles will 
not Ье registered. The time during that the device is unaЬle · 
to record is called the dead time. А counter with prolonging 
dead time is one in which dead tirne is produced after registra­
tion of all impulses of emitted particles. This counter has 
been studied in / 12-16, 5~ For modified counter with prolonging 
dead time we suppose that any registered particle determines 
an impulse of а random length with а distribution function, in 
general, different from the distribution function of а non-re­
gistered particle. Since in the present paper we shall study 
exclusively coнnters with prologning dead time, we shall call 
such counters simply counters. • 

Let lxn1;e 1 Ье а sequence of impulse lengths, so that, it 
is а sequence of non-negative independent random variaЬles , in­
dependent of ITn 1';=1, wi t h distribution functions 

H 1(t) = Р(х 1 < t) , H2 (t) = Р(х n < t), n ~ 2. ( 3 . 1) 

This counter will Ье denoted Ьу the triple (F, Н 1, Н 2). If Н 1 = 
= Н2 , then we obtain а non-modified counter . 

Putting 

А~ = lxk < 'Tk+ ... +Tk+n-1' Xk+l < Tk+l + ..• +Tk+n-1' ' "• 

xk 
1

< Tk 
1
1, n > 1 , k = 1,2, +n- +n- -

(3.2 ) 

we defined semirecurrent events with de l ay. The random variaЬle 
v 1 may Ье interpreted as the number of -particles arriving at 
the modified counter (F,H1'H 2) during the dead time . Simi larl y, 
v 2 denotes the same fo r the counter (F, Н 2, Н ~ ). 

It is clear th~t if for di stribution func t1ons of the l engths 
of i mpulses we suppose the existence of an i nteger m > 2 such ­
that 

Hk(t) = P(xk < t), k = 1 , ... , m - l , Н (t) = Р (х k < t) , k > rn , 
m -

then (3.2) defines m-semirecurrent events . Hence all r esul t s 
of this part may Ье easily modified for any rn. We recall tha t 
the last above case is а particular one of the s emirecurrent 
events studied , in 141,and the same processes may appear in queue­
ing systems with infinitely many servers /2/. 

It may Ье easill. checked that if Н1 (t) ~ ~2 (t) ( ~ Н 3(t) .? ... ~Hm(t) ) 
for any t, then IA . n > l, k = 1,2 (1 ... ,m)\ fulfй ( 2 .1). 

n - . 

Theorem 3.1. Suppose а modified counter (F,H 1,H2 ) 
(i) H1(t) ~ H2(t) for any t; 

sat i sfies: 

6 
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( ii) J н2 (t) dF (t) > о ; 
о ао 

(iii) sup\IL2:_0: J e/LtdН 2 (t) < ool = ао. 
о 

Then Theorem 2.1 holds. 

Proof. According to lll, from (ii) we conclude that р > О. In 
order to prove that the equation a 2 (z) = l has а solution, it 
suffices to show that for any IL >О we have 

О~ а~ ::; . P(xn+ 2 ~ Т 2 + ... +Tn+ 2) ::; М( е ILX2 ) (М (е -IL т2 ) ) n+. l 

The convergence radius, R, of the series ~ a2
0 z n is R > 1/ M(e-ILT2)> 

0"'0 

>l.If IL-+coo .,then R=coo,and the condition (ii) of Theorem 2.1 is 
fulfilled. Q.E.D. 

For example, if (i) H
2

(t) is the distribution function of 
а positive constant random variaЬle; (ii) dН 2(t) ".aexp(-btc)dt,t :::_ O, 
for some а > О, Ь > О, с _? 2; then the condition (iii) of Theo­
rem 3.1 is satisfied. 

We recall that if .F(t) = l - е-Лt , t :::_ О, and 

""' 
о = r t dН 2<t> < ""' , 

о 

then, due to / 17/, 

Р"' e.....\D 

(3. 3) 

(3.4) 

Theorem 3.2. Let (I<',H 1 ,H 2 ) Ье а modified counter, where . 

.F(t) = l - е-Лt, t :::_О. Let IL+ = sup\IL ?. О: f е /Lt dН2 (t) <"., } and H1(t) 2:. 
о 

:::_ H
2
(t) for any t. If IL +> O and 1/ IL +.S D; then Theor·ern 2.1 holds. 

(Here we put 1/оо ". Q if IL+"'""' ). 

Proof. If IL+ = .,., , then the assertion follows f rom Theorem 3.1 . 
Let now IL+ <со. Choose O< i'L<IL+· Then from our assui?J>tions it 
follows that there' is а c _? l such that 1-H2 (t) ~ ce-ILt, t:::_O. 
It is easy to check that 

О ~ а~ ~ P(xn+
2

2:. Т2 + ... Т0 +2 ) =Лn+l j(l- H2 (t1 + ... + tn + l )) 
о 

ехр(-Л(t 1 + .•• tn+1))dt
1 

... dtn+1 ~ c(Л/(Л+j.i ))n + 1 . 

. Hence the convergence radius, R, of the series I. a2z n is 
n n 
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R.:;:: 1 +~/Л, so that R.:;:: 1 + il+;л. Using the fo11owing sirnp1e 
chain of inequa1ities, ho1ding for any х > О, 

е х > 1 + х, 1/ (1 + х) > е -х , (1 + 1/х) (1 - е -х ) > 1 ; 

+ -Л/ + 
we rnay sfюw that (1 + il 1 Л)(1 + е il ) > 1 . It is c1ear that 
for any с > 1 

(1 + ( il + 1 Л) (1 + е -Л/ il + ) > 1 , ' { 3. 5) 

so that, due to the continuity, (3.5) ho1ds for sorne О < с 0 < l, 
too. Then for z = 1 +с oll+;л < R we have, according to (3.4), 

"" > z l a2zn > z I а2 = (1 +с il+fЛ)(l-e-ЛD) > 
О n=O n О On=O n О 

.:?: (1 + t
0

/l+ /Л)(l- е -Л/iL+ > l 

Hence the equation a
2
(z) = 1 has а solution. Q.E.D. 

Coro11ary 3 . 2.1. If in Theorern 3.2 Н2 is the Garnrna distribu­
tion, especially, ·if Н 2 (t) = l- е -/lt , t ~ О, for sorne il > О, then 
Theorern 3.2 is true. 

The next theorern was proved in 131 : 

Theorern 3.3. Let (i) F Ье а distribution function of sorne 

"" constant а > О; (ii) 0 < H 2 (na)~H1 (na),n_2'1; (iii)JtdH2(t) < oo. 
. о 

Moreover, if H2(na) < l for any n > 1, then 1et (iv) 

lirn(1-H2(na))/(1-H
2
((n+1)a)) =R(a) > l; (v) f (l-H

2
((n+1)a)) 

n . n= 1 · 

n 
П Н2 (ia) Rn (а) > l . 

i= 1 

Then Theorern 2.1 ho1ds. 
~ 

For exarnp1e, if Н 2 is the Garnrna distribution, or the geornet-
ric one, then the conditions of Theorern _3.3 are fu1fi11ed . 

Exarnp1e 3.4 . In ТаЬlе 1 we give а nurnerica1 exarnp1e of the 
app1ication of Theorern 2. 1 to the counter (F,Н,Н), where F 
is the distribution function of the constant equa1ed to 1, and 

. 2 
H(t) = 1 - е -t , t:;: О. Here the pararneters f3 and f3 1 are eva-
1uated Ьу Rernark 2 . 2: f3 = 2.515773 , {3

1 
= 2 . 338680. 
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Table 
~ 

n 1 pn Ь f ' f-' -n-1 1 .., 1 ' n Pn Ь ~ ,(Ь -n-1 1 : ':) 1 ' 

б • .3212 -01 5.6010 -01 6 5.5578 -о.з 5.5578 -о3 

2 2.2097 -01 2.226.3 -01 7 2. 2092 -03 2. 2092 -03 

.з 8. 85.31 -02 8.8500 -02 8 8.7814--04 8.7814 -04 

4 .).5175 -02 3.5176 -02 9 3. 4905 -04 3.4905 -04 

5 1 • .3982 -02 1 • .3982 -02 10 1 • .3875 -04 1.3875 -04 

Frorn ТаЬlе we rnay see that the forrnu1a (2.5) yie1ds а very 
precise estirnate for Pn even for srna11 n. ' 

/ 

4. ASYМPTOTIC PROPERTIES 

We sha11 continue the study of the properties of m -serni­
recu.rrent events. In this part we show that under sorne condi­
tions vk , k = 1, ••• , m, is asyrnptotica11y exponential when 
р -> о. . 

So, we suppose that m-sernirecurrent events IA~: .n ~ 1, k = 
1, • •• , ml satisfy the condition (2.1). We introduce, for any 

k = l~ ••• ,m а function . 

Фk (z) = l - . ~ а~ z n , 1 z 1 < l , ( 4. 1) 
n= O 

where а~= Р(А:) - Р(А~+ 1), n =: О. 
It is obvious that for (2.3) we have 

фk(z) "' zфk(z), lzl < 1, (4.2) 

and i f р > О, then ф (1) = р • 
For the generatfng function, фk(z) ,we rnay give the fo11owing 

probabilistic interpretation. Let р ~ О. For any k=l, ••• ,m 
define the integer-v~lued randorn variaЬle, е ' such that 

- k 

р се = n) = а k • n > о' 
k n -

Р<е k .", "" ) = р. ( 4. 3) 

Then (4.1) and (4.2) entai1 that 

ek 
фk (z) = l-M(z I(ek < оо)), lz\ <1 , (4.4) 

where I(C) denotes the indicator function of а rneasuraЬle set С. 
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Ifwe put, forany k= l , • • o,m , 

-k - "" -k n - ~k 
q = P(n<~k<oo), n::;: O, Qk(z)= k q z, \z\<1, Pk(z)=M(z I(~k<oo)), 

n n=O n 
(4 . 5) 

then (1-z)Qk(z) =P (~k<oo)- Pk (z), and 
' 

р~ (1) = Qk(1). (4 . 6) 

Therefore from (4 . 5) and (4.6 ) we have that 

~ na~ = I (Р (А~) - р) • 
n=1 n=1 

(4. 7) 

Lennna 4, 1 , Let the m-semirecurrent events IA~: п;:: 1, k =1, ••• ,ml 
fulfi1 (2,1) and let р > О. Then 

(i) -ф' (1) = l (P(Ak):... р). 
k n= 1 n 

(ii) I Ф~ШI < оо iff I Ф;ШI < оо iff, etc., iffiФ~Ш I < оо 

where Mm= M(vm(vm -1)). 

iff М m < оо , 

(4.8) 
In this case 

m-k-1 
IJ. =M(vk)=(ф'k(1)-ф'(l)+1+ ~ Рk(ф'(1)-ф'k .(1)))/р. 

k ш j= 1 J ш + J 
(4 . 9) 

Proof. (4 о 8) fo1lows from the above note and (4.7), Hence 
if IФ! Шl < оо , then оо > IФ~ШI ;:: 1Ф;<1)1 :::, ... ;::IФ~ШI. 

1 Let now IФ' (1) \ < ""· Then, for any n > m, we have Р(А0 ) < 
< P(A~'-m+V, :hic h implies that jф~(l)l < ""· Theorem 5.3 i; / 8 / 

and (4,8) prove the equivalenc e of I Ф'(1)\ < оо · and Mm < oo, Using 
(4.2) and taking the d e rivative of (2~4) we may easily c heck 
(4.9) . Q.E.D. 

Varying the parameter р ~ (0, 1] we rnay obtain, in gene ra1, 
different functions фk ( z) , k = 1,,, , , m. Taking into account 
this dependence on р we sha ll write Фk(z) =Фpk(z), Analogically 
we write Р(А:) = Р(А~(р)), 

· Theorem 4,2, Let the m - s emirecurrent events IAk: n >1, k= 
= 1, .. . , ml satisfy (2.1) and 1et р~(0,1] v a ry s'Ь that (i) 
IФ' (1)\ < оо; (ii) lim Ф; 1 (1) =0. Then for any k = 1, ... , m 
р1 Р ... о+ 

lim Р(а (р) v > t) = e-t, t ?: О, where ak = ak(p) "" 1/M(vk) . 
... 0+ k k 

Р Proof, Using (4.9) and conditions (i) and (ii) we may show 
that lim ak (р) =О, lim ak(p) / p = 1. 

Р ... о+ р ... о+ 

10 

From (2.4) we conclude that 

-sakvk -sa.k -sak m-k-1 k -sakj -sak 
Pk (е ) = [е (фk (е ) + . ~ PJ е (ф (е ) 

J= 1 m 

-sa -за -sa -sa 
- фk+j (е k )))]/[1 -е k+ е k фm(е k )] = 

-sak m-k-1 k -sakj -sak -aak 
= е [ 1 + . ~ PJ е (фm (е ) 1 Фk (е ) -

J= 1 

-sв.k -aak -ав.k -sak 
- Фk+j (е )/фk(е ))]/((1 .,..е )/фk (е ) + 

- sa k -sak -ва k 
+е Фm(е )/фk(е )]. . 

First of all, it is clear that lim (1-е-ваk(р) )/р =S, 

Next we show that р-+О+ 

. -sa (р) 
limф (е J ) /Р=1 (4.10) pk 
р ... о+ 

for any k,j = 1,.,., m. We note that for any fixed р ~ (0, 1] 
фk (z) is nondecreasing for each О 5: z ~ 1. Using that and the 

elementary inequality е-х _:::1- х, х _:::О, we obtain 

-ва . (р) 
Р = Фpk(l) .$ . Фрk(е J ) ~ Фрk(1- sa j(p)). 

Due to the inequality (1- х)0 > 1- nx, n > О , lx 1 < 1, we have, 
f or sufficiently small р > О, - - -

Ф k(l-saJ(p)) ::1- I (1-saj(p)) 0 ak ::;р + sa.(p) I nak 
Р n =О 0 J ·n "' 1 ° 

= р - sa/p) ф~k(l). 

Hence 

-aaj (р) , 
1 %"fpk (е ) /р _::: 1 -sa J(p)/PФpk(1), 

so that (4.10) holds. 
Using this fact we have 

lim Фpt(e-sak(p))/ФpJ(e-sak(p)) =1 
Р ... о+ 
for each i, j = 1 , ••• , m. 

11 
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/ 

"' 
Therefore 

-sa v 
lim Р (е k k ) = 1/(1 + s), R > О , 

O+k . -
р-+ 

А 

and the theorem is сошр1еtе1у proved. Q.E.D • . 

Remark 4.3. The condition (ii) in Theorem 4.2 is equiva1ent 
to the fo11owing two conditions lim P(Al (р)) =О , lim ф' (1) =О. 

+ + pm 
р-+0 Р-+0 

Indeed, it suffices to take into account the ine~ua1ities 
Р(А~) :.:;P(A~-m+ 1 . ), n;::.m, and Р(А\)~Р(А1)2 •.• ~P(Am)• 

Examp1e 4.4. Define the recurrent events with de1ay. Let 
n~ ПЬ Ье gi ven and О < Р1:.:; р2 :.:; ... :.:; Pn < 1, Р n + 1 = 1, О < Р { $ 

о о 

< Р2* < ... < р * < 1 , р* 
1 

= l . We put 
- - - m о m о+ 

if 1 s; n ~ n
0 

, n- n { v; ... Р' 'Р ' 

Р(А 1 ) = Р * .. · р* • if n
0

+l_:::n :;: m
0

, 
n 1 n 

p*l ... р* ' if m
0 

< n, 
mo 

if 

' P(A2n) = { Pi ... р~ ' 1 :;; n -::_ m
0

, 

l p*l ... p*m ' if m
0
< n. 

For this case Theorem 4.2 ho1ds. 
In the rest of this pa rt we арр1у Theorem 4.2 to the modi­

fied counter with pro1onging dead time. Simi1ar1y as in Part 3 
we confine ourse1ves to а counter (F,H 1! H2). 

Theorem 4.5. Let (F, н 1 , Н 2) Ье а counter with (i) F(t) = 
е-Лt, t ;:::_О (Л > О); (ii) Н 1(t) ?:. H2(t) for any t; (iii) D2 = 
00 2 + ' f t dН 2(t) < оо ; (iv) Н2(О ) =О. Then Theorem 4.2 ho1ds when-

0 
ever Л -+ оо • 

Proof. We sha11 examine conditions of Theorem 4.2 and Re-
mark 4.3. It is easy to check that 

1 00 -А t · 2 n+ 1 "" t n -Л t 
P(Ai) =Л fH 1 (t) е dt; P(An)= Л /n! [ ( f Н2 (х) dx) е dt, n2 1. 

о о о (4.11) 
12 . 

\ 00 у 

ф2(z) = 1- л r ехр(-А I (1- zH2(u)) du) (1- Н2(у))' dy, 1 z 1 < l. (4.12) 
о о 

Using (3.4) or direct1y 
where D is from (3.3). 
and the integra1 

. -А 

(4.12) when z= 1 we have that р=е D, 

Since D2 < оо, then j у(1- Н2 (у)) dy <"" 
о 

у у 

((1-Н2 (у)) ехр(-Л f (1- zН2 (u))du) [ H2 (u)dudy 
о о о 

converges uniform1y in z ~[О, 1]. Therefore we may take the de­
rivative of (4.12) with respect to z = 1, and obtain 

00 00 у 

Ф2<z) =-Л2 ' J (1-Н 2(у)) ехр(-Л f(1-zH2(u))du) f H2 (u)dudy. 
о о о 

We have to show that lim ФР, (1) =О . 
Л-+оо 

Let А> О Ье arbi trary, Denote 

2 
А . оо 

I 1(Л, А) =Л f (1- Н 2 (у)) ехр(-Л f (1 -H2 (u)) du) 
о о 

I 2(Л, А) = ф~ (1) - 11 (Л, А) • 

у 

J H2(u) dudy, 
о 

А 

It is obvious that 1 2 (Л, А) sл2 ехр(-А J (1-H 2(u))du)D
2

• 
о 

Because of о · < оо, for an arbitrary t:>O, there is Л2 (t:, А)> О 
so that 1 2 (Л, А)< t:/4 whenever Л> Л 2 ( t:, А). 

Using the per-partes integration hethod, we conc1ude 

1 
1 
(Л, А) = 1 3 (Л, А) + 1 

4 
(Л, А) + 1 5 (Л, А) , 

where 

А А 

I 3 (Л, А) =-Лехр(-А f(1-H2 (u))du) JH2 (u)du, 
о о 

. А . 

14 (Л, А)= ехр(-Л( (1-H2 (u)) du), 
о 

А 1 . 
1 (Х, А) =Л f ехр(-Л J (l- H 2(u)) du) dy -1. 

5 о о 
А 

It is c1ear that II3 (Л, А) 1 S ЛА exp(-AJ (1- H2(u)) du) • Hence there 
is Л3 (t:, А)> О so that 1 13 (Л ,A)I < t:/3 whenever Л> Л 3 (t, А). 
Simi1ar1y there is Л4 (t:, А) > О so that lliЛ, A)l < </4 when Л> 
> Л4 (t,А). 

The condi tion Н2 (О+) = О entai1s that for any t: 1 >О there 
is A(t ~ with 1-t:1 ~1- H2 (u) < 1 whenever 0< u <A(t:1). There-
fore 
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А(Е 1) А (Е 
1

) 

Л J е -.\у dy :::; I Б (Л, А) .5 J 
о о 

and 

-.\(1-Е1)У dy-1 
е 

-.\А (€ 1) . -.\A(f 1) 
-е _5-IБ(Л,А)_5.(1-е )/(1..-'E1)-l<E/(l-E 1). 

Using the inequality E1/(l-E1)<2E 1 which holds for 0<Е 1<1/2, 
-ЛА(€1) . 

we get !IБ(Л, A)l5 max(e , & 1). Now, for а g1ven Е 1 > О, we 
-.\А(Е 1 ) 

may choose Л Б (Е 1) > О so that е < 2Е 1 whenever Л> ЛБ (Е 1). 
From this restriction we may choose f 1 and А so that Е 1 = Е/8 
and А= A(f/8). Hence if Л> max (A1(E,A(t/8))),then IФ2(1)! < f. 

2_5.1 S Б 
Using (4.11) we see that, according to Remark l1,3, the proof 
of Theorem is finished. Q.E.D, 
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В Объединенном институте Rдерных исследований начал 
ВЬiходить tборник "}{раткие сообщения ОИЯИ". В нем 
будут помещатьсR статьи, содержащие оригинальные научные, 

научно-технические, методические и прикладные результаты, 

требующие срочной публикации. Будучи ·частью 11Сообщений 
ОИЯИ11 , статьи, воwедwие в сборник, имеют, как и другие 
изданиR ОИЯИ, статус официальных публикаций. -

Сборник 11Краткие сообщеНИR оияи•• будет выходить 
регулRрно. ' 

The Joint Institute for Nuclear Research begins puЫi­
shing а collection of papers entitled JINR Rapid Communi­
cationв which is а section of the JINR Communications 
atid is intended for the accelerated puЫication of impor­
tant results on the following subjects: 

Physics of elementary particles and atomit nuclei. 
Theoretical physics. 
Experimental techniques and methodso 
Acce1eratorso 
·Cryogenics о 
Computing mathematics and methods. 
So1id state physicso Liquids. 
Theory of condenced mattero 
App1ied researcheso 
Being а part of the JINR Communica·tions, the articles 

of new co11ection 1ike all other puЫications of · 
the Joint Institute for Nuclear Research have the status 
of official puЬlicationso , 

JINR Rapid Communicationв wi 11 Ье i ssued regu1 arly о 

• 
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COMMUNICATIONS, JINR . RAPID COMMUNICATIONS, PREPRINTS,AND 
PROCEEDINGS OF ТНЕ CONFERENCES PUBLISHED ВУ ТНЕ JOINT INSTITUTE 
FOR NUCLEAR RESEARCH HAVE ТНЕ ST~TUS OF OFFICIAL PUBLICATIONS. 

JINR Communication and Preprint references should cohtain: 

- names and initials of authors, 
- abbreviated name of the lnstitute (JINR) and puЫication 

index, 
- location of puЫisher (Dubna), 
- year of puЫication 
- page number (if necessary). 

For example: 

1. Perwshin V, N. et al. JINR~ Р2-84-64З, 
Duhna~ 1984. 

References to concrete articles, included into the Pro-
ceedings, should contain 

- names and initials of authors, 
- title of Proceedings, introduced Ьу word "ln:" 
- abbreviated name of the lnstitute (JINR) and puЫication 

index, 
- location of puЫisher (Dubna), 
- year of puЫication, 
- page number. 

For example: 

Kolpakov I.F. In: XI Intern, Sympoвium 
оп Nuclear Electronicв~ JINR~D13-84-53~ 
DиЬпа~ 1984~ р .26. 

Savin I.A.~ Smirnov G.I. In: JINR Rapid 
Communicationв~ N2-84~DuЬna~1984~p.3. 


