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1 • INTRODUCTION 

We suppose that during the k th experiтent, k = ,\ , 2, .•• , the 
condition Ak either т~у Ье fulfilled or not. The fulfilтent of 
Ak at the n th tri;al, n= 1,2, ••. , we denote byA~and its 
nonfulfilтent Ьу А~. The events 1 А~; n ~ 1, k ~ 1\ are said to Ье 
seтirecurrent if for any integers ij wi t~ 

1 ~ .i 0 < i 1 < ... <in, n~l, · (1.0) 

we have 

Р(А~ ... А~ 1 А~ = р (А k + 1 о ... А~+ i о 
11-lo ln-io 

( 1 • 1) 
1 n о 

An equivalent condit i on to (1.1) is 
'~ 

k k k k+io k+ln-1 
Р(А1 .... А 

1 
) = Р(А 

1 
) Р (А1 _ 

1 
) ... Р (А1 _ 1 

( 1 • 2) 
о n о · 1 о n n-1 

whenever iJ fulfil (1.0). 
Denote Ьу vk , k ?: 1 , an integer-valued randoт variaЬle 

saying that the condition Ak is fulfilled for the first tiтe 
in the k th experiтent and put Р := Р (v k = n) = Р(А \ . .. А~1 А:) • 
Using (1.1) we тау prove that · 

• 
р~ = P(Akl), 

(1. 3) n-1 . 
Р k = Р(А k ) - I Р(А k) Р k +.~ n > 2. 

n n j= 1 j n-J -

Let us define for k > 1 and !z l < 1 Uk(z) = l P(Akn)zn, where 
k оо n-0 

Р(А 
0

) = 1 , Pk (z) = I Р k z n • Due to ( 1 • 3) we hav-e 
n= 1 n 

Uk (z) _= l + l Р(А k) Pk (z) z n. ( 1. 4) 
n=O n +n 

An interesting case is obtained when there is an integer т 
so that Р (z) = Р +1(z) · = ... , !zl < l ·• Then the seтirecurrent 
events ar~ said ro Ье т-seтirecurrent. It is clear that if 
1 А~: n ~ 1, k -~ 1\ are т -seтirecurrent events, т ~' 2, then 
I·Bk = Ak+ 1 : n > 1, k > 1 are (т-1) -seтirecurrent. 

n n - · -
If т= 1, then (1. 1) and ( 1 .3) do not de pend on t be s uper-

scripts, and they are the recurrent events (for the defini--~- ·' .... _______ _ 
Ct" t-,4~~, 

: "':._::· 1 ~- · 
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tion of the recurrent events see, e.g . , 16 • 71 ) i f f rn= 1. In 
this case (1 . 3) reduces into the familiar formula for the 
recurrent events ' /6,7/ 

р 1 = Р(А 1), 

n -1 
Р = Р(А n) - . I, Р(А . ) Pn J. , n > 2 , 

n J=1 J - -

( 1. 5) 

where Р = Р 1 = Р ~ = .. . , Р(А ) = Р(А 1 ) = Р(А 2 ) = . . . for each 
• n .Q • n n lpk t n. It 1s ev1dent that sem1recurrent events An: n ~ 1, k ~ 1 

are m -semirecurrent iff !В~: n ~ 1, k ~ 11, where' В~= А~+ m-1 
are recurrent events. 

If m = 2, then ( 1. 1) has the following form: for any k = 1, 2 
and integers iJ with (1 . 0) 

k k k 2 2 
Р(А . • .. А 1 1 А . ) = Р(А 1 _ 1 ... А i _ i ) • 

11 n 1 о 1 о n о 
( 1. 6) 

Therefore for (1. 3) we conclude that 

pk = P(Ak) 
1 1 • 

р k_ P(Ak ) 
п - n 

n-1 k 2 
I. Р(Л:.)Р . , n > 2, k=1,2. 

J= 1 J n-J -

( 1. 7) 

This case o f semirecurrent events is also known in literature 
as recurrent events with delay / 7,13/ . 

Example 1.1. Let {Xn1~1 Ье а sequence of independent ran
dom variaЬles with P(Xn < О) > О and P(Xn > 0) > О, n ~ 1. Put 
S~ = Xk + ... + Xk+n-1' n ~ 1, k ~ . 1. Then {A~· :n ::_1, k ~ 11 are 
semirecurrent events, where Ak = {sk = 01. If, particularly, 

n n 
P(Xn = -I)=Pn > O, P(Xn = -1)=1-Pn = qn > О, then 

k 
P(A 2n_J = О, 

P(A~n) = . I. . 
J1+ ... +J2n=n 

J 1 ~ !о, tl, 
where р i (1) = р1 , Р 

1 
(О) 

k+ 2n-1 
П p _(j _), n > l,k > l, 

. 1 1 - -
1 =k 

= qi. 

~ 

In the particular we deal with а generalization of random 
walk when the particle moves from any stage with not necessarily 
equal probabilities, and returning to the initial stage, the 
movement of the particle resumes with initial conditions. 

Example 1.2. Let 1Tn1":: =1 Ье а sequence of positive inde
pendent random ·variaЬles, independent of а sequence of positive • 
independent random variaЬles lx n 1;= 1 . Then !А~: n ~ 1 , k ~ 1 L 
where 
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"""'' ">'Ч" ''· ~ r , . 

А~ =lxk <Tk+ .. . +Tk+n - 1' Xt.+1 <Tk+1+ ... + Tk+n-1 •"'• 
( 1. 8) 

Xk+n-1<Tk+n-11' 
is а sequence of semirecurrent events. 

It plays an important role in the mathematical theory of 
particle counters, especially, for а modified counter with pro
longing dead time /5,2,4 , 14/. Here Tn denotes an interrival time 
between the arrivals of particles at the counter, where it 
is assumed 

.Fn(t) =-P(Tn<t), n~1, (1 . 9) 

and х n denotes an impu1se 1ength g.enerated Ьу the n th partic1e 
(may Ье non-proper, too) with tl1e distribution function 

Н (t) .. Р(х < t), n > 1 . ( 1. 1 О) 
n n -

Ana1ogous questions may arise in the modified queueing sys
tems wi th infini tely many servers / 1/ . The randora variaЬle v 1 
may Ье interpreted as the number of partic1es arriving at the 
counter during the dead time 131 ,respective1y, the number of 
customers served during the busy period 111 ~ 

2. SEМERECURRENT SEQUENCES 

А sequence of non-negative numbers, lu~: n ~ О, k ~ 11, is 
said to Ье semirecurrent if, for any k ~ 1, 

~ 

k - 1 u о - ' (2 . 0) 

. . . ь {fkl 00 

and 1f there 1s а sequence of non-negat1ve num ers n n=1 with 

k 
I. fn_'51, 

n= 1 
(2. 1) 

such that 

k k n- 1 k k+J 
u = f + I. uJ f J, n > 1. n n j.., 1 n- ( 2.2) 

Theorem 2. 1. Let the sequences of non-negative numbers 
{f~\:= 1 , k ~ 1, with (2. 1) Ье g~ven. Define ~~1u1rent1y а se
quence lv~: n ~О, k ~ 11 via v ~ = 1, v~ = f~+ . I, fj v:~jJ' n~l,k ;::,1. 

J= 1 
Then uk = vk, k,n > 1, that is 

n n -
n-1 

Uk = fk+ k fkuk+J,n,k > l. 
n n J= 1 J n-J -

(2.3) 

Proof. It sufficies to take into account the formulae (2 . 2), 
(2.3) and use the method of mathematical induct"ion . Q. E.D. 

3 
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Denote Ьу 1S the set of all seтirecurrent sequences. If 
\Ak: n > 1 , k > 1 are seтi recurrent events, then 1 uk: n > О, 

n - - n -
k ~ 1}, where 

u k = Р(А k ) , n > 0, k > 1 i ( 2 • 4) 
n n -

is, due to (1.7), the seтirecurrent sequence. Indeed, it is suf
ficient to put 
fk=pk, k,n > 1. (2.5) 

n n 

If we denote Ьу ·~ the set of al1 seтirecurrent sequences for 
which there are seтirecurrent events defined on an appropriate 
probabi1ity space with (2.4) and (2.5), then ·~С S. Therefore 
in the seque1 without aтbiguity we sha11 write Цk and Pk, 
k > 1, for the corresponding generating functions for seтi
re~~rrent events as we11 as for seтirecurrent sequences. 

We say that а seтirecurrent sequence, \uk: n > О, k> ll, is 
т..:.seтirecurrent if there an integer m ~ 1 scJl th;t Pm(z)"' Pm+~z)= 
= ... 'lzl <l, or, equiva'lentiy, u (z) = um+l(z), ...... \z l < 1, 
and denote Ьу 'Sm (~ rJ the set of af1 m-seтirecurrent sequences 
(the sате for which there are m-seтirecurrent events with 
(2 . 4)). It is c1ear that ·~те ls mc ISm+ 1' ·~те ·~ m+ 1• 

If \u~: n ~О, k ;::,1! is an т-seтireccurent sequence, then 
without aтbiguity we shall write for it \uk: n;::,O, k =l, ... ,тl. 
Ana1ogica11y we sha11 wri te \А~: n ~ 1 , k ~ 1 , •.. , т 1 for т -se
тirecurrent events \А~: n ~ 1, k > 11. 

It is known / 7/ that ·~ 1= 1S 1 , ~~ = •S 2 . More precise1y, 
\u ~.!;:=О is а recurrent sequence ( that .is, т ""1) iff there are 
independent integer-va1ued randoт variaЬles , Y 1 , У2 , ... (тау 
Ье· non-pt·oper, too) with а соттоn probabi1ity function lr~l ;= 1 , 
such that 

n. 
u 1 =P(u IY + ... +У. ""nl), n > 1; 

n i = 1 1 1 -
( 2. 6) 
1 

iff there is а sequence of recurrent eve~ts \Anl;=l such that 
u~= Р(А1) , n ;::, 1; iff there is а Markov chain \Xni~=O on а 
countab!fe state space such that u~= P(Xn= i \X0 =i), n 2:,1, for 
sоте state i (this is а resu1t o f K.L.Chung recorded Ьу Fe1-
1erJ 7_1 ). 

Ana1ogically~ f~ = с; = ... , n ?, 1, iff there is а, sequence 
o f indepe ndent integer-va1ued randoт variaЬles \Yl\~=1such 
tha t У2 , У3 , • • • h ave the probability function \fn 1n':1, and У1 · 
has the probabi1ity f unction \f 1 1""'_1 so that ( 2 .5) is f ulfilled 

n+ l n n- . 
a nd u2 = Р( u \У + ... + У . = n l) ; if f there a r e seтirecurrent 

n i= 2 2 1 

e vents with de1ay , {Al,A2 1oo 1 , so t ha t u k =P(Ak ) , n > 1, k = 1, 2 . n tJ. n= n n -
The рrоЬlет of the eXI.stence of а Markov cha i n IX nl"::= o on 

а countaЬle state space having at · 1eas t t wo states , fo r а given 
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recurrent sequence with de1ay, such that u;= P(Xn = il Х о= j), 
u~= P(Xn = i \Xo = i) f or all n ~ 1 and sоте pair i 1 j of states 
is studied Ьу Kingman / 12/ , Не notes that h e does not know an 
effective characterization of this рrоЬlет. 

We reтark that ' tor т-seтirecurrent sequenc es wi th m > 3 the 
characterizations ana1o~ous to those in the above do not-ho1d. 
Indeed, 1et m = 3 and f 1= f~ = 1/2, fi = 1/3, f~ = 2/3, 

ri = 1/4, r~ = 3/4. Then u\ = 1/2< 13/24 = P(j !У + ... +У ""зl). -
i= 1 1 1 

The r e fore it wou1d Ье interesting to give the siтi1ar des
cription of т-seтirecurrent sequences for m 2:. 3 via m -seтi
r ecurre nt events as they are known in the case when m = 1,2. 

The sequence lu= ~ n 2:. О, k ~ 1 1 is far froт being an arbit
r a r y seque nce of nuтbers between О and 1. Its behaviour is 
restri c ted Ьу inequa1ities which are consequences of (2.2) and 
( 2 .3), or s iтp1e probabi1i s t i c arguтent for s eтirecurrent events 
b a sed on (1.2). Fo r ехатр1е, i f m and n a r e intege rs, then 
f o r any k ?_ 1 

ukuk + m < uk < 1 -uk + ukuk + m. 
· m n - m+ n- m m n 

(2. 7) 

These a r e the siтp1es t of а who1e c1ass of i nequ.a1iti e s, which 
a r e comp1 e t e 1y descri b e d in Theo rem 2 .4. We no t e that (2.7) was 
known on1 y fo r recurrent sequences 110 1 . 

Fi r st of а11 we prov e the f o11owing two 1emmas . 

k ' Le mma 2 . 2 . Le t \An : n ~ 1, k ~ 11 Ье semirecurrent eveп ts. 
If 1 $. i i < i 2 < ••• < i n , n ~ 2 ' then f o r any k :2 1' s $ n -1, and 

ji 1;; 1 о . l 1 

P(J 1А k 
1 1 

J в-1А k 
1 в - 1 

Р С J lA~ 
1 1 

J в-1л ~ 
1

8 
_ 1 

о - 1 
where А = А a nd А = А. 

Ak 
1 

8 

Ak 
1 8 

Proof . It i s evide nt. 

Jн 1А k 
iв+ 1 

j nA k 
ln 

) р ( j s + 1 Ak+ i s 
1 в+1- i s 

) = 

jnAk+is ( 2 .8) 
1 п- is) 

Q.E.D. 

Lemma 2 .3. Fo r a ll semire curre nt s eque nces lu~ : n ~ О, k ~ 11 
sa ti s f y ing u\ ~ О, k ~ 1, there ho1d (i) 

( i) u ~ > О, k, n ;::, l ; 

( ii)Uj(l) iтplies uj-1(1)=oo. 

Proof . (i) Let there Ье two integers k 0 and n such that 
ko k о un = 0. Denoten 0 = тin\n : un =01. Froт ourassuтptionwehave 
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( ) 
. . k0 n 0 • n 0 +1 k+n

0
-1 

n 0 >1. 2.7 з.mр1з.еs that 0==u
0 

~ u 1 u 1 ••• u 1 >0 
о 

which contradicts with the assumpti.on. 
(ii) (2. 7) yie1ds Uk(z) ~ 1 + u~zuk+ 1 (z) , О < z < 1, k ~ 1. Using 

this inequa1ity we have proved the second part of the proposi
tion. 

. Theorem 2.4. Let lu::n~ 1, k ~ 11 Ье non-nep,ative . numbers. 
For any k ~ 1 and integers i j wi th· 

1;:>i 1 < •• . <im 

write 

~ uk + 
k k+ i j 1 

( . i ) с: 1 - .. i фk 11''"' п( 1~ j1_$m j 1 
~ ui ul . -1 :· ...... + 

1~J 1 s;J2 s;m J 1 J2 J1 

m k k+jl 
+ (-1) ~ u1 u 1: -i 

1< J. < <J. <m J1 Je J1 - 1 ... m-

k+ijm-1 , 
uijm- ijm-1 

Then there are semirecurrent events (А~: n ~ 1, k ~ 11 with 
u~== Р(А~) for each k,n if and on1y if 

О ~фk (il'"''im-1) ~фk(il'"''im) 

(2.9) 

(2.10) 

for any m ::::_ 1, i 1 , ... , im satisfying (2. 9) and each k ~ 1. 
Proof. The necessity of (2.10) we obtain from the observa

tion that if ij sat i sfy (2.9), then фk(il''"'~m) == Р(А~ 1 ... A1km) • 

Converse1y, suppose that (2.10) ho1d. For any k ~ 1 we have 
to construct а probabi1ity space (Dk,<1k,Pk)and а sequence • 
IA~I';:'== 1 С <1 k such that u ~ == Pk (А~),, n ~ 1. То do this we must ve
ri fy the Ко 1mogorov cons is tence condi tions./151. Due to Lemma 2. 2 
and (2.8), we see that, for any m-tup1e of events, we need not 
verify а11 2m inequa1ities, but on1y two which are guaranteed 
Ьу (2. 10). 

Hence if we construct the direct probabi1ity space (П,<1,Р)== 
00 

_ П ( n ~ k -1 ( -k) . · h -k== 1 ••k,uk,Pk),then.A 0 ==1Тk А 0 _ ,where "k . . a ... okз.s the kt 
projection function, are semirecurrent events in question. 

We note that the author does not know whether the semirecur
rent sequence lu::n~O, k ~ 11 satisfy the condition (2.10), or, 
equiva1ent1y, & == ·S. 

3. ТНЕ КALUZA SEQUENCES 

In 1928 Kaluza 18/ noticed that if the forma1 power series 

U(z) = i u0 z
0 

wi th rea1 coefficients satisfies the condition. 
n== О 

6 
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u0 =1, u 0 ~0, u;s; . u0 _ ,1 u 0 + 1, n ~ . 1, оо (3.1) 
then the forma1 power series defined via P(z) = ~ f z 0 == 1-1/U(z) 

' n==1 ° 
has also non-negative coefficients. , 

The sequenaes with (3.1), as it was shown much 1ater on, 
р1ау an important role in the theory of infinite1y divisiЬle 
sequences. We recall 191 that а recurrent sequence (u loo _

0 
is 

said to Ье infinite1y divisiЬle if lu~l'::'==o is а recu~r~nt se
quence for each rea1 non-negative t. It is known./11, р . 489/ · 

that if lu ni~=O is an infinitely divisiЬle recш·rent sequence, 
then there is an integer h such that u 0 >О iff n is а m~ltip1e 
of h, and lunь ~~~ is the sequence satisfying (3. 1). 

In the seque1 we sha11 study the sequences f~r which а con
dition simi1ar to (3. 1) holds. 

First1y we note · that the fo11owing proposition is true. 
ProEosition 3.1. (i) If lu~: n ~О, k ~ 11-~lЬ,then (u~~: n ~О , 

k > 11 ~ ~s for any integer h. 
- ( i-i) If lu~: n ~О, k ~ 11 and (v:: n~ О, k ~ 11, then 

lu k v k: n > О, k > 1 1. 
0 

(:fii) If (uk (j): u ~О, k ~ 11 Q$(&) or any j, and if u:(j) ... u~ 
as j ... oo,for еасЪ n and k, then lll~:n~O, k ~11 ~ •S(&). 

(iv) If(uk:n > O, k > 11~.1S,and there is u =limuk,n>l, then 
1 1 оо 1$ П - . - D k П ·-
UП n==O ~ . 

Proof. Part (i) may Ье proved using (1. 1). For (ii) we note 
that we may find two sequences of semirecurrent events, (А~: 
n > 1 k > 11 and (Bk: n>l k > 1 with uk==P(Ak) vk==P(нk), 
-' - -'- n n'n n 

n,k ~1, and assuming the independence of (А~ 1 ori (B~I. Hence (С~ , == 
== ·А~В~: n~ 1, k ~ 11 are semirecurrent events such that (ii) 
holds. 

Using (2.2) 
easily proved. 

and Theorem 2.4 the parts (iii) and (iv) may Ье 

А sequence of real non-negative nuЦtbers, (uk: 
is said to Ье Kaluza' s if 0 

Q.E.D. 
n ~ О, k ~ 11, 

uk е 1' 
о 

uk uk+1$ uk uk+l 
n n n+ 1 n-1 for any k, n ~ ·1 • (3. 2) 

We remark that if u 1k> O, k < 1, then from (3.2) we have uk> О 
- n 

for every k, n ~ 1 . 
Example 3. 2. Let О$. Н 1(1) ~ Н2 (2) s; ••• $. 1, О.$ Н2 (1) .$ Н 2(2Н ... ~. 

Pttt u~ = 1, k ~ 1; U~== H 1 (1),u~==~ 1(2)Hi1),u~=H 1(n)H2(n-1)/(n-1) · 
if n ~ 3; u~ == Н 2 (1) , u~ .. H 2 (n)/n if n ~2; u~ =1/(n +1) for any 
k ~ 3, n~ 1. Then lu:: n ~0, k ~ 11 is the Ka1uza sequence. 

Let lu 0I~==O Ье а sequence with (3.)) and let \aklke1be а se
quence of (i) positive numbers between О and 1; (ii) with 
1~a 1 ~a2 ~ ..• ~0.Then lu~:n . ~ O , k~1l,where (i) u~==aku 0 ; (ii) 
uk = (а )D u , is the Kaluza 'sequence. 

0 Theklast 0example is а particular case of 
su1t saying that any Kalu.za's sequence with 

the fo11owing re
u k < u k+1 n k >1 
n- n-1' ' - ' 
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"' 
corresponds to some semirecurrent events of the fo~ (1.8) for 
special modified counter with prolonging dead time. 

Theorem 3.3. Let /и~: n ~ O,k ~ 11, for which (3.2) holds, Ье 
given. If, moreover, 

.., 
иk < иk+1, n >l,k > 1, 
n - n-1 - -

(3. 3) 

then 1 и~: n ;;:, О, k ?_ 1 1 r; ·&; • 

Proof. First of а11 we conc1~de from (3.3) that any и~ is 
а rea1 number between О and 1. Now we sha11 construct the se
quences of rea1 numbers, /pk(n)l ;;'=1 , k ~ 1, as fo11ows. 

For every k ~ 1 we put pk(l) =и~. and for each n ~ 2 we recur
rent1y define Pk(n)so that и~=р/n)и~~l ho1ds, where Pk(n) .= 
= и~/и~~lif и~~11> О, and pk(n) =Pk(n-1) otherwise. From our 
construction of р (n), using (3.3) and (3.2), we have that 

k 
о~ pk (1) ~pk (2} s ... ~ 1 . 

Define а sequence of distribution functions , /Hkl;=~ so that 
Н (t) =О, if t < 1/2, Hk(t) ер (n), if n -1/ 2 5 t <n+1/ 2,n ::: 1. 
N~w we consider а modified ~ounter with prolonging dead time 
(see Examp1e 1.1) for which the impulse 1engths, xk,of arriving 
partic1es are distributed according to/Hkl;'"'1,and interarriva1 
times, Tk,are constants equa1 to 1. Then for this particu1ar 
case (1.8) has the form 

P(Ak)=иk=Pk(n)pk 1 (n-1) .•• pk 1(1), n,k>J n n + + n- - (3. 4) ' 

and this completes the proof of the theorem. Q.E.D. 
We write ~о for the set of all infinite1y divisiЬle semire~ 

current sequences /и k: n > О, k > 11 defined Ьу the requirement 
l(и~)t: n~O,k. ;;:,1lis t'Ь belongto •S for each rea1 non-negatiyet, 

Corro11ary 3 . 3.1. If we denote Ьу К the set of а11 Kaluza's 
sequences for which (3. 3) holds, then К С •S0 С 

1S. 
Proof. If lи~: n:;:: О, k:;:: 1lr;K ,then easy checking shows us that 

/(иk)t:n > O,k > ll fulfi1s (3.2) and (3.3) for any rea1 t > О. The 
n - -application of Theorem 3.3 proves the corro11ary. Q.E.D. 
Motived Ьу Kingman 1121 and (ii) from Proposition 3.1. we 

suggest to prove that if lи~:n ~О, k ~ 11 is а semirecurre~t se
quence, then so is l(и:)t:n~u,k;;:1lfor any real t;;: 1. 

've must remark that the solution of this proЬlem is unknown 
even for recurrent sequences (for details see 1121), and the 
author of the present note does not know the affirmative answer 
even for integer-valued t in the са~е of tl1e semirecurrent se
quences. 
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4. m-SEMIRECURRENT SEOUENCES f • 

·In this part we sha11 study the properties of m-semirecur
rent sequences in more detail. 

We say that for m-semirecurrent sequence (иk: n > Ь, k = 1, 
... ,m\ the case of periodicity holds if there i~ an -integer 
t > 1 such that и~ > О if n = t, 2t, .••. In this case и~= О 
whenever n~jt. The greatest integer t > 1 with this property 
is called the period . In the opposite case /и ~;;'=О is said 
to Ье non-periodic . The sequeuce lи~ln~O• k~= 1, . .• ,m, is ca1-
led certain о: uncertain as nJ:1 t~ = 1 or nJ-1 f~ < 1 . 

It is known /7/ that the recurrent sequence lи~l:=o is certain 

iff l иm= ~.we note the analogous assertion doe,s not hold, 
n=1 n 

in general, for lиk 1 ~ 
0

, when k = 1, ••• , m-1(m >2). Indeed, 1et 
n n- -

m = 2 and и 11 = 1 , и1 -1 = и 2 =О for any n > 1 • Then ! f 1 = 1 
"" n+ n - n ", 1 n 

but l и 1 = 1. 
n = 1 n 

However the next result ho1ds: 

Theorem 4. 1. Let us have for m -semirecurrent sequence /и~ : 
n~o. k=1, ... ,ml 

(i) и 1 > и 2 > •.. > иm, n>·1, n- n- - n - · 

(ii) k k и 1:;: и2 > ... , k = 1 , ... , m, . (4. 1) 

(iii) и k < и k+ 1 
n+ 1 - n ' 

n :;:: О , k = 1, ... , m • 

If lи~;=О is the certain sequence, then 

lim Uk(z) /Uk 1(z) = 1 
1- + 

(4.2) 
Z-> 

and lи~l:=o is certain, too, k = 1, . •• , m.:..1 (m,.?2) . 
Proof. (4.2) follows from the next inequality Uk+ 1(z)::; U~z)~ 

< 1 + u\(Uk+1(z)-1), 0< z < 1, k = 1, •.. , m. Since lи~I~=O is cer
tain, then u~ >0. Hence from (i) of (4.1) we have Uf >О, for 
anyk, and Lеппnа 2.3 entails (4.2). Q. E . D. 

Ие note that m-semirecurrent events with (4.1) appear in the 
theory of counters l a/. 

It is easi1y verifiaЬle 
rent sequence, /и~: n ~ О, k 

that for an arЪitrary m-semirecur
= 1 , ... , m 1, there holds 

m-k-1 
Uk (z) = (1 + l и 1k z J (Pk J (z) - Р (z)) / (1 - Р (z)) , 

j=O + m m 

izl <1, k=1, ... , m. 
(4.3) 
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Theorem 4. 2. Let {u~: n ~ .. О, k = 1, ••. , m 1 Ье an m -semirecur
rent sequence with certain and non-periodic lu::Ч~· Then 

m-k-1 
limuk", (Pk(l)- l u

1
k(Pk+j(l) -1))/M(vm), k =1, ••• ,m. 

n n . j=1 
/ 

(4 .4) 

(Here, as usually~ if M(vm} = ... . , then 1/ оо = О, that is, if 
M(v) =оо, thenun ... o asn ... ... ). 

m • 1 'f 1 k\"" k 1 · · In _Par~1cu ar, 1 every un n=O, = , ••• , m, 1s certa1n, 
then llmUn =1/M(vm). 

Pro'Ьf. FromЛ0,11 / we have that in our case the 1imit of 
um when n ... "" exists and is equa1 to 1/ M(vm). Using (4.3) and 
t~e equality U (z) =1/ (1-P

111
(z)) we see that U~=umb0 +u~1 Ь 1 + 

_m rn l l оо • • n n + ..• + u0bn ,where bn n=O are the coeff1c1ents for the power 
series 

m-k-1 
Pk(z) + l uk

1
zJ(pk+j' (z) -Pm(z)), 

j= 1 
"" m and for them we have l lbn 1 < ""· . Let В= l Ь n' u =limu and 

n=O · n"'O "" n n 
В 1", maxllb 11. Then, for any n > N, 

n n 

1 ~k-Bu l < lb 0(um-u )+ ... +bN(umN-u )1 + n оо - n оо n- оо 

+ lbN+1(u m N+ 1- u ) + ... + Ь (u 0m- u ) 1 + u ~ I Ь1 1 . 
n- "" n оо оо 1 .. n+1 

Let f >О Ье given. Then there are suffici~nt1y 1arge integers 

N and N1 such that I I Ь 1 1 < Е/4, lu~-uJ < f/2(N+1) ·B 1 , when-
1"' n+ 1 

ever n > N and n > Nl' respectively .Hence for any n > max(2N,N 1) l u~
- Buoo l < f. It is evident that В is equa1 .to the numerator on 
the right-hand side of (Ц . 4). Q.E.D. 

Now we consider t .he periodic case of m -semirecut;rent se-
oo m nt 

quences, that is, the case when Pm(z) "'n~ 1 fntz , lz l < 1, 

where t > 1 is the period. From (4.~) we see that the coe ffi
cients u~t depend on1y on the coefficients of the power series 
in the numerator of (4,3). Hence 

U ( ) о ( 1 t-1 t- 1 k z = u k z) + z uk (z) + ... + z u k (z) • 

Pk (z) 

where 

uk1 (z) 

10 

Р ~ (z) + z Р ;cz) + ... + z t- 1 р ~- 1 (z) • 

~ uk · znt p1(z) 
n =0 nt+ i ' k 

I f k · nt 
n .. 1 nt+1 z • 

tl 

.. :)}8i'~ 

" 

for i = О, 1, ••• , t -1 • Therefore 

О m-k-1 k j О О 
Uk (z) = (1 + l uj z (Pk+J (z)- Pm(z)))/(1-Pm(z)), 

•J= о 

1 
uk (z) 

m-k-1 
l 

j=O 
i ,;.1 , .•. , t -1. k j 1 u . z Pk 

1
(z)/(1-P (z)), 

J + m 
1 

-~"" :s 

Using the ana1ogous method as in the proof of the 1ast the
orem we may prove: 

Theor~m 4.3.Let, for m-semirecurrent sequences lu~: n ~О, 
k = 1, .•. , m 1, 1 u ml"" =ОЬе certain and periodic wi th а period t > 1. 
Then n n 

m-k-1 
limuk = t l u

1
k(Pk0 j (1) -1)/M(v ), 

n nt j =о , + m 

. k m-k-1 k 1 . 
l1mu t 1 = t l u Р . (1)/M(v ), 1 =1, ••• , t-1. 
n n+ j=O jk+J m 

5. RECURRENT EVENTS ШТН DELAY 

In this section we derive some information concerning the 

t-;.z~~-. 

asymptotic behaviour of {u 1,u2 loo in the case of the recurrent 
events (and, equiva1ent1y,nsequ~n~es) with de1ay. The simi1ar 
resu1ts for recurrent events on1y are in /6/. 

For convenience we put 

qk 
n 

~ f k 
1,. n+ 1 i ' 

... 
Q (z) = l qkz n 

k n • 
n•O 

r k = f q~ 
n 1=n+ 1 

00 k 
Rk(z) = l rnzn, lzl <1, k= 1,2, 

n=O 
k "" k 00 k Forcertain lu l~,k=1,2, we put mk= l nf, Mk .. l ' n(n-1)f. n n~v n ", 1 n n =2 n 

Then 

1 - Р k (z) = (1 - z) Qk (z) , m k - Q k (z) = (1 - z) R k (z) , (5. 1) 

and hence 
r 

ink = Р~(1) =Qk(1) 
00 

~ qk 
n=O n 

(5.2) 
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Mk = Pk' (1) = 2Qk_(l) = 2Rk(l) = 2 I r ~ • (5.3) 
n=O 

Theorem 4.2 imp1ies that if lu~1:=0 and lu~l:=o are both cer
tain, and lu~I;;'=O is non-periodic, then lim u 1 =U =limu 2 • 

n n "" n n 
Throughout the seque1 Ьу lu~,u~I~=Owe sha11 understand recur

rent sequences with de1ay. 

Theorem 5.1. Let lu 2 }"" 0 Ье certain and non-periodic. Then n n= 
Mg<oo iff 

'"" 2 
L 1 u n - 1/m 2 1 < "" • 

n= 1 
(5.4) 

Proof. The necessary condition fo11ows from 16 •Th.З /. For the 
proo f . of sufficiency we use the equa1ity 

U 2(z) - 1/ m2(1- z) = R 2(z)/(m 2Q2 (z)), 1 zl < 1. (5.5) 

Since lu 2 1""_0 is certain, then (5.4) implies that и .. > О. The 
power serie~ \~or R2 (z) and Q2 (z) have positive cqefficients, 
and_ Q2(z) converges for z = 1. Moreover, Q

2
(z) ~ О for any / 

li\ =:; 1. From (5. 5) we have for О S z < 1. 

0 < R 2(z) /m 2 < Q2 (z) f lu 2 -1/m 2 j<Q 2 (1) l ju 2 -1/ m2 1< 
- - n=O n - n= О n "" . 

Hence 1im R2 (z) < оо, and, consequentty, · м 2 < оо. Q.E.D. 
z-+ 1·-

Theorem 5.2. Let luk 1""_ 0 , k =1,2, Ье certain with finite m1 
and m2,and 1et lu~l';=o 

0

b~-non-periodic. Then 

L lu 1-u 2 l < oo, 
n = 1 n n 

(5.6) 

I (u 1 - u2 ) = 1 - m / m • 
n=1 n n 1 2 

(5. 7) 

. 1 
Proof. For the recurrent sequence with de1ay we have u

0 
-f2 1 r2 1 r2 1 rl 1 D k 1 rk- k _ - 1un-1+ 2un-2+ ... + n-1u1 + nuo· ue to q0 3 

• • n - qn-1 
-qk, n;::, 1, we obtain q2u1= (q2- q2)u1 

1
+ ... +(q2

2
-q2 1) u1

1 + 
n 1 1 1" о 2n 1 о 12 n- 1 1 nт n-

+ (qn-1-qn)uo,and so qoun+ ... + qn-1 U1+ qnuo = ~~~n~-1+ ... + 
+ q2 -2 u l + q~-1 u 1. 

Ifenote Ьу А0 еъе 1eft-hand side of this equality. Hence А0 = 
=An-1= ... =A1"'Ao. But Ao=q 1 u 1 =1, and, consequent1y, 
А0 are the coefficients of the power 

0
selies Q1 (z) - Q 2(z) + 

+ Q 2 (z) U 1(z) = 1/ (1- z). Repea ting the same for 1 u 21 оо=О we have 
n n -

Q 2(z) U2(z) = 1/ (1- z). Hence 

Q1(z)- Q2 (z) "'Q2 (z) (U2 (z) -U1(z)). • (5.8) 

12 

То prove the proposition we have to show that the power se
ries for U2 (z) - U 1(z) = (Q 1(z) - Q 2 (z))/Q 2(z) has abso1ute1y con
vergent coefficients. Due to our assumption, Q 1(z) -Q2(z)has 
abso1ute1y convergent coefficients, too. The same · is true for 
Q21 (z)',according to the Wiener theorem / 5/.Hence (5.6) ho1ds. 
For (5.7) we may use (5.8) and (5.1). Q.E.D. 

1 kl"" . 1 2 1"" Theorem 5.3. Let U
0 

n=O, k. = 1 ,2, Ье both certa1n, U0 n=O 

Ье non-periodic and 1et m1<oo.Then M2<ooiff I lu;-l/m 2j<oo. 
"" "" n=O 

In this case L (n 2 -1/m 2)+1-mrщ2 = L (u~ -1/m 2). Parti-
n""o n · n=O 

cu1ar1y, 

n~0 (u:-l/m 2) = M 2/2m~+l- m1/m 2 • 

Proof. Using (5. 5') we may obtain 

(5.9) 

R
2

(z)/(m
2

Q
2

(z)) + (P1(z) -P2 (z))/((1-z)Q2(z)) =U1 (z) -1/(m2(1-z)), 

If M2 <oo,then R2(z)/m 2Q 2 (z) has the abso1ute1y convergent coef
ficients of its power series. The same is true for the power se-

"" 1 2 ries for (Р1 (z)- P 2(z))/m2Q2 (z), Therefore ~ jun -un 1 < оо, due 
f n-0 · 

to Theorem 5.2. Нецсе I ju 1 -l/m 2 1 <"" and the АЬе1 theorem 
n=O n 

entai1s (5. 9); i ts right-hand side follows from 16 • 'I\1. 2/. 

Converse1y, suppose I ju 1 - 1/ m2 1 < "" . Theoreme m2 <оо and 
n-0 n 

Theorem 5.2 guarantees- I lu 1 -u 2 1 <оо. Therefore ~ ju2-l/m j<oo 
. n= 1 n n n=O n 2 

and, co_nsequent1y, М 2 < ""· Q.E.D. 

Theorem 5.4. Let lu_ 1~u 2 \"" _ 0 Ье certain, lu 2
0 l""n-O non-periodic . n n n- -

and 1et m 1< oo,M 2<oo: Then 

u ~ = 1/m 2 + e(1/n), 

u~ = 1/m 2 +0(1/n). 

(5. 10) 

(5. 1 1) 

Proof. The 1ast formu1a has been proved Ьу Feller 16,Th.4/ (in 
this case the assumption m {"" is superf1uous, of course). Th~ 
term n (u 1 - ·11m2 ) is obvious 1у the coefficients of z n-1 on the 
1eft-hana side in 

1 
U'(z) - (1-z) 2 1 m

2 

!___ 1[ R2 (z2._ _ Q2(z) 1 + 

1 - Р2 (z) m2 Q2(z) 

13 
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+ [ P{(z) _ P2(z)(,l- Р1 (z)) 
(1 - Р2 (z)) ]\ • (5. 12) 

We have seen that the power series of the. term within the first 
square brackets converges absolutely for z = 1 and its value 
is О Ь.у (5. 3). The coefficients of the factor (1- P

2
(z))-1 con-

,verge to 1/ m2,and therefore the. coefficients of zn tend to ze
ro. The analogous result is also true for the coefficients of 
the term within the second square brackets, consequently, (5.10) 
is proved. Q.E.D . . 

_!heorem 5.5. Let lu~. u~l:o Ье certain and let lu:I~=O 
non-periodic. Then for any О:;: z < 1 

Ье 

(i) U 1(z) ~U2 (z) iff Q1(z) _:;; _Q2(z) i!f P1(z) ~ P2 (z) Ш m1~m2 • 

1 ~ 

(ii) If u~~u~andu;+ 1 .:;u;. n~l, then M1 ::;M 2 and n: 1 <u;-u~):;;l. 
If u~ < 1, _ then m1 < ~ iff m

2
<oo, and 

(1-u~)m 2~ m1:;: m2 • 

.. . 1 2 1 2 1 

(11.1.) If u > .u , u 1 <i u , n > 1, and M
2

<oo,then n- n n+ - n -
00 1 2 I. n(un -un) < оо, 

n= 1 

(5. 13} . 

(5. 14) 

Proof. Part (i) follows immediately from (5.9), (5. 1) and 
from the properties of the generating functions and their rnean 
values. 

Taking the derivative of (5.8) we have 

Q'1(z)- Q2(z) = Q2 Щ~(Z) - Ui(Z)) + Q2(z) (U2 (z)- U1 (z)). (5. 15) 

From this equali ty we have, for any О < z < 1, Q; (z) ::; Q~(z) ,which 
yiel~s. М 1 _:;;М2 • . , -

S1.m1.larly we оЬtаш u2 (z) - u1 ( z) + 1 ?. О and so 

О < i (u 1 - u 2) < l • 
- n= 1 n n -

Now we suppose that m 1 < оо, Then , ,. 
00 00 

"<' ( 2 1) n "<' ( 2 1 ) n . 1 А( ) 1 ""un-u z ="" un-"n+1z z- u 1z= z -u 1z,_ n=1 n n=1 

where A(z) denote the first term in the above middle. 
mula (5.8) entails Q1(z)- Q

2
(z) = Q

2
(z) A(z) - Q

2
(z) u1

1z, 
= Q2(z) A(z) + (l- - u~)Q 2(z), Because of ut< 1, the last 
Q (z) ~ (l-u~z)Q 2 (z) and s? , due to (5.2), m2 < oo and 
holds. 
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The for
Q1 (z) = 
implies 
(5. 1 3) 

То prove (iii) it suffices to take into account that . (ii) 
guarantees M1 <oo.Thei efore using (5.14) we can prove (5.14). 

Q.E.D. 

r 

Finally we note, that we hope to study elsewhere а continuous 
analogue of the semirecurrent events. 
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В Об-ъединенном институте яде-рных исследований начал 

выходить сборник "Краткие сообщения ОИЯИ". В нем 
будут помещаться статьи, содержащие оригинальные научные, 

научно-технические, методические и прикл·адные резул~таты, 

требу101Цие срочной публикации. Будучи частью ••сообщений 

ОИЯИ11· , статьи, воwедwие в сборник, имеют, как и другие 
издания оияи, статус официальных nубликаций. 

Сборник 11Краткие сообщения ОИЯИ11 будет выходить 

регулярно. 

The Joint · Institute for Nuclear Research begins puЫi
shing а collection of papers entitled JINR Rapid Communi
aations .which is а section of the JINR COП111Unications 
and is intended for the accelerated puЫication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. \ 
Experimental techniques and methods . 
Accelerators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 
Being а part of the JINR CoП111unications, the articles 

of new collection like all other puЬlications of 
the Joint Institute for Nuclear ' Research have the status 
of official puЬlications. 

JINR Rapid Communiaations will Ье issued regularly. 
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