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The cl8ssic8~ Weyl-von Neumann theorem state s the following: 

Theorem /1/: Let Н Ье 8 sel f8djoint operator. Then for 8ny Е.> О the

re is an А = д"' .fLOt)(Hilbert-Schmidt oper8tors) s uch th8t U Л II.,< Е. 

' . t 8nd Н+А h8s pure point spectrum,i.e.,there ex~ s а real sequence 
( Лn.), 8П orthonorm8l b8sis ( 'f.") с. ·~ (Н) with (Н+А) 'f"'- • Лn. 'fn. 

In this p8per we give two V8Гi8nts (Propo s itions 1 8nd 3) of this re

sult in 8lgebr8s ot unbounded oper8tors, The proofs 8Ге 8d8ptions of 

the cl8ssic8l one /1/. We give the det81ls of the proof of Prop,1, 

~ec8use we think th8t the ideas C8n Ье used to extend the results 

further, It is 8lso possiЬle to give а short proof of Propositions 1 

8nd 3 which uses the statement . of the classical theorem, ~е give such 

8 proof for Prop.3, then Prop.1 is obtained as 8 corollary. 

We st8rt with some nece s s8ry notions 8nd notations f?/,/4 ( . Let n 
Ье а dense line8r m8nifold in а separaЫe Hilbert space ~ • Ву 

Ct%1) we denote the following set of linear o perators: L"(b) 

• {л: л r:r с 11 : д"11с.1Т) • \'11th the usual operвtions a nd the involu-

tion А--. л• = л"111 becomes а м-algebra . I t can Ье shown that 

for 1 ~ р "оо the sets 

tf,tt!")• \AEL•tt): BAC~.:f.,t'~)for all О,С Е L+tiJ)) 

are two-sided м-~deals in Lttb). Неге О denote g the closure of the 

operator D andj'P~lt.)are the usual ideals in fil~). 1\'е need 8lso the two

sided м-ideal 13lb)"' { A~L•tb): ВАС bounded for all о,с ~ L•tn)} • 
An importent class of domainsb i s g iven ' tiy %:1 = 1J"( н ) . · (\ J) ( Н"), 

м n~o 

where Н=Н i s an (unbounded) selfadj o int -operator, wittюut lo'ss of ge-

ner811ty Н 11 1. In this C8Se ~Ь) end 'CH11)can Ье ch8recterized es 

follows /4/ :<f,tЪ)~д ~L•t'rl): н"д , н"д+E.;fpt-.t.) for вll nt~1 = 
• { At~t%)): лн" , д•н"E~pt1t)for all n ~ IN 1 . end for 'f.tlS) analogously. 

Now we state th e tRsul~: 

Proposition 1: Le t 1) = 't>00(H), н,.н" • Then for eny о> О there is en 

А • д•,.:f.,t'ro) such t het UAI\._<6· and Н+А hвs pure point spectrum. 

The proof of this p roposition is bas ed on an ada ption of the corre

spo nding lemme in the cl8ss ic81 case / 1/ . 

Lemme 2 : Let:!J -~ 00 (Н), Н•Н". The n for any 'ft!J ,t;> O , meM there 

are а finite dimensional projection P (L'lb)and en Y=Y·~L·O~)such th8t 

1) 

11) 

111) 

11(1-P)'f\1<- Е 

UHmY 11 1 < L 

Н+ У is reduced Ьу Р 'af. 

Remark th8t in wh~t follows we will not ·indicate the closure О for 
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bouпded D 1f ther:e cq.ru1ot a ri s e coпfus1oпs. Statemeпt 111) meaпs 

thatti 0 • P 'atl'\1\1s deпse 1п Р~ , {Н+У)~~сЬ0 апd (H+Y)\'J:). 1s А 
selfadjoiпt o perator 1п ~о • "io , or what 1s the same, Р commutes 

with Н+У. 

Г'roof of Lemma 2: Let а> О Ье so large that 

( 1) 11 [.1 - Е ( I а)_) 'f U <. Е 

where Ia• (-а,а] апd Г:{.)tL•cь}are the spectral project1oпs c orres -
. 2k-п-2 2k-п ] pon ding t o н. For eacl1 п ~ ~ put Ek • Е{ (--п-- а, -·-п- а ) , k•1,. 

••• ,п. Rema~k that EjEk =~"Ek, Ekt.C.•tь)aпd coпsequeпtly '1t..,•Ek"Rctf. 

Put 'fк • Ek'f , "\',..• 'fк /ll'f,ll 1f 'f~< 1 О апd'tк • О otherw1se. Thus, ("\'к) 

1s ап orthoпormal system sat1sfy1пg 

{2 ) i.l\~"'11"._" t ~ .. ,. E{Ia)'f 
.... "' IC.*~ 

апd the "\",. are "almost-eiqeпvalues" of Н 1п the seпse that for 

" 2k-п-1 
""' • --п- а 

2k-п-1 
(3) \\{Н -Л,.)"\- .. \\ ,. \1 {Н- -·-п-- а)"\",.,11 ' аjп, 

Let Р deпote the orthop.rojectioп оп the space spaпed Ьу "Y~a · · · ,"'rn ,theп 

{4) Р t .c.•<.ll), diт Р " п 

{5) (1- P )~~t .. • О iтpl1es 1\(1- P )H"'f,.ll• \\{1-Р){н-л .. >"t .. \1' аjп апd to-

gether with ( 2 ): {1- P)E(Ia)'f • О. 

{б) It is (1- P )H'\',.f:~ .... hепсе ({1-Р)Н"\"~ ,{1-P)H't.._) • О for j 1 k. 

Froт (5) the first stateтeпt of the Leтma follows: 11 (1-Р) 'f 11 • 

•\\(1-P)('f- E(Ia)<f)ll' \\(1-P)\\ · 1\(1-E{Ia))'fii<E 

Put -У • (1-Р)НР + ((1-Р)НР )+, theп from Н•РНР+(1-Р)Н(1-Р)+(1-Р)НР + 

+((1-Р)НР)+ опе gets Н+У•РНР+(1-Р)Н(1-Р). Clearly, th1s operator 1s 

reduced Ьу Р~ , 1.e.,i11) 1s valid. Next let us est1тate UHmY\1._ 

This is dопе Ьу e8timatiпg Нт(1-Р)НР апd НтРН(1-Р) separately. Usiпg 
т m >. m 1. 

Н (1-P)H"\" .. t'R,.it follows that UH {1-Р)НР"\'1\ а\1~ <.'\',.,'\')Н {1-P)H"t.,.\\ " 

.. ~\<,,.~)\&11Hт{1-P)H"t,.U&' I\'\'Uz.a 2тa 2;п~ for all "\'f: 'at • Неге we us.ed (б), 
{1-P)H"\'.._t E(I 8 )Qt. апd Нт restricted to E{Ia)'R is bouпded Ьу am. 

m , т+1 т т+1 1/ 
Coпsequeпtly •н (1-P)HPU" а /п апd therefore 11 Н (1-Р)НР\\._" а ;п 

beceu8e the dimeпsi~п of Hm{1-P)HP is sтaller . than п. То B8timate 

HmPH(1-P) опе coп8iders the adjoiпt operator, proceeds siтilerly апd 
m m+1 1/2 

obtaiпs the same est 1mat iоп. Thus, 11 Н У 1\z. " 2а /п • Because п сап 

Ье сhо8еп 1ndepeпdeпt of а, 11) 18 proved. 
q.e.d. 

Proof о f Propo8it 1оп 1: Let ( 'f,,) с. 'tS Ье в couпt вЬlе set, dense iп 'at 
Apply Lemma 2 8Uccessively: 

1. ~ • 'f~ , е. • S/2, m • О. Опе obtaiп8 P1 ,v1 t !.'tt)with 1)-111) 88 

1п Le.mma 2 . 
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2 . Apply thв Lemma to that part of Н+У 1 wh1ch lies 1п (1-P1 )~f\:t• 
• {1-Fi)~ with 'f • (1-P1 )'fz., е. • 8-/4, "'• 1. Th1s g1ves Р:>,У 2 wh1ch 

we coпtiпue to whole ~ Ьу О апd deпote the res~ltiпg operators Ьу the 

same syтbol. Тhеп Н+У1 +У2 is гeduced Ьу P1 at апd Р2~ 
Сопt1пu1пg t111s procedure опе get8 two sequeпces of operators iп t.J~): 

r k k-1 г k r 1 , ••• , апd v 1 ,v2 , ••• with I\(1-P1- ••• -Pk)'fм.ll' о/?. апd\\Н YkU._ ~о/2 

fог all k. Put А • f.. v 1 апd А • ~ v1 • То ргоvе thet А • A+~cf .. lts) 
т n "•" L 

we show thet Н А i .ftt1t)foг all т t lk • For Г> т the est1тet1oп· 

"' нт ~ Yk\lz. ' r.11 нkvk \12.' Ld/2k implies thet (Нтд ) is е 
к • .- ... .,. .,. n 

Ceuchy sequeпce 1п .:ftt"af). Now 1t· 18 8teпdeгd to sве thet нтлп ~ HmAt 

~cf .. <.~). The estimat1oп ebove also g1ve8 QAUz.<~. It гета1пs 'to 

ргоvе that Н+А ha8 рuге pb iпt spectrum. As iп the classicel case o.ne 

88&8 that 1:. Pk • 1 еп. d Pk '4t. reduces Н+А. Thus the fiпite dimeпsio-

пality of each Pk '"at апd ~ Pk • 1 gives the desiгed result that 

Н+А has а coтplete systeт of e1geпvecto~s. 
о .в .d. 

The follow1пg Pгopos1t~on g1ves опе of the possiЬle geпeгal1zat1oпs 

of Ргороs1t1оп 1. 

Propo81t1oп 3: Let :tJ • :r:s- (Т), H~L.~t]S)so that the follow1пg coпdi

t1ons еге fulf1lled 

1) Н 1s esseпt1ally selfadjo1пt 

11) The spectгal ргоjесt1оп8 Е,_ соггеsропd1пg to Н аге iп .C.-1-(ZI) 

111) E{I)ёf.c~ fог aпy · bouпded 1пteгval Ic. ~ 

Тhеп fог апусi> О theгe is ап A•A+tJ'~.{n)withi\AI\z.<d and Н+д has 

pure poiпt spectrum. 

m 
Pгoof: . Put Еп • Е{(п,п+11), Of.n.• Еп4е , Нп • HIX,..IIT 11~ ... ~· anm 
fог all пtl, mf.N. Since we may suppose Т а. 1, 1t followe thet 

в 1. в 1 ' •••• fог ell m,п. Choose ( 0',.) so that о,.> О апd L&'n.<O' 
пm nт+ + 
~ еппсf,.<се. Оп '4t,.coпstruct Ап•Ап accoгdiпg to the cla8sicel Vleyl-

voп Neumaпп theoгem so thet UAпU1<o,.aпd Нп•дп hвs pure ро1пt epectгum 

as еп орегаtог оп 'at,.. Put А • '2: i!Ап. Тhеп 11 TmA 111 " L. 1\ Т тАп \1 1 " 
) ~ - ц 

" L в O'n • L а 0'.,., + I:. в О',." L а 6,. + L. а d',. < -n111 , • ." n11 f\').." ,nm n•"' nm '"'"""" nn 
Fог 11•0 1t follows thet 11 А U._ <о • Clearly, Н+А hes рuге poiпt spec-

t гum. 

А8 1п the class1cal case опе сеп get 

This 1е formulated as е corollaгy to 

q.e.d. 

stroпger stetemeпts about А. 

Propo81tioпs 1 впd 3. 

Corollary ~~ Suppo8e thet the essumptions of Propos1tioпs 1 ог 3 аге 

fulfilled.Theп for апу р > 1 д сап Ье сhоееп so that At.f.,t:tl). 
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~ As 1n the claвsical case 1t 1s ровs1Ые to сhоове А ~ J''\ l~), 
q) 1 arbit.rary. From the polar decompos1t1on А • 1 А\ V ' н follows that 

IAI~.:f,l1C). Moreover, cons1derat1onв в1m1lar to thoвe 1n the proof of 

Propo!!1tion 3 g1ve \\Tm\AI\1 • \\TmAII<-, 1.e.(A\~~(J))and consequently 

\A\"'(1Hb)for· allo\.)0·· ';4/. Now let р>1 Ье g1ven. Сhоове О < о~..< 1 and q 

во that , p=q/(1-a\.), Construct А во that Af:.f-.t'l), than \A\E~l1C.\and 
\A\~-"'~.:f'l>l..1f). In the decompos1t1on TmA • (Tm\ A\"' ){\AI"""' V) the 

first factor is 1n ~l1t), the вecond in <f,ldt) , he.nca TmA f:.:f,l~). 
Thiв means А~ ..t.,tJ:S), . d 

Q .е • • 

Remark 5 : The condit1on 111) of Propos1t1on 3 seems to Ье very 

s trong. It is of course fulf1lled if Т and Н commute вtrongly. Out 

rhere is also а large class of operators Н non-commut1ng w1th Т such 

that 11il,.holds. S uch operators can Ье constructed as follo.ws. 

Let Т • }_,v. dF~ , t1,<><>) = V I , I bounded and pairw1se d1ejo1nt 1n-
"' ,_ .." •n n 

tervals, 'at = F{I )а{ .' Then for appropr1ately chosen operators Н • 
n n n 

• Н~ 1n <lt.,_ the operator Н • L •Hn satisf1es the assumptions of Pro-

pos1t1on 3, That means • . Н has а k1nd of Ьlock-decompos1tion with re

spect to Т. It seP.ms that conditi'on 111) cannot Ье drored complet'ely. 
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