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1 • PRELIМINARIES AND ТНЕ ТНЕОRЕМ 

Le t R d denote the d -dimensional Euclidean space wi th the 
met r ic \ х- у\ ; х, у t;; R d. We let :.В d and :ВЪ denote the Borel 
а -field on Rd and the class of all bounded Borel sets in Rd. 
The s,rnbol Л t R d will mean that Л are bounded convex set s 
in :В such that d(Л) -+ "" , where d(Л) is the supremum of radii 
of spheres contained in Л. Let Х denote the set of all poin t s 
t ~ R d having integral coordinates (with respect to some, not 
n e cessarily orthogonal, base in Rd ). 

, Our basic measuraЬle space (О; 1) will consist of all Radon 
(=locally finite) point tneasures in R d, with j being the na
tural Kolmogorov а -field. We consider си 1; П either as а mea
sur e or а~ а subset of Rd. Thus, ш\;П iff ш !' Л is finite for 
each Л~;; :В 0 • Let G = \Т u; u <;; Х! denote the action of Х on П : 

d 
(Т u ш) (А) =ш (А+ u) ; u <; Х, А ~ :В • ( 1) 

d с d 
If Л с R , we let Л = R Л, and put 

тr Л (ш) = ш !' Л ; ш G П. ( 2 ) 

aJ d ч; 'L <l -1 ч 
If Л<; .ю , then J л С J , where J л = "л J • Further, let Пл 
=lш~G : <.>~CЛ! . If Л r;.:Вg, then ш(Л) < "". 

. h h . 2 П Л 
0
Wl t t е un1on Л symm u Л s'lmm U •• • 

of л means we take instead о лn the 
ses modulo the permutations of elements 
sures ш (;; Л0 ). 

Hence, we may identify 
(here, symmetrization 

set of equivalence clas
in the supports o f mea-

А natural reference measure should correspond to the "free" 
field . Let z > O denote the speci f ic density of particles, and 
let р = z.Л, where Л is the d-dimensional Lebesgue measure. 
Put 

vл ех~(-р(Л))vл = ехр(-z.\Л \ )vл , 

where v Л is the Liouville measure in П Л : 

v = 
л 

~ z 0 Л0 /n' 
n = O 

(3) 

(4) 

and \ Л I = volume of Л. That is, v describes the Poisson point 
process in R d wi th intensi ty measure р / 3/ 

~ {; r..· т ) 
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Let Ф Ье а bounded, trans lationally invariant: and regular 
potential, i .e., ( k* means suгпnation over finite sets only) : 

II Ф II = sup k * I Ф(А) 1 < ос; 
О~ш~П О~А Сш 

(5) 

Ф = Ф 0 Т u for each и ~ Х (с!. (1)) ; (6) 

and for e a ch l > 0 tl1ere exists an R > 0 such that 

~*!IФ(A) I : Q (; А Сси , diam(A) > Rl <f . (7) 

Let Ое = !си ~ О:си is finite 1 and, for а fixed а > О, l e t 

Па = !си (; П : х . у ~си . x f y => lx - yl ;::: al. (8) 

Then put 

U(си) =: (+ос) 10 "- О а(си) + Ф(си), си(; П е, (9) 

whe r e l E stands for the indica~or function o f the set Е. It 
i s easy to check that the set g •nv (U) of all a-inv a r ian t limit 
Gibb s distributions f or the potential U is non -empty / 2/ . Re
cat l the releva nt notions from Ref . 2 (see also / 4/ ) . Let i 1 
~~ ~ Пл, ф ~ Пл с , a nd си = ~+ф . The energy o f ~ given the boun
dary condition ф i s g iven Ьу 

ЕЛ..+.(~ ~ (+ оо ) 1
0

\
0 

(си)+ [ k* Ф(А)] 10 (си). 
Н' а А С си а 

( 1 О) 

А'.' ~ f ф 
The conditional Gibb s distribution is then g iven Ьу 

ехр 1- ЕЛ.фо "л 1 
· - -- ---- ----- -· - ---- ----· dv ; 
Г ехрi-ЕА,ф о "лldvл 

tJ. Л. ф (А) .о Г 
л 

л~ З:л. ( 1 1) 

Ву defi nition , Р (,; g inv( U) if Р = Р 0 'Iu(u ~ X)and 

Рrо\)(тт \ ( си ) ~ А 11л е 1 = tJ. л ( ) ( А) Р - а.е. (12) 
р 1 -~\с uJ 

Lt' t us fo r ma11 у int r oduce the eпtropy of а а -invar i a nt proba
hi li ty measнre р он (П . J). Pu t 

F - !(x 1
, ... ,xd ) ;.. R d : -- (2n + l)/ 2 < x i < (2n+l)/2 1. 

n 

Н А G ~~ we cl ef iпe 

Sv(P JA) = Г- log(dPл / d v л}dP, (13) 

2 

? 

;, 

where Р Л = Р \П Л. Then 

S(P) = inf IF 1-1 
S (PI.F ) • 

n.? () n v n 
(14) 

inv 
Theor~ Let Р ~ g (U).For апу О < r < 1 put 

D А (l ; Р, v) = inf 1 v А (Е) : Е (; 1 А , Р Л (Е 1 > J - 1 1 , 

d 

(15) 

where А(; $ . The limit 
о 

. - 1 ( D(l ; Р , ,,)= l1m IЛI logDA l;P,v) ( 1 б) 
А t Rd -

exists except a n at most countaЬle se t of va l ues с , О < ( < l . 
If Р is indecomposaЬl e (i. e ., G-ergodic / 21 ), thenD (f; p, ,,) 
e xi sts f o r any l (;(QJ), does not depe nd o n с, a nd 

D (Е; Р , v) = S(P) • (17) 

Ob serve tl1at if P =v, the f r ee f i e ld, t !1en f or e a~h \>; ~В~ . 
Dл(f; Р, v) = 1 -f so ti1a t S(P) = 0. Since we sl1al l see that 
S(P) < О (th is f o llows readil y a lso from ( 17) a nd ( 16) , for· 
vл (Е) ~ l fo r each Л and each Е), tl1e fre e sys t em ha s the 

max imum ent ropy . In fact, i f Ф = О, tl1 en g •nv (Ф) ~ !v 1. 

2. ТНЕ PROOF 

Since the t echnical d e tail s of t he proof follow the proo f 
fo r d isc r e t e -time stationary processes / J I , we res t rict oursel
ves to merely sketching the main ideas апd pointing out the 
differences. А general fr a mework for HcMi ll an ' s t!1eorem is desc
ribed as follows / C> ,6 ,4/ : 
(A I) (П, J, tJ. ) is a n abstrac t probab il ity spac e admitting for 

an Abelian group С = ! 'I u ; u (,;: Х 1 of a utomor·phisms. 
(А2) То any В " :В d there is ass i gned а а -field ~fв С. j, 3'8 = a(·..JJ8 ) 

if B =u BD; Jнuп = Jн х ~f н i f в! nв? ~' ф. D 
1 2 l 2 -

оп (0, 1) (А З) There is а а -inva riant probab~li ty шeasure ';J 
suc!1 that vл uЛ = vл х vл ~f Л 1 , А 2 с; $ 0 1 2 1 d 2 

and А {' л 2=6. 

(А4 ) Tu Jв = J B+u for В ~ :В and u (; Х. 
(А5) S(tJ.) > - оо (c f. (1 4 ) for Р = tJ. ) , 
Under (AI) through (А5 ) the McMi ll an theorem is true;that is , 
there e x ist а G-invariant , 11 -inte g·raЬle ftщc tion s on such 
that in L 1(J1.) we hav e 

lirл JAI-1 log(dt-J.л / dvл) = s ; 
Л r R 

( 18) 
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s <,L, = - r s (<U) 11· с dш' . с 1 9) 

The re ader may check easi ly that (A I)-(A4) are satisfied in our 
situation . I n order· to prove (AS) we shall use (19) for /L = 
Р ~ g inv (U) together wi t h the following fact : 

Le=a 1. Le t P ~ginv(U). Then the func tion s from (18) (for ] 
11 = Р ) i s ess entially bounded with respect to Р . 

in v 
Proof . I t foll ows from (IO), (11), and (12) tha t any P~ g (U) 

is concentrJ.ted оп П а (cf . (8) ) . Let р а (Л) = sup !<U (Л) : <U ~ О а :. 
Then it is s traightforward to check directl y that 

\ Елд> с r.Л (<U) \ :S ра(А) \\ Ф \1 < ""; (20) 

independently o f ф and <U. Define the specific energy of (<) ~ 11 
Ьу 

е((<) ) -1 ) lim IЛ \ Е Л А. (U! n Л 
Л t Rd +~' 

(21) 

(the l imit exist s and doe s no t depend on the actual choice of 
ф ' s 141 )! Thus, е( .) is essentially bounded with respect to 

any Р <;; g tnv (U). As i n Ref,4 we may find а finit e constant P=P (U) 
(the "pressure") such that the follnwing micro scopic variational 
pr i nciple i s valid: s((t)) + е(ш) = -Р Р- а.е . But then s must Ье 
essentia lly bounded, too. This proves Lemma 1 and, at the same 
time, (А5) and thereby (18). 

Knowing McHillan's tl1eorem (i,e ., (18) and (19)) one can 
proceed exactly as in Ref.l, and prove the following asse rtions : 

Lenuna 2, Let с~ R 1 and Р!ш ~ 0: s(ш) ~с != l. Then 

lim sup[- \ Л ! -llogDл (Е; Р, v )] ~с, О < Е <1. 
Л t R d 

Lemma 3. Le t с~ R 1 and Р {ш ~ П: s(<U);:;:, c l=l.Тl1en 
-- 1 

liш inf[- [ Л I logDл (Е; Р, v )] > с, 
л t нd -

O<E < l. 

The first assertion in our theorem follows easily from the two 
len@as and thc following fact (not needed within the framc of 
d i sc r e t e-time proce sses) . Let Е = [в_::. с] or Е ~ [s ~ с], с~ R 1 , 
and let P(.JE) deno te the usual conditional probability when 
Р(Е) > О. 

4 
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Lemma 4, The probabili t y measure Р 1 (.) = Р(· \ Е) is 'G -inva
riant, s i n (18) is P1 -essentiallybounded, and S(P

1
) > -oo . 

Proof. The first t wo a ssertions are trivial. The l a tter one 
can Ье proved as f ollows. Ву definitioп, Р 1 « Р so that for 
any л~:вg, P 1 .;\ « Pл «vл(note that Pл«vл is а coнsequence 
of (А5) for Р) . Hence dP 1 .;\ /dvл=(dPi л/dP\) .(dPл /dv л) · An 
eas y calculatio1, gi,res -Jlog(dP 1 /dP)dP= 'logP(fu}so that S(P1) >-"" 
as follows f rom (13). 

If Р i s 'G -ergodic, then т,; е may take с=- S(P) i n Lemmas 2 
and 3 above shuwing t he second a ssertion of the theorem. As in 
Ref . 1 we may obtain also t l1e detailed information concerning 
the va l ue s Е~ (0, 1) for which the limit (!б) does no t exis t as 
well as the formula 

D(P,v) = lim D(E; P ,v ) 
Е->0+ 

ess inf s(<U) 
ш ~О[ Р) 

va lid for non-ergodic Р. 
As pointed out on p.47 / 2/ ,it is possiЬl e to show that 

(22) 

ginv (U) ~ ф also under weaker a s sumptions concerning the cha
racter of U at small а. This leads to an interesting proЫem, 
namely , to find concit ions under which Lemma 1 is t r ue fo r any 
Р ~ g 1nv(U), i .e ., t o find when the specific ener gy is es sen t ial
ly bounded relative to any translationa lly invariant limit Gibbs 
distribution . 
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Шуян Ш . ES- 84-623 
Об энтропии для однога класса непрерывных систем час тиц 

В настоящей заметке обобщаются результаты / полученные 
автором ранее / о скор ости дивергенции для пар стационарных 
процессов на случай непрерыв ных систем частиц в d -мерном 
евклидавам пространств е. Получено новое определение энтропии 

для трансляционно-инвариантных предельных распределений Гиббса 

к оторые соответствуют инвариантным и регулярным потенциалам 

с твердой сердцевиной . 

Работа выполнена в Лаборатории вычислительной техники 

и автоматизации ОИЯИ . 

Сооб•ение Объединенного института кдеркых исследований. Дубна 1984 

§ujan ~. ES-84-623 
On Entropy for а Class of Continuous Particle Sys t ems 

In this note previous author~s results on t he diver gence 
rate of pairs of stationary proce s ses are extended to thc 
case of continuous particle systems in the d-dimensional 
Euclidean space. А new definition of entropy is obtained fo r 
transl a tionally invariant limit Gibbs distributions which 
correspond to invariant and regular potentials of hard-core 
type. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Communication of the Jo i nt lnstitute for Nuclear Research. Dub na 198~ 


