





In order to simplify forthcoming considerations we need se-
veral notations more. If @ and B are two vectors then g[i,B]
designates the plane containing those vectors and ¥(a, 8) the
spatial angle between them (if defined). Let 6(t) = x [B(t), q(t)].
Then

B(t) x q(t) = |B(t)| |g@) | sinf(t) 6(t) =sinO(t)-E(t), (2.12)

where gc)is the unit vector orthogonal to the plane n[ﬁ@),ac)k
in symbols

o) Lalo®, qml; e® = 1. (2.13)

Before proceeding to the study of the system (2.8) through
(2.11), several remarks seem worth to make. In the original
equation (2.1) the energy losses are not taken into account.
Therefore it might appear more reasonable to start with a mo-
dified Lorentz equation

L fRmxHm . X2 (2.14)
dat c pt) dt

In fact, such a strategy is usually followed even at present
(see Refs.’1:?/ ). Using the formula (3.2) of Ref.I for f=17P
we get in place of (2.8)-(2.11) the following system of equa-
tions:
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dat

]

¢(tv x); (2°]5)

pt) =py,, B() =8, for t=0.

From the geometrical point of view the system (2.15) is more
evident .than (2.8)-(2.11), for the vectors dn/dt is nothing
but the normal vector to the trajectory at the point t. Since
O(t) 1is a tangent vector at the same point, elementary geomet-
rical arguments show that the first equation in (2.15) is geo-
metrically "consistent" in the sense that the vectors on both
sides are identically directed. Moreover, we have from elemen-
tary geometry that

>

dn

LBo-k® 0, (2.16)
de

where 7 (t) is the unit normal vector and x(t) stands for the
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curvature at the point t (2.15) and (2.12) entail

") = = -ﬁl%%)-sinO(t). (2.17)

On the other hand, (2.15) does not correctly reflect the
energy losses. Indeed, it follows from (2.17) that the energy
losses merely change the curvature. However, physically it is
evident that the process of energy losses works essentially
in the direction tangent to the integral curve of (2.1). Conse-
quently, a certain displacement of the centre of curvature
should result. But this means there exists an addigjonal term
(in the direction of B(t) ) to the rotation tensor n(t) x 60).
Such an additional term is present in (2.8). Hence, the system
(2.8)-(2.11) seems to be more reasonable, from the physical
point of view, than (2.15) is.

Fig.l

Now let us return to the former system. The corresponding
geometrical picture is given on Fig.l. Introducing the quantity

a® = q,@ smo( -2 HO LI ' 2.18)

off
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the équation (2.8) will assume on the form

i:-';— -QMEE + SR . (2.19)
It follows from (2.9) and (2.18) that Q(t) and S(t) are (in phy-
sically interesting situations) continuous functions. From

(2. 16) it follows that the vector dn/dt is a unit one only
when n(t) is a vector tangent to the surface of a unit sphere
SR' i.e., when x(t) =1. In the general case we must renormalize
dn/dt. Since the vectors é(t) and ﬁ'(t) are orthogonal, (2.19)
shows that

-

|%—| ~fam®+sw1v? . (2.20)

The quantity (2.20) differs from zero unless the particle moves
along a straight line (see below). Using (2.20) we finally come
to a non-linear algebraic equation

70 =A@®e() + BOE), (2.21)
where
A®) = ap lam? + sp217YVE ] i

B) = 8¢ [am)® s s2)17E

SitInk)
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On Fig.2 we have |OA|= A(t) ., {OB| = B(t), and the plane of that
figure is orthogonal to n[n(t), q(t)] This means that the ro-
tation from e(t) to 7(t) acts in a plane orthogonal to r[R(t) ,
d(t)] and intersecting the latter in a straight line containing
the vector n(t).

Equations (2.21), (2.10), and (2.11) completely determine
the function t - 7(t). If the change of the unit vector 7 is
represented by the motion of its end point, then we finally
get a representation of the system (2.8)-(2.11) in the form of

a (deterministic) walk on the surface of the sphere Sg (Fig.3).

Next let us clarify the meaning of objects enterlng the geo-
metrical representation obtained so far:

(a) 7@ =A®)e(t) + BE)n(t); A
®) A® =q@lawm® +sm®17Ve;
(c) B®) =s®(Q)® +s027V2 ;
(@) Q) =eH® sinf® [em gy ©17 (2.23)
(e) S® =-p)~! ap/at;

(f) dp/dt=a(t, X);

(8) MO =Dpg, §® =np for t=0. |

~

Let
O ONIO
N R } (2.24)
v =xln®, n®)]..
—> See Fig.4 and observe that e(t),
n(t) nt) and 7(t) each are lying in

plication of (2.23a) by 7, 8@,
and n(t), respectively, and by
t) "’>(t) evaluating the corresponding

¢ scalar products we obtain

/ the same plane. By scalar multi-

P\
G

1 = A(t) cosd(t) + B(t) cosy(t);

A(t) =cos¢é(t): (2.25)
B(t) = cosy (t) .
Fig.4. Since cosy(t) =cos{¢(t) +7/2] =

= ~gin¢(t), the first equation in
(2.25) follows from the second and the third ones, and
reduces to A(t)%+ B(t)® =1,
We now describe some partlcular cases throwing light upon
the phy51cal meaning of objects in (2.23). Suppose the field is
constant in each direction and modulus (i.e., q(t) = q(0),
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H(t) = H(0)) and that there are no losses of energy (i.e., p(t) =pg).
In this case 8(t) = 0. Consequently, A(t) =1 and B(t) = 0. Hence

¢(®) =0 and the vectors 7(t) and €(t) coincide at each time
instant t. This is natural for in the absence of energy losses
also the displacement of the curvature centre must be absent.
The equation (2.23a) reduces to

1) = 6 = ————[2 () x 3O . (2.26)

sin @ (t)

In case when 9:[‘_;0' 1_1’(0)] = n/2, equation (2.26) transforms into
the tautology 2t = 8(t), and this corresponds to the motion,
along a unit circle placed in the plane orthogonal to «x{n,,3(0)l.

In order we get also a physical information about the motion,
return to (2.7), which, in our particular case, assumes on the
form

e v0) .o >

We already know that the scalar multiplicative constant in
(2.27) has the meaning of curvature. Hence, we see from (2.27)
that the additional information about a homogeneous field merely
entails the change of the unit curvature to some constant one,
k, Where

k= k(@) =& XD () (2.28)

(cf. Fig.5).

e

’ nd
, All reasoning remains true also for a field H(t) for which
q(t) = q(0) and in H(t) only the component along 4(t) changes

-in time, The only difference consists of the fact that the cur-

vature will no longer be constant:

k() = -2— WV(%) H() .

Now let us consider the case when H(t) =H(0), q(® = q0),and
3lngy, (0] £ #/2. The scalar term (sinf(t))~! in (2.26) is
a periodic function which changes the curvature, however, the
motion itself again lives on the plane orthogonal to n[ﬁo,ﬁ(O)].
When the field is absent (i.e., H(t) =0 so that Q(t) = 0) we
get a singularity in (2.23) to the effect that the end point
of the vector 7(t) becomes a fixed point. This corresponds to
the motion along a straight line. Indeed, in this case we get
from (2.7) the equation

(2.29)

dn dp ~ (2.30)

It follows from these considerations that all general results
(to be obtained in subsequent papers) will work equally well
also for straight trajectories.

We conclude this section with the following remark concer-
ning the relation between #A(t) and &4(t). Using (2.23). (2.24).
and (2.25) we get

(1/p(t)) (dp/at)
(e/c) (H{t) sin6(t) /m ¢ ()

B(t) _ sing(t) - -
A(t) B cos ¢ (t) 84t

(2.31)

3. CONCLUSION

A thorough investigation on the geometrical representation
of equations of motion made it possible to recognize clearly
the relations between geometrical and physical properties of
braking processes and of the magnetic field, respectively(these
are processes P; and Py in the notations of Ref.I). The gene-
ral system (2.23) shows that, even in absence of random factors,
the processes P, and Py are not independent.

In principle, all considerations of the present paper remain
valid even in the presence of random factors. However, it turns
out that it is more convenient to pass to an operator represen-—
tation of separate physical processes obeying random character.
This will be the aim of the next paper.
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