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1. INTRODUCТION 

The scattering theory involves complex functions of complex 
arguments. These functions, which are known within some error 
corridor at discrete points of а segment of the real axis,are 
analytic complex functions and have zeros and pole s in а cut
complex plane. 

The physical proЬlem is to use this in fo rmation on the "ex
perimentally" determined complex function to best represent 
it in order to extrapolate the function into the cut-complex 
plane. Or, in other words, to use this information in order 
to find the location of the zeros, poles, the cuts, the resi
dues in poles and the imaginary parts on the cuts. 

It is generally recognized that such extrapolations can Ье 
advantageous if done Ьу Pade a pproximants (or rational frac
tion approximants). 

In this paper we have formul ated the general interpolation 
proЬlem for error affec ted functions and using some numerical 
examples we show the existence of an optimum solution, i .e., 
the exis t ence of an optimum set of interpolating points which 
сап give the best Pade approximant. 

Due to some symmetry properties of the complex functions 
involved in scattering physics we will use the diagonal and 
near-diagonal Pade approximants, i.e., those rational appro
ximants which are connected with con tinued fractions. 

2. l'ORМULAТION OF ТНЕ GENERAL INTERPOLAТION PROBLEM 

Let f(z) Ье а complex f unction of а complex variaЬle z, gi
ven within an error at а set of point s G,,of the fini te inter
val of the real axis 

f(zk) ~ !f(zk)± f(zk)j, 

G \l = 1 х k 1 , z k = х k + iO , k = 1,2 , ••• , М , 

where f(z) is the exact but unknown function and f(Z) is the 
error. 

The proЬlem is to select а subset of interpolating N points 
G N, with N < М , G N С Gм and to find the values of the appro-
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ximant f unction f(ze) the rational 
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fraction interpolation of the type [ n ± j / n], j = О; 1 
one in the Х 2 sense 

м 
1 - "" 2 

I 1 -- [ f (zk) - R(xf' f(zf)' zk)] 1 = тin, 
k = 1 Е( zk) 

is the best 

( 1) 

where R(xJ', f(zf), z) = [ n±j/ n] 
xiтant wh1ch depends on the 
(f = 1,2, ••• N), on the value 

is the interpolating Pade appro
interpolating points х f ~ G N 
of the interpolating function Xf 

f (zf) = R(xf, f(zf), zf), ze = Хе + iO' 

and on the сотрlех variaЬle z. 
Here f(ze) can differ from ~ze) - tEe giv~n value of the 

function wh1ch тust Ье interpolated. If f(ze) = f(Zf) we refer 
to the normal N-point Pade approximants sometiтes known as 
the Pade approxiтants of the second type - PAII. 

This general рrоЬlет can Ье separated into two subproЬlems: 
а) the first one is the search for the best approximant: 

R(xe, f(ze), z) = [ il ± j/ n] 

when the interpolating points GN = 1 Xf 1, f = 1,2, .•• ,N are given. . 
Ь) The second one is to find the optiтuт set of interpolating 

points 

G~= lxf' l С GM 

which give the best rational approximant. 

2а. The Pade Approxiтants of the Third Туре 

Using the so-called v algorithm111 for continued fract ions 
the function is approximated Ьу а rational fraction 

"" р 
f(z ) = _ill 

Q (i) Q m 

р 
n (2) 

where l( i) and Q (i) Are polynoтials of degree n and т, respecti
vely, and are gi ven Ьу the recurrence forтula : 

Р (.) = Р( . 1) • В. ; + D. 1 l 1- 1·,- 1 1- p (i- 2) ' 
(З ) 

Q (i)= Q ( i- 1)' в i , i+ Di-1 Q(i - 2) . 

The matrix В .. depends on the interpolating point s x i and on 
1, ) -

t he function values at these points f(zi) 
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1 

~-

11 
~ 1 

-
В . 

1 
= f(z . ) 

1, 1 
i = 1,2, ... ,N , 

В . . = 
1,) 

D· = 1 

х -х 
j- 1 

в -в 
i ,j-1 j-1,j-1 

z - х i. 

(4а) 

j = 2,3, ... ,i' (4Ь) 

(4с) 

The degrees of the Р and Q polynomials are n = N/ 2 , m = N/2- 1 
for even N and n =т= (N -1 )/ 2 for odd N. 

The best approximant in the х 2 sense will Ье obtained if 
the function values f(zi) in eq. (4а) ( В i 1 is the first co 
luтn of the triangular matrix Bi . ) are taken as free parame
ters in а х 2 тiniтization over the set of М values of func
tions (а х2 procedure f or М Values of f(zk ) ± E(Zk) k = 1,2, ... М 
with N paraтeters ) . \ve shall call the newl y obta i ned Pade ap
proxiтant-the Pade approximant of the third t ype (PAIII) / 2/ . 
Such а procedure was introduced in re f . / 2/ and applied for re
sonance searching in partial wave analysi s' 2•3/ . 

Here we must note that such а method of finding the PAIII 
dif f ers f rom the direct fit .with Pade approxiтant ansatz where 
the coeff ic i ents of the power expansion of Pn and Qm are taken 
a s free parameters 

pn 
n 

р 

! apz 
р = о 

rn р 

Q = 1 + ~ ь oz 
"' р = 1 r 

2 Ь. The Optimum Set of Interpolating Points 

As is well known f or polynoтial int~rpolation there are solu
tions for choosing the optimal set of interpolating points in 
order to obtain the best approxi mant in а given norт. For example, 
fo r the minmax proЬlem the optimal set of interpolating points 

2k-1 
are the Chebyshev points ( х k = cos(-N-11)or for· the L 

2 
norт the 

zeros of Le gendre pol~omials. For interpolation Ьу Pade appro
xi mants (for N-point Pade approximants) there are no such theo
rems. 

This second part of the general interpolating рrоЬlет can Ье 
easily analysed when М =.., , i.e., when the function which тust 
Ьу approximated is known at each point of the interval [ха,х ь ] 
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of the real axis. Now, the best Pade approximant can Ье found 
Ьу using the same v algorithm (eqs. 2-4), but using as free 
parameters in а Х 2 procedure the N values of х f in which the 
function must Ье interpolated. This is а х2 fit with PAII an
satz plus а construction given Ьу the function itself. The op
timum set of interpolating points G0N = { xel can now Ье found 
because the function which must Ье approximated is known as 
а continuum function in the interval [ха, х ь] and the х 2 minimi
zation can Ье easily done . 

In the next section we show Ьу а few numerical examples that 
the optimal set of N ( N is given) interpolating points exist. 

As free parameters in the above х 2 procedure, the optimal 
points хе are uncorrelated in х2 = min. 

We must remark that this type of analysis is only а searching 
procedure in order to put in evidence the existence of such an 
optimal set of interpolating points for Pade approximants . 

In order to solve in practice the general interpolating prob
lem we propose to use, as а first step, а smooth interpolation 
procedure (for example of spline type) and use it as а conti
nuum function in а given interval [ха• хь] (the construction in 
the above х2 procedure) in order to find the optimum set of 
points GN = 1 х~ 1 for Pade interpolation. Using this optimu_!!l 
set of points G'N, the Pade approximant of the third type ( f(zp ) 
as free parameters), we can obtain the best х2 and so, for а gi
ven set of error affected functions ( f(zk) ± f(Zk) k= 1,2, ... М) 
the best approximant. 

3 . NUМERICAL RESULTS 

Using the method described in sect.2b, we have computed the 
optimal set of interpola ting points for t he following functions: 

f( z) = 1 + i 1 (5) 
у 1- 2az + а2 

2. 
y 1-2bZ+ Ь 

f( z) = 
z - z 0 ( б) . 

y1-2 ·az+a~ 

r ( z ) = у 1 - 2az + а2 + i у 1 - 2bz + ь 2 • (7) 

where а= 0.2, Ь= 0.3 and z 0 = 0.2-i0.3 . 
The function values were taken a t М = 41points on the reaJ. 

axis in the interval х ~ [-1, +1] . In taЬl e s 1- 3 are shown х 2 ob
tained for the Chebyshev interpolating points and for t he opti
mal set of points for different Pade approximants. Here х2 is 
4 

ТаЬlе 

х 2 for PAII interpolating at Chebyshev and optimal 
points of eq. (5) 

РАП i 2/11 l2/21 t3121 (313\ (4131 

N ' 4 5 6 7 8 

х2<сь> 6.515.10-6 2.607.10-8 3. 235.10-10 1.550.10-12 2.509·1о- 14 

f<op) 3.060.1 0- 6 5. 770. 10-9 5.375.10-11 1.390. 10-13 1.6оо·1о- 1 5 
- ---- ---- --- ------~- - --- ------- - - - · ----

ТаЬlе 2 

As in taЬle 1, but for eq. (б) 

РАП l 3121 t3131 ~4/3 l 
N б 7 8 

~2 (Ch) 2.620. 10-9 2.550·1 о- 11 2.530.10-13 

tJ..2(op) 5.731.10-10 3.410.10-12 1.990.10-14 
-- - - -- - -- - ------- - _ __ _ __ _________ ___ L_ 

ТаЬlе 3 

As in taЬle 1, but for eq. (7) 

РАП ( 3/21 l313 l l4131 
N 6 7 8 

~2 (СЬ) 4.237 ·1о-11 ).796.10-13 3.630"10-15 

{<ор ) 1.499"10-11 8.690"10-14 5.120·1о- 16 
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given Ьу 

х2 м "' 2 
!. 1 f(zk) - f(zk)l , 

k = 1 

where f(z) is our optimal Pade approximant. The distribution 
of optimal points хе in the interval[-1,+1] is shown in the 
figure, where, for comparison, the Chebyshev points are aLso 
shown. The PAIII taken

2
at the optimal set of points х~ give, 

of course, а better Х · 
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Distribution of the interpolating points: •- the 
optimal points, х - the Chebyshev points. а,Ь,с - for 
eq. (5), (б), and (7), respectively. 

Concerning the first example (eq.5) we also must remark that 
expanding this optimal Pade approximant into а Legendre series 

2f + 1 +l ", -
- 2- f f (z)Pf (z) dz "' af + iof 

- 1 

6 

one can recover higher coefficients of the original Legendre 

1 . 1 

v 1-2aZ+ а2 
+ 1 -=====;; 

..; 1- 2Ьz + ь2 
"" f f 
~ (а + i Ь ) Р f (z) 

f = о 

- f to а high precision, i.e., rf = af / ae= · 1 
а higher precision than non-linear Pade 
Ьу J. Fleischer 1 4•5/ . 

, r f. = ь f 1 ь = 1 even 
approx1mants introduced 

Finally, we must make an interesting observation concerning 
the PAIII and PAII at the optimal set of interpolating points. 
Solving the equation: 

"' f(z) - f(z) = О, (8) 

where f( z) is now the PAIII obtained Ьу а х2 interpolation at 
the Chebyshev points, we can find the intersection between C(z) 
and the PAIII (Ch) in the complex z plane. The solutions of the 
above equation (8) are near the real axis and are given Ьу 

о . 
zf = xf + IYf , 

where xf are to а good precision the optimal set of interpolat
ing points for the given complex .function, points which were 
previously found as shown in sect.2b. 
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6огданова Н., Никитиу Ф. ES-83-228 
Интерполяция с nомощью паде-аппроксимантов 

ИсследУется проблема интерполяции для комплексных функций, заданных 
со своими ошибками, с целью наилучwим образом экстраполировать их в разре
занную комплексную плоскость. Для экстраполяции используются диагональный 

и околодиагональный паде-аппроксиманты /ПА/ второго сорта /ПAII/ и их 
модификация для х2 -минимизации /ПAIII/ . Сформулирована общая интерполяцион 
ная проблема для функций, заданных со своими ошибками; с помощью некоторых 
численных примеров показано, что существует оптимальный набор интерполя

ционных точек, и найдена связь между ПAIII и ПAII для этого набора. Таким 

образом, в интерполяционной п~облеме для комплексных функций, заданных 
со своими ошибками, существует оптимальный набор интерполяционных точек, 

который обеспечивает наилучwую в смысле х2 ПА /паде-аппроксимацию/. Здесь 
предложен практический метод для нахождения этого набора. 

Работа выполнена & _ Лаборатории ядерных проблем ОИЯИ. 

С~ение Об~единенноrо института ядерных исследований. Дубна 1983 

Bogdaпova N., Nichitiu F. ES-83 -228 
On the lnterpolation Ьу Pad~ Approximants 

ln thls work we have studied the interpolation proЫem for error 
affected complex functlons in order to best extrapolate them ln the cut
complex plane. The methods used for interpolatioп are the dlagonal and 
near-diagonal Pad~ approximants (РА) of the second type (PAII) and the ir 
modlflcation for the х2 minim ization (PAIII). We have formulated the ge
neral lnterpolatlon proЫem for error affected functioпs and, uslng some 
numerlcal examples , we have shown that there exists an optimum set of 
interpolatlng po lnts and have revealed the connecti on betweeп the PAIII 
and the PAII for this opt imum set of interpolating points. То conclude, 
ln the iпterpo l atlon proЫem fo r error affected complex functions there 
exlsts an opt imum set of interpolating poiпts which. сап give the best РА 
ln the х2 sense , and here we have proposed а practical method for flnding 
lt. 

The lnvestigation has been pe r fo rmed at the LaЬoratory of Nuclear 
ProЬiems, JINR. 

Communicatlon of the Jolnt lnstltute for Nuclear Research. Dubna 1983 


