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In this note we shall consider the addition problem for pairs 
of self-adjoint operators in Hilbert spacqs, when these opera
tors are mutually singular. The aim was to understand at the 
abstract level the following interesting phenomenon appearing 
in the study of one-dimensional Schrodinger operatorsll.W,suppo
se V0 (x) , x(; R ...._10 I is negative aud sufficiently singular near 

2 
origin that the quadratic form of - b + V0 (x) is unbounded 

2 dx 
from below, but that H 0 • -(~) 0 + V0(x) is self-·adjoint and bound-

dx 2 
ed from below on the domain of-(~ )0 , where 0 refers to the 

dx 
Dirichlet boundary conditions at origin. Suppose V (~ ~ V 0 (~ 2 ft 

pointwise and H(a) .. - -b + V 
3

(x) be self-adjoint and bounded 
2 dx 

from below on D(-.!_y. . It is proved in/ 2/ under some additio-
. dx h . nal assumpt1ons on V8 t at H(~ ~ Ho 1n the norm resolvent sense. 

In what follows Ho and V are self-adjoint operators in a 
Hilbert space }{ , H0 ~ 0 • A sequence IV n li of self-adjoint 
operators is said to be a regularising sequence for the pair 
(H 0 ,V) if the following conditions are met: 

a. H0 + Vn are self-adjoint and bounded from below on :£ (H 0 ), 

b. :£ (Vn) .) T (V), V
0 

f ~ V f all f ~ T (V), 
The problem is to find conditions under which Ho+Vn converge 
in some sense and to identify the limit. The problem is well 
und<.!rstood if V-U+ W, where U>O and W is form bounded with 
respect to ~ (see/3-6/ and references therein). As it is 
clear from the example above we are interested in the case when 
Ifo + V n are not uniformly bounded from below, e. g., V ~ 0 and 
sufficiently singular with respect to Ho • Our result is contain
ed in Theorem I below. 

Theorem I. Let Ho , V be self-adjoint operators, H0 ~ 0 and 
lVnli be a regularising sequence for the pair H 0 , V . Suppose 
that 

i. Vn ~ V _ 
ii. There exists TcT(H0 )'1T(V),T.,.J{ such that 

II v r II .~ a II Ho r II + b II fi I : a .< 1. b < oo all r ~ T (I) 

II(V-Vn)fll ~ Ru\1 Hofll + bnll fll; lim an• lim bn=O, all f G f-, (2) 
n ... oo n .... oo 

(H 0 +V)~T,has deficiency :i:ndi"Ces (m, m), ·m.<·&,.: (3) 
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~~1.. There exists I c n l]' , lim Cn ="" such that the 

spectrum of H0 + Vn contained inn"t~oo ,-en) consists in at least 

m eigenvalues (counting multiplicities). 

Then (H0+ V) tf(Hol n~(Vl is bounded from below and H0 + Vn 

converges in the norm resolvent sense to the Friedrichs exten

sion CHo+V)F of CHo+ V)~~<Hol~"~~(Vl · 

The proof of Theorem I is based on the following result proved 

in/ 7/. 

Theorem 2. Let ~A be a densely defined, closed symmetric opera-

tor with deficiency indices (m ,m 5, m .<oo and satisfying 

(f ,.A f) L I I fl I 2 , f G ~(A). 
i. Let AF be the Friedrichs extension of A and P be the _1 

orthogonal projection on (A~ 0A))J.. Then for ,\ G(-oo ,1), P ,\AF(Ar-AJ P: 

pJ{_, pJ{ is a strictly increasing function of,\ and there exists 

-oo.<a (AF; A) .<oo such that 

' -1 
1!7{P.\AF~:AF-,\) P)C(-oo,-a(AF;,\)), (4) 

lim a (A F ; ,\) ="" • 
,\ ... _,., 

(5) 

ii. Let :Aq be a sequence of self-adjoint extensions of ~A with 

the property that there exists laqll , aq>"1 lim aq =oo such 
q-+ 00 

that the spectrum of ~Aq contained in (-oo ,-aq) consists in 

eigenvalues (counting multiplicities). Then 0 G p (:Aq) and 

-1 -1 -1 -1 
0 ~Aq -~AF~-P(Paq(A +aq) P) <P. 

m ... 
(6) 

Proof of Theorem I. Without loss of generality one can take cn2·1, 

Ho ~- 1 , b = bn=O and Hot ~ to be closed. During the proof 

some technical points are Stated as lernn1as and proved at the end. 

Let ·~=(H0 +V)~, ~n=CHo+Yn~~· Due to (1), (2) and the fact 

that H0 ~ 1 , -~ and for suff~clently large n , ~n , are closed 

subspaces. Let Q and Qn be the orthogonal projections on ·~.l 

and ~; , respectively. 

Lemma I. 

lim I I Q n - Q I I = o. (7) 
n-+oo 

From the von Neumann theory of symmetric extensions it follows 

that all symmetric extensions of a symmetri~ operator bounded 

from below and with finite deficiency indices are bounded from 

below ( 8. Ch.S]. Hence (Ho+ · "V)\~(Hol n, ~(Vlis bounded from below. 

Suppose now ~ ~ ~(Ho) n ~ (V). Since by Lemma 1, for sufficiently 

large n , (Ho + Vn )~~ has deficiency indices ( m, m ) it 

follows that (Ho+VnH~<Hol n~(V) has deficiency indices (n,n) , 

2 ' 

n .< m • On the other hand since Vn :2: V , (Ho+ Vn)f~(H0 )n ~<Vl 
are uniformly bounded from below and therefore (Ho+Vn) can have 

at most n eigenvalues going to -oo as n .... "" [ 8,§107].This contra

dicts iii and hence ~ • ~ CHo ) n g-:(V). 

From (1), Vn ~ V and H 0 >.:,1, it follows that for all fG ~ 

(f,(H 0 +Vn)f) ~ (f,(Ho+ V)f)~(1-Vi)llfll 2 • (8) 

Let (Ho+ V)F , (Ho+ Vn) F be the Friedrichs extensions of (H
0 

+ V)tg-: 

and CHo+ VnHT , respectively. 

From (8) it follows that 0 l;;p((Ho+V)F)np((H
0

+Vn)F). 

Lemma 2. 

-1 -1 
lim I I CHo + V n ) F - ( H o + V) F II • 0 • 
n -+oo 

(9) 

Now Ho + V n is a self-adjoint extension of CHo + VnH T. Since by 

the general theory of self-adjoint extensions [ 8 § 107] the spect

rum of (Ho+Vn) in the interval (-oo, int:.. (f, (Ho+ Vn)f) con-
f ~; ~. II r I I • 1 

sists in at most m eigenvalues it follows that 0 G p (H 0 + Vn ). 

From II (H 0 + V)f.
1
-(H 0 + V n ) 1 II ~ 

. -1 -1 . -1 .-1 

~- I I (Ho + V) F - (Ho + V n) F I I + II (Ho + V n ) F - (H o+ V n ) II · 

due to Theorem 2 ii and Lemma 2 the only thing we have to prove 

is that 

-1 -1 
lim II ( Qn C n (Ho + V n ) F ((H 0 + V n ) + C n ) Q ) II • 0 • 
n~~ 

n 

For, let us remark first that from (8) it follows (Ho+ V)F.:;;(H
0

+Vn)F 

wherefrom for ,\ < 0 

-1 -1 
0 ~ ,\ (Ho + V)F((Ho + V) F -,\) ~ ,\ (Ho + Vn )r ((Ho + Vn) F- ,\) . 

Consider, for sufficiently large n , the operator 

2 -'lz 
un. (1-(Qn -Q)) (QnQ +(1-Qn)(l-Q)). 

Then [ 9, II 4.2 J Un is unitary and ~ 

UnQ • QnUn • 

Moreover from the definition and Lemma I 

lim II u n -1 II • o. 
n-+oo 

From definition, for ..\.< 0 

(I 0) 

(I I) 

(12) 
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-1 
II ,\ (Ho + V)F((Ho + V) F-·.\) II~ I .\I 

Let fnx21\Un-11\+I\Un-11\
2 

and 

-1 
b n "' min I C n , f n I . 

Then using (10), Theorem 2i, (13) and (14) one has 

- -1 
Qncn(Ho +Vn)F((Ho+ Vn )F +en) Qn ~ 

~; Qn bn (Ho + V)F((Ho + V)F+ bn)-1 Qn >..: 

-1 
'2:.~ ~ Unbn(Ho + V)F ((Ho+ V) F + bn) U*nQn-Qn 

Due to (II) 
~ 

-1 
QnUnbn(Ho+V)F((Ho+V)F+bn) U~Qn= 

-1 
"'QnUnQbn(Ho+V)F((Ho+V)F+bn) QU:Qn, 

wherefrom 

(13) 

(14) 

() 5) 

-1 
()' (Qn Un bn(Ho+ V)f ((H 0 +,V) F+ bn ) u; Qn) C (a ((H 0 + V)F ;bn ),oo ). (16) 

From (15) and (16) 

-1 
0' { Q11 c 11 (H 0 + Vn ) F ((H0 + V n ) F + c n) Q n ) C (a ((H 0 + V) F ; b 

11 
) -1 , oo ) 

wh~ch together with (5) proves the theorem. 
Proof of Lemma I. Let g c;; ·~ , II g\1- 1 , g .. (H 0 +V)f. From 

(I) and (2) one obtains 

I\(H0 +Vn)f'- (H 0 +V)fi\'S a
0
(1-a)-; 

wherefrom 

D[g, ~n]"""' inf llg- hn II san(1-a)-
1

• 
hn c;;:~n 

(17) 

In a similar way if g
0 
~ ~n , II g

0
ll = 1 then for sufficiently 

large n 

D[ gn, ·~] .5- an(1-a-an)-~ (18) 
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From (17) and (18) it follows that for suffici~ntly large n 

[8 § 39] 
-1 

II Q-Qn II·~ a 0 (1-a-a 0 ) 

and the proof of Lemma I is complete. 
Proof of Lemma 2. Let f G ~ , II fll"" 1 . Then 

-1 -1 
I \ (H o+ V n ) F - ( H 0 + V ) F f 11 -~ 

-1 -1 
::;:\I(H

0
+V)F [f -(H 0 +V

11
)(H0 .+V) flll::;: 

-1 -1 
-~II (H 0 + Vn)F II II (V

0
- V)(H 0 + V) f II .$ 

-1 -1 
.::;: a

0
(1- a) 1\"(Ho + V 0 ) F ·I I • 

(19) 

From Theorem 7. 9 in / 3/ , (H 0 + V0 ) F-> (Ho + V) F in the sense 
of strong resolvent convergence. On the other hand, from (19) 
the convergence is unifrom on ·~ which finishes the proof of 
Lemm~ 2 since dim~ .. m .< oo • 

Remarks 

I. From (1) it follows that 

H 0' F + V .. (H 0 + V) F , 

~here ·Ho,F is the Friedrichs extension of H 0 t~, and H0 ,F +V 
~s the from sum of H o, F and V. 

2. Theorem I implies results of the sort given in/1,
2
/ . The 

following is an example. 
d 2 d 2 

Corollary 1. Let - -:i'":2 , (- -::-:1) 0 , x ~ R be the Laplacian, 
dx dx 

and the Laplacian with Dirichlet boundary conditions at O, res-
pectively. Let V(x), vn (x) , X" R, ll= 1,2,... be rea11functions 
satisfying: v (x) .5- VII (x) .5-0; I xiY v (x) G L

00 

for some y 0 < y .< 3-/2 . 
1 

' ... . • 
00 • • 2 

JV(x)dx .. -oo;V
0
(x)GL; hmV

0
(x) ... V(x)a.e. Then -·L:~-V0 con-

-1 n->oo 2 dx2 
verge in the norm resolvent sense to (- _£_2) + V. 

dx D 

Proof. Let ~ .. ~ 1 ED~ 2 , where 

2 
~ 1 "' I r c;; ~ (- _d_) I f(x) ,.. - r ( ..-x) I 

dx 2' · ' ~ ' 

'5 
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T 2 .. Jr ~ C~(R\!O l\'f(x) .. f(-x)l. 

Then using the Hardy inequality in two of its variants 
oo -{3 X 2 2. oo . -{3+ 1 2 I I x I f(y)dy! dx:::. ({3-1/2)"''" I I x f(x)\ dx, .[3> 1/2, 

0 0 0 

00 -{3 00 2 -2 00 -{3+1 2 I jx I f(y)dy\ dx.:::.({3-1/2) I I x f(x)\ dx, {3 .<1/2 
0 . X 0 

one can easily 
d 2 

H --- , V 

verify that the conditions of Theorem I with 

V n • T are fulfilled. 
o dx 2 
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HeHtiY r. 
CHHTHe o6pe3aHH5I CHHryJIHPHbiX B03My~eHHH: 

a6CTpaKTHbiH pe3yJibTaT 

ES-82-863 

IlycTb Ho~" 0 , , V- caMocorrpHJKeHHbie orrepaTOpbi B rHnb6epToBoM 

rrpocTpaHCTBe J{ , rrpHtJ:eM KBap;paTH<maH ¢opMa Ho + V He orpaHH

tJ:eHa CHH3y. IlycTb Vn- rrocnep;oBaTeJibHOCTb caMocorrpHJKeHHbiX orre

paTopoB, TaKaH, 'ITO Vn-> V B HeKOTOpOM CMblCJie, IIPH<IeM orrepa

TOpbi Ho + Vn CaMOCOITpHJKeHbl H orpaHHtieHbl CHH3Y. <lJOpMyJIHpyJOTCH yc

JIOBHH, rrpH KOTOPbiX, XOTH orrepaTopbi Ho+ V n HepaBHOMepHo orpaHHtJ:e

Hbl CHH3Y, rrpep;eJI lim (Ho + V n ) cy~eCTByeT B CMblCJie paBHOMepHOH 
.... ll-"00 

pe30JlbBeHTHOH CXO)J;HMOCTH H flBJIHeTCH IIOJiyOrpaHH'IeHHb!M CHH3Y 

CaMOCOIIPHJKeHHblM orrepaTOpOM. 

Pa6oTa Bbll10JIHeHa B Ila6opaTopHH TeopeTHtJ:ecKo:H ¢H3HKH OH5IH. 

npenpHHT 06beAHHeHHOrO HHCTHTYTa RAePHbiX HCCJleAOBaHHH. AY6Ha 1982 

Nenciu G. ES-82-863 

Removing Cut-Offs from Singular Perturbations: 

An Abstract Result 

Let H0 ~0, V be the self-adjoint operators in a Hilbert 

space J{ , and suppose the quadratic form of Ho+V to be unboun

ded from below. Consider a sequence, Vn, of self-adjoint ope

rators, Vn _, V in some sense, such that Ho+Vn are self-adjoint 

and bounded from below on :i:(H0).Under appropriate conditions, 

in spite of the fact that the spectra of Ho+ V are not uniform

ly bounded from below, it is proved that Ho+ v:converge in the 

norm resolvent sense and the limit is identified. 

The investigation has been performed at the Laboratory of 

Theoretical Physics, JINR. 
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