


The finite-dimensional irreducible representations of the
classical Lie superalgebra (LS"s) are nowadays fully classi-
fied’Y. In the physical applications, however, it is often
important to have explicit formulae for the matrix elements
of the generators in a certain basis of the representation
space. Although some results in this direction are availab-
1e/%8/ the problem as a whole remains unsolved. In the pre-
sent paper we give also a partial answer to the same problem.
We write down formulae for the representations of the special
linear Lie superalgebra sf(1,n) induced by finite-dimensional
irreducible representations of the linear span of the even
part gf(m) and all positive root vectors. The corresponding
induced sf(1, n) -modules are always finite-~dimensional, but are
not necessarily fully reducible. The representations of sf(1, n)
realized in the irreducible induced modules are the typical
representations qf the Lie superalgebra’! .

We were led to the present investigation from a study of
a noncanonical quantization’% .The position operators Gy, een Gy
and the momentum operators py, ..., p, span in this case a basis
in the odd part ot s¢(l,n) and generate 1t. ‘Lhe problem Tto ae-
termine the representations of all gq;, p; is the same one as
t> construct the representations of sf(l,n)The last problem
is of independent mathematical interest; the answer to it may
bz relevant in several branches of the theoretical physics.

We consider sf(1,n) as a superalgebra of the general linear
LS¢(1,n). As a homogeneous basis in ((1,n)we choose the gene-
rators € AB=0,1,...n. In the defining representation e, is
an (n+1) x(n+Ymatrix with 1 in the A-th row and the B-th co-
lumn and zero elsewhere. The odd and the even parts aref(1,n)=
= lin. ‘env. j{em repli=1,.., n} and [’,O(l,n)=lin.env.{e00,ei‘|'i,j=1,...,n},
respectively. As a subalgebra of f(1,n) the LS #(1,n) reads:
sf(1,n) =lin.env. legg+ €5 , eapl A#B=0,..,0; i=1,..,n}. Its even sub-

algebra Gy =lin.env.{E;; =8;; egy + €y [i,j=1,...,n} is isomorphic
to the general linear Lie algebra gf(n). Since [Ej; ,Ekg]z‘&jkEig—
- &, Ekj » E,; are the Weyl generators of gl .-

let G, be the linear span of ej,,..., e, . Here we compute
the representations of (1, n) induced by the subalgebra P =
=Q,+G, .The latter are defined as follows’Y, Let V°(L)be
a finite-dimensional simple G;-module with the highest weight
L. Ext»nd it to a P-module putting G,V°(L)=0.Denote by U and Up
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the universal enveloping algebras of sf(1,n) and P, correspon-
dingly. Then the induced &l (1,n)#module

L) = 10ad ™ o) (1)

is the factor-space
VL) =T eVeL)/I (2)

of the tensor product of U and V°(L) with respect to the li-
near spanl of all elements of the form g ev- gep(v) , gcl,
p €Up and veV°(L)The space V(L) is equipped with a structure
of an sf(1,n) ~module in a natural way:

gluev)=guev, - g& sf(l,n), ueclU, ve VL),
As a basis in V(L) we choose the vectors

. 61 6n
16, 5es8, s m>=(e ) (e o) em; 6, =0, melW).: (3)

The restrlctlon 6, =0 or 1 is a consequence of the fact that
(elo) in U.: F(L) is the set of all Gel”fand-Zetlin pat-
terns for gl(n) 1in V°(L);its elements m= (mjp) span a basis in
Ve(L) 5 mj, are in general complex numbers, such that
Re(m]p—m]p_l)and Re(mj ,—1~ Mjs1,p )are nonnegative integers
and all mj, have the same imaginary part. The highest welght
L is determined uniquely by the first row (mm,...,mnn) which is
the same for everv pattern m & I'(I)The representations carrea-
ponding to different n —tuples (m e YA#(m! ye, m”. )
are inequivalent *. P tn’ an
Since the generators €a,A+1 and e, determine through the
LS-product all other generators, here we write down the trans-
formation properties of the basis vectors (3) only with res-
pect to these generators. To this end we introduce first the
following notation

k-1 172
I Gy b= T @y L)
B (=G0 |- if3 Iz ,(4)
JEII(EP, ejvk —1)"{[1 (Z ‘Lk)
i*q

*This is not the case for the representations of sf(n). The
gl(n) -modules V°(my,,... )and V°(mf;, ..., m7 ) are also s{ (n)-
irreducible, however, they glve the same representatlon of

stm) if m;p, - m1+1,n=m1n _m1+1,n for all i=1,..,n-1.-

k—1
AL emy = Fig ) 12
bk(m)= ! ’ (5)
! k
].[__I 1('! k=l i)
15
L\ H(E,kl-—f ~1) |1/%
B (m) = |t , (6)

k=1
I Ciem1=bix—q =D

k-1 1/2
g =i -1)

afm=| = 7)
jI=I 1(81'"‘_'8“‘- o

k
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di(m=1"g=3 ’ (8)
p (k- lik-1)

j#1i

1,x>0

__l'x<oand it is understood that when-

ever some of the multiples in the above expressions are not
defined (as, for instance, the numerator of b1l(m)) then they
have to be replaced by 1; moreover, if the denominator of the
rught~hand side of some of the above equalities (4)-(8) is ze-.
ro, then the corresponding coefficient in the left~hand side
has to be replaced by 0.

In terms of this notation the generators e s s+y and epiq,4>
A =0,...,n, transform the basis vectors (3) as follows:

where f=m; -i, x)= 1

3010 senrf i@ P> = (1=0)[1,04 0, 65 (@ >
e k+1,kl e O gy Opqs vones (mjp » =
k k ~ k+1
= X b (mb (m) .., 0
i=1 1 1

k,0k+1 ,...;(mjp--ﬁjiéplIK » o+



+0k(1—6k+1)| ...,Gk—1,0k+l+1, s (m P, B BAB

p (eA,e ) = ——— (11)
2(n - 1)

Since [h,e ] =(eA-eB)(h)eAB,h &H, the correspondence between

the root vectors and their roots is e,p 4eA-7e B.Therefore,

y Ay=te'-edji<j, i,j=1,...n} and A%= { e®-e!|i=1,...,n}are the

n
emt(a1 y wees O ;(mjp)> = Gl(mu— jzze J.)|0,(92, s 43 (m jp)> +

e

n—1 2 s O1+...40

NS s e 26 (1) s, (m) B 2 (1) x even and the odd positive roots of sf1,n), correspondingly.
8=1i=1 ipg=1 ig=1 8*!1 ! 1l 2 The induced sf(1,n) ~module V(L) 1is irreducible if and only
- if 71/
x B3 (m)...BS . s+1 ;
igid™ B L b 7T m) x (L +p, 60 —ei)70 for all i =1,...n, (12)
><|01 sy 5 0, GS+2, ey 05 (m ip~ Es &, 6 . >, where p is the half sum of the even positive roots minus the
. r=1 e P half sum of the odd positive roots,
e leensfy 40 S(m. P = = - Dg0 L3 2i + 2)e ' (13)
ka1l o0k Ogp gy i (@, = 9) p———é—e + —§i=1(n— i+
Kok, —k+i and L is the highest weight of the gfn) -module V ¢ (L).From
= Eldi(m)d P @6y, Opyqr e (m jpt @ i o pk)> + the Gel”fand-Zetlin formulae for gfn)/19/ one derives that
LI . .
. any Cartan element h = X ¢ E.acts on the highest weight
+0k+l(1—0k) ...,0k+ 1,0k+1-1, m'(mjl)>. vector mLeVO(L)as i=1 if
. . . n 5 n s n .
_ We omit the derivation. The proof that the above relations hm, = X ¢ 'E pgmy = 2 &'m inmp=(3Z m e H)®)m L-
give a representation of the LS sf(1,n) can be carried out in =1 =1 * =1
a straightforward way. Therefore, as an element from H’L  reads
Dranncitian Tha indensd 2015y meduls L1272 P G T A I R n i .
i o o S s T --------- 4y a2 Lllvﬂud—\.— -‘\u) wa.s:n @ usrgueoe L= 2 . . 44
welght L corresponding to (m,, ... m,,) is irreducible if and = Min® e

1v i L i . . . .
only if miy#i-1 for all i=1,..,n. Inserting (13) and (14) in (12) and using (I11) one obtains ¥

Proof. One can show in a straightforward way that all mo-

dules corresponding to m;,#i-1, i=1,...,n are irreducible. It (L+p, el-el) = -—IEJP-*—I—:—L (15)
is not simple, however, to prove the inverse. Therefore, we 21 ~n)
shall use a /general criterion for irreducibility (Proposition The right-hand side differs from zero if and only if m, -i+1+0,
2.9 in Ref. /1 ), First we introduce the notation and list the which completes the proof.
properties of sP'(1,n) we need (for more information see Ref’8/). By definition the representations of the LS sf(1,n)realized
Define by means of the diagonal matrix (g with 1= in the irreducible modules V(L) are typical. Thus, the rela-
= -8 09=811=+-Byp & non-degenerate bilinear form of the Cartan tions (9) give expressions for the generators of the typical
subalgebra H’=lin.env.le, ,|A=0,..,n} of £(1,n): representations. In order to classify them we recall /1/ that
' the finite~dimensional irreducible representations of sf(1,n)
(€anr €pp) = 20-1)8, g (10) are labelled with the eigenvalues (a,, a;, ..,a _jof the Cartan
’ elements h, =@, 2~BAp€ a+1,a+1> A=0,1,...,n-1 on the highest weight
On the Cartan subalgebra H= lin.env. {E ii|Ejj =egg+eij ,i=l,...,n} vector L & V(LjFrom (9) one is easily convinced that the simple
of sf(1,n) the form (10) coincides with the Killing form of positive root vectors ej_j,; and hence all positive root vec-
sf(1,n). Choose as an ordered basis in H’ the vectors ey,
€191« € and let e 0. el,,..,e"” be the conjugate basis -
in the dual to H’ space H*, i.e., eA(eBB)=6ﬁ.Then the bili~ ¥We consider always the case n>1. Otherwise sf(1,n) is not
near form on H’, induced from (10) reads simple and its Killing form is degenerate.
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tors e;j,i<j, annihilate 0,...,0;L>. Therefore, L=]p,...,0;L> in
the typical modules V(L). Since

hob=m, L, bh;L =@, -m 41,0 e i=1.,0-1, (16)
we conclude that the typical representations are characterized
with the set of all n-tuples

(m4p. Myp ~Wopeeeey My g p=M ), my 40, Mo Leeom - S 0-1(17)

To construct the rest of the finite-dimensional irreducible
representation, i.e., the non-typical representations, one
has to overcome one essential difficulty, namely to determine
the maximal invariant submodules KL) in V(L) and then write
the relations (9) in the factor-modules V(L) = V(L)/I(L).

REFERENCES

1. Kac V.G. Lecture Notes in Math., 1978, 676, p.597.

2. Pais A., Rittenberg V. J.Math.Phys., 1975, 16, p.2062.

3. Scheunert M., Nahm W. J.Math.Phys., 1977, 18, p.146.

4, Bednat M., Sachl V. J.Math.Phys., 1979, 20, p.367.

5. Palev T.D. J.Math.Phys., 1980, 21, p.1293.

6. Baha Balantekin A., Itzhak Bars. Representations of Super-
groups. Yale University preprint YTP80-36.

+ Hau Gi—eli. Tue Finire-Dimensional star and Grade Star
Irreducible Representations of SU(n/1). ICTP Preprint
1C/81/4.

8. Palev T.D. J.Math.Phys., 1981, 22, p.2127,

9. Palev T.D. JINR, E2-81-419, Dubna, 1981.

10. Gel”fand I.M., Zetlin M.L. Dokl. AN USSR, 1950, 71,
p.825.

Received by Publishing Department
on January 22 1982.

WILL YOU FILL BLANK SPACES IN YOUR LIBRARY?
You can receive by post the books listed below. Prices - in US §,

including the packing and registered postage

D9-10500 Proceedings of the Second Symposium on Collective
Methods of Acceleration. Dubna, 1976. 11.00

D2-10533 Proceedings of the X International School on
High Energy Physics for Young Scientists.
Baku, 1976. 11.00

D13-11182 Proceedings of the IX International Symposium
on Nuclear Electronics. Varna, 1977. 10.00

D17-11490 Proceedings of the International Symposium on
Selected Problems of Statistical Mechanics.

Dubna, 1977. 18.00
D6-11574 Proceedings of the XV Symposium on Nuclear

Spectroscopy and Nuclear Theory. Dubna, 1978. 4,70
D3-11787 Proceedings of the III International School on

Neutron Physics. Alushta, 1978. 12.00

D13-11807 Proceedings of the III International Meeting
on Proportional and Drift Chambers. Dubna, 1978. 14.00

Proceedings of the VI All-Union Conference on
Charged Particle Accelerators. Dubna, 1978.
2 volumes. 25.00

D1,2-12450 Proceedings of the XII International School on
High Energy Physics for Young Scientists.

Bulgaria, Primorsko, 1978. 18.00
D-12965 The Proceedings of the International School on

the Problems of Charged Particle Accelerators

for Young Scientists. Minsk, 1979. 8.00

D11-80-13 The Proceedings of the International Conference
on Systems and Techniques of Analytical Comput=-
ing and Their Applications in Theoretical
Physics. Dubna, 1979. 8.00

D4-80-271 The Proceedings of the International Symposium
on Few Particle Problems in Nuclear Physics.

Dubna, 1979. 8.50
D4-80-385 The Proceedings of the International School on
Nuclear Structure. Alushta, 1980, - 10.00

Proceedings of the VII All-Union Conference on

Charged Particle Accelerators. Dubna, 1980. 25.00

2 volumes. .

D4-80-572 N.N.Kolesnikov et al. "The Energies and
Half-Lives -for the a - and B-Decays of 10.00
Transfermium Elements”

D2-81-543 Proceedings of the VI International Conference
on the Problems of Quantum Field Theory.
Alushta, 1981 9.50

D10,11-81-622 Proceedings of the International Meeting on

Problems of Mathematical Simulation in Nuclear
Physics Researches. Dubna, 1980 9.00

Orders for the above-mentioned books can be sent at the address:
Publishing Department, JINR
Head Post Office, P.0O.Box 79 101000 Moscow, USSR






