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0 peaykuuu nortenunanos fAura-Munnca !
B KanMbGpOBOUHLIX TEOPUAX CO CNOHTAHHLIM HAPYWEHUEM CUMMETPUU

PaccMmatpuBaeTca CNOHTaHHOE HapyuweHue CHMMeTDMJ 8 KanuBpoBouHO
TEOpPUM NONAR BCNEACTBUE MNPUCYTCTBUMA B TEOPUM HenuHelHo npeobpasybdumxcs
nonei. HenuweitHo npeoBGpasyouuecs NONA WrpawT ponb ''pefyuvpynumx no-
neii'' cornacHo Teopeme O PeAYKUWM CTPYKTYPHWX Fpynn rNasHuiX pacchoeH-
HBIX NpocTpaHncTe. Ha ocHoBe nmocnepHel fenaeTca NEpecHMOTp HEKOTOPHX
CBOWCTB pepyKuuu kanubpoBoyHol Teopuu nons ¢ kanubposouHod rpynnoi G
AC TeopuM, B KOTOpOW kanubGpoBOUYHAA rpynna ABAAETCA NOArpPYNMON rpynns
G. OBcywpaetca npewge BCero pPeayKuna QOpMb CBRA3HOCTHM Ha rNasHOM pac-
CrOeHHOM npocTpaHcTee (noTeHuyuana Awra-Munnca). B pamkax peaykuuu
ecrtecTseHHsM 06pa3oM BO3HMKAET POPMa CRASHOCTM MNPUHWMMANWLIAR 3HAUEHUA
8 anrebpe Jlu rpynns, copnepwauei KanubpoBouHy rpynny Kak 3aMKHYTYo
noarpynny. Uayuaercs Gonee feTanbHO CMOHTAHHOE HapyliEHWUE CUMMETPUM
B cnyvae, Korga Teopwa AOMNyCKaeT pasnoweHue GOPMB CBABHOCTM B Buge
CYMMB CBOAUMOIM GOPME CBRA3HOCTWU M rOPU3OHTanNbHOM 1-dopMbi.

PaGota ewnonxeHa B flaGopaTopuu TeopeTHUecKon Ouauku OMAU.

Cooﬁueuug 06seaMHEHHOrO MHCTUTYTa AQepHMX uccnegosamuii. fy6ua 1980
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On the Reduction of Yang-Mills Potentials

in Gauge Field Theories with Spontaneously Broken Symmetry
The spontaneous breaking of the
o  breaking of the symetry in a gauge field theory
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We consider a gauge field theory with spontaneous breaking
of the symmetry due to the presence of nonlinearly transform-
ing fields. Treating the gauge group G as a structure group
of a principal fibre bundle and the fields as cross-sections
in associated fibre bundles, the nonlinearly transforming
fields play the role of "reducing fields" according to the
reduction theorem for structure groups of principal fibre
bundles. Based on the latter we review some features of the
reduction of the gauge field theory with gauge group G to a
gauge field theory, which is gauge invariant with respect to
a subgroup of G . We put an emphasis on the reduction of the
Yang-Mills potential (a connection form on the principal
fibre bundle). Within the frames of that reduction there
arises in a natural way a Yang-Mills potential, which takes
values in the Lie algebra of a group, containing the gauge
group as a closed subgroup (Eq.(3)). We elaborate in more
detail the spontaneous symmetry breaking in case the Lie
algebra of the gauge group satisfies Eqg. (4). Then every
"reducing field" relates to the Yang-Mills potential in the
theory another one, which is "correlated" with the "reducing
field" (Egs.(5),(9),(11)). The two Yang-Mills potentials are
connected by a 1-form field (Eq.(10)). Finally, we write the
relation between the latter and the "reducing field" (Eq.(8)).

We consider a gauge field theory as being defined by
(a Yang-Mills potential) a connection form on a principal
trivial fibre bundle P(X,G) with base X and structure Lie
group G and a set of (fields) cross-sections of fibre bund-
les associated to P (see e.g.’q'&3/ ) without fixing the
details of their dynamics.

1. Let ® be a connection form on P, i.e., w, :rp(P)~o'§,
for every p& P, where ™ (P) is the tangent space to P at
the point p ® and § denotes the Lie algebra of G . The pull
back of &© by a cross-section q: X P, T, =q*» is the
Yang-Mills potential (corresponding to @) in the gauge q .
In terms of another cross-section q° , q°(x) =q(x) gx),

¥We denote by r(M) the tangent bundle of the manifold M
and by r_ (M) the tangent space at m &€ M.
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g: X -G, one has

Fq,(x)= (q’*co)x = ad(g-l(x)) r +g dg(x) .

q(x)

2. Every field 35 is considered as a cross section of a
fibre bundle E =(Px®)/G associated to P with standard
fibre, the manifold @ (the action of G on @, TE : P> ,
g6 G is given). Relative to the cross-section (the gauge)

q: X4P every ¢ : XsE is represented by a (smooth) mapping
¢: X>®. By means of the cross-section 9, 7 (® =qx) gk,
g: X> G, one has ¢’: X-0 , ¢’(x) =T (&) ¢(x) .

3. We suppose that among the fields there are cross—sec—
tions of the fibre bundle K =(PxG/H)/G associated to P with
standard fibre the homogeneous space G/H of G, where H is
a closed subgroup of G and the action of G on G/H , F(g) :
:GlH > G/H , g€ G, is the natural one. The cross—-sections
z : X+K are those, which "break the symmetry spontaneously”.
In the context of a Lagrangian field theory they arise usu-
ally from the values of the Higgs field, which minimize the
"potential energy” or from boundary conditions, which ensure
finite energy (e.eg., monopole type) solutions of the field
equations (see /%7 ), By means of the cross-section (the
gauge) q: X5 P every such field z: X-K is described by a
mapping z: X+ G/H.. R

The‘,\covariant derivative (with respect to o) vz of the
field z : X +K is a 1-form field on X with values in the
associated bundle K’ =(Pxr(G/H))/G (cf.’/43/ ). In terms of
the gauge q it is given by a 1-form Vz on X with values in
7(G/H)

Vz (9 =dz (1) + F(z(x)« (T oxfD) (1)

where x X, t ¢ Ty (X) , and the second term in the right-hand
side of (1) is the value at 2z(x) €G/H of the fundamental vec-
tor field on G/H corresponding to Fq( )(t) cG . .

According to the reduction theorem t8, Ch.1], to every z:
:X +K there corresponds a reduction of the principal fibre
bunde P(X, G) to a principal Jfibre bundle Q(X, H) with a
structure group H. We call z: X+ K reducing field. @ ap-
pears as a subbundle of P with projection = q: Q- X which
is the restriction of # : P»X to Q. In general Q is not a
trivial bundle, although P is,

A collection of local trivializations lg,} of Q is

obtained in the following way (cf.”? ). Let {V,: 0€I} be an
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open covering of X such that for every o &1 there exists a
differentiable map 8,.: V, »G which satisfies

-

zly, ® =Fg,.®)CH, (2)
where e is the unit element of G . Then a.set'of local _
trivializations (local gauges) ¢, : V,-»Q is given by q,x)=
= (%) 48 (x) for every o&l and

mol(V, ) =lg,(®h:x €V, , h S HI

4. The restriction

of=0lq (3)

of the connection form o to QCP determined by

qu(x) TX(X), - 9

. -1 ; -1 de (x
an(x)= ad(g, () Fq(x) +g, (®ds (0
is a @ - valued connection form on the reduced H -subbundle
=
b Lét G admit the decomposition (as a vector space):
G=HekX, ad(KcK, for every h&H, {4)

where H 4is the Lie algebra of H, and K is identified with

1 og (G/H) . ” ' '
B}';‘hen an X -valued connection form a® on @ is determined

{8, Ch.11] by the projection

(5)
Aqa(X) =(C qa(x} H

# i ~-Mills potential
of T' gz onto H (Ag (sF 16 @ is the Y?ng
corresponding to « n the local gauge q ).

¥gince @ is a subbundle of P, rp(Q) for evetz;y fzi r?tais
a subspace of rp(P) and can be decomposed into hor

and vertical parts (with respect to @): r,(€) =H,(Q) +VP(G) .

# -
In general, of course V&)(Q) ¢ T Q. The form o annihila

tes the vectors from Hj(Q) and only them. These vectors we
call horizontal in Q with respect to w’ .



5. The difference »'=w'- a is a horizontal K -valued
l-form on G . It corresponds to a 1-form field »# on the
base X with values in the associated bundle KQ=(Q xK)/H.
In terms of the local trivializations Iqo } we give #
through the set of !-forms
~ #

ve=qkv =(an)K , (6)
where(an)K is the projection of T
forms Vg
of H .,

onto K. The local
transform according to the representation h-»ad(h_l)

6. The reduction of P(X,G) to Q(X,H) Jputs in correspon-
dence to every field ¢ a reduced field D N Egq=(@x ®)/H.
The latter is defined by a mapping ¢  : v, -, ¢>U‘(X)=T(g;1(x))¢(x)
in every local gauge 4, » o€l .

7. The set of reduced fields {qg # ! obtained from the
fields {¢?} of the initial theory with gauge group G, the
H-valued connection form «a in @ and the 1-form field
constitute the reduced field theory gauge invariant with res-
pect to H . The field z* XK o =(@xG/H)/H, corresponding
to the reducing field %, in every local gauge 9, is given
by the constant mapping (cf.Eq. (2)):

z o : VU - (D,

z,(x) =eH. (7)

Its covariant derivative with respect to w#
l-form field v (c£.Egs. (1),(6)):

equals the

vk o# (8)
(X is identified with o (G/H) ).

This relation and Eq.(6) enable us to find a parallel bet-
ween the massive vector fields in the gauge theories with
spontaneously broken symmetry via a Higgs-Kibble mechanism
and the covariant derivative of the nonlinearly transforming
field which appears in field theories based on nonlinear
Lagrangians (see, e.g., '7%/),

8. Sincg QCPis a subbundle of P it is possible to extend
at and ¥" to a§ -valued connection form ¢ on P and to a

horizontal § -valued 1-form ¥ on P, respectively (so that

# ~ # ,
a|Q=a , VIQ =v ). To this end we gauge transform Aqa(x)

—1 .
and o (x) by &, (x):
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Aqa(x)* A =2de, ( x))A%(X>+ g, (x dg ' (x)

(9)
ng(x)""x =ad(ga(x))uux, eV, . .
This provides us in the gauge q: X-P both with a Yang-
Mills potential Aq=q*a and a § -valued 1-form v=q*, on
X . The 1lat;ter transforms according to the representation
g »ad(g ) of G. We have, of course,
r q = Aq +v. (10}

Therefore, when the structure group G of P reduces to a
subgroup H and its Lie algebra § satisfies Eqg. (4), with
every connection form w on P, we can associate, firstly, a
9 -valued connection form a on P reducible to an H -valued
connection form on @, and, secondly, a horizontal Q -valued
i-form i (so that w=a+§)ﬁ. The horizontal 1-form ¥ corres-
ponds to a l-form field v(v|g=v ") on the base X with
values in the associated fibre bundle (P x'g )/ G.

Finally let us point out the fact that the reducing field
which gives rise to the reduction is covariantly constant
with respect to the connection form a on P. Denoting the
covariant differentiation with respect to a byV’ we have
(cf.Egs. (1), (5) and (7))}:V’z = 0 in every gauge. That
property has been used in’1%/ to consider the so-called
inverse Higgs effect.
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