
06oEL111HEHHbltf 
11HCTI1TY'T 
~LlEPHbiX 

11CCnELlOBAH11VI 

Lly6Ha 

m • -• • ·• s = :r 
z ... ... 
A. • ... ... 
I 
! 
! • lA 

E5 - 46.06 

G.Lassner 

TOPOLOGICAL ALGEBRAS 

OF OPERATORS 

~ 
~ 1969 



i ~ t 

ES · 4606 

G.Lassner* 

TOPOLOGICAL ALGEBRAS 

OF OPERATORS 

Submitted to Journal of Functional Analysis 

*Permanent address: Sektion Mathematik, Ka~l-Marx-Unlversit!it, 
Leipzig; DDR. 



,,(. 

> • 

l 
l . 

Introduction 

For a systematic stu~y of topological non-normed algebras 

and their representations one has to regard also representati

ons of algebras of unbounded operators.The impressive results 

of the theory of Banach algebr~s and their representations are 

obtained by a refined combination of algebraic and topological 

methods. Therefore one would lik~ to have also on an algebra 

of unbounded operators a "natural" topology like the uniform 

t'opology (operator-norm topology) on an algebra of bounded . 

operators. 

In this paper topologizations of algebras of unbounded 

operators are. compared. For an Op*-algebra (Def. 2.1) the 
\ "--

uniform topology !r'S> is defined (Dof. 4.1) which is expected 

to be a good generalization of the uniform topology on an al

~ebra of bounded operators. With this topolog in Sec.5 the 

notions of an o*_.algebra and of an AO ~ -algebra are defined, 

* whiqh are generalizations of the notions of a C ·-algebra and of 

an* -algebra. In Seo.·6 we prove for a large class of funo-
I 

tion algebras ·Ct-m) with the bioompaot-open· topology that 

they .are Ao* -algebras •. In Sec. 7 is investigated what topologies 

~~ are related to representations of the algebra of polynoms. 

The considerations in the last both sections are some 

modest steps to demonstrate that one can get nontrivial results 

about the structure of topological algebras and their represen

tations with the help of the concepts developed in this paper. 
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In a forthcoming paper we hope to appl;r the ideas develo~ed 

here to the investigation of representations of tensor algebras 

over a locally convex,space,_especinlly to the topological ten-

sor algebra · -8 ® over the Schwartz space · ..g , . which pla;rs · 
/ /11 12/. 

an important role in the quantum field theorr ' • 

.;1 

1. Definitions 

An algeb~a ..R- is a linear space over C (complex field) 

with ·a multiplication. We always assume .A to contain a unit 

element e I e 0..::. c:1...e. = -0.., ·, v 0... e_ ..A- • ..A 
algebra 1f in J\. is defined an involution 

is called a * -
0-. ~ o..* I (}. o_.}*:: 3. 0.1 

' / 

(o..+b)*=- o..'k + \,*"
1 

'to..b)*= b*o...* 
1 

Qll/c~=O...A LK-algebra .A is 

an algebra in which a locally convex topology is ~efined b7 a 

· set of seminorms · \1 \i 1'E. tt (index set)1 so that the multi-
1' I , 

plication is separately continuous, i.e. <::(-:> bo.. and o...-., o...b 

are linear continuous mappings of .A- for an;r bE: Jt . 

The system of seminorms 1\ \\ t' 
1 

t ~ "f1 1 of a locally 

convex space E. is said. to. be saturated if for '(1 t' 
1 

E: \' 

there is a t 1 
E: T' with 1\ X~ t + \\X \\ t 1 .6. 'K \\X \\ t" 1 l'\ > 0 • 

The multiplication a.
1 
b -"':1 o..b is said to be jointly con-

tinuous if for ever;r t~ 11 there are '('f' 11 
E:. r ! so that 

\\ 0.. 'o u t' ~ M \\ 0... u t'; a b \\ t" I v 0. I b e .A- • 
A LK-algebra which is moreover a -}f -algebra is called 

~ ' * LK -algebra if the involution· o..-:) a.; is a continuous map-

ping. 
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2. Algebras of oper 

Let :tl be a unitar;r space (uncompl 

the scalar product < q,," )'. 1 (). ~ 1 "\' > 
~ 1 "\''" t 1 "}. e. C (the field of oo 

A ". 

1\ ~ \\ - f._~- , ~) l . The Hilbert spac 

letion of ~ • 

By .tQ..tt)) we denote the algebra 

of !) • ( fo.. (!b) contains all linea 

on D with A'D c. 'D , without an as 

nuity). 

Each operator. A E: to.l<.t)) can be 

bounded) operator in lt· with the de~ 

By !, 0 tl>) we denote the set of all 

which are closable in )t , i.e. for ' 

1( exists ciJI,xii, 4.7) and b;r !. 
set of all operators . A E: f.o.. (9.)) fo:z 

At- - !. o..l~) exists, that ( ~ 1 A "i > 
holds. With other words, £,+ (~) ·coni 

A w1 th the domain l) (A)=';!) which 

1. ~ is invariant for A, A '1 
2. For A exists the adjoint opel 
J. The domain 9) <.A*) of the adj~ 

conta:1:ns·!l 1 ~(A*) ;:,·:3), 

and it holds A* 1) c::. tl • 
The restriction of A* to th1 
by A+. . 

Let us remark thato !
0 

(5:>) in general 
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we hope to appl7 the ideas develoJ?ed 

representations of tensor algebras 

especiall7 to the topological ten~ 

Schwar~z space · ~ , which pla;rs 

field thecr,.l11 • 12/~ 

De 

space over C (complex field) 

to contain a unit 

·..A is called a * -
. * (, *-an involution 0.. ~ o. 1 "'o...) :). 0..

1 

b* o...*. Q-lf~.:: 0... A LK-algebra ..A- is 
I 

convex topolog7 is ~efined b7 a 

(index set)
1

so that the multi

E1nuous, i.e. ~-) bo.. and o... _.., 0.. b 

for an;T b E: .A- • 

1\ \\'t 1 t ~ T' 1 of a locally 

be saturated if for 't, t-' e; T' 
X~.j + I\ X \\t' 4 }"\ \\X\\tu 1 M > o. 
o.b is said to be jointly con-

. , I II 
there are t, '6 E: r so that 

1 V o. 1 b e .A • 
a * -algebra is called 

0..-?1 o..* is a continuous map-

1 
j 

l 
2. Algebras of operators 

. 
Let !ll be a unitar;r space (uncomplete Hilbert space0w1th 

the scalar produc.t < l\l,"f,. 1 .(). ~ 1 "\' > :,.. ( ~ 1 ).. "\' > ::. · J.. <: ~\ '\') 
£\l, "\' f: t> 1 '}. ~ C (the field of complex numbers) .and 

A 

1\ ~ \\ - 1._ ~ , ~) l . The Hilbert space .lt denotes the comp-

letion of t> • 

B7 £, C\. ttl) we denote the algebra of all linear operators 

of i) • ( io.. (!I)) contains all linear operators A defined 

on D with ATJ c::. 'll 
nuity-), 

, without an assumption on the conti-

Each operator A E: to..l'i>) can be regarded as an (un

bounded) operator in 'X.· with the dense do~ain t) (A) :::::r. ~ · 

By !, 0 ll>) we denote the set of all operators A -a f..o.. (~) 
which are closable in 1t , i.e. for which the closure ~ in 

it/ exists (/JI,xn, 4.7) and b;r !+lD) we denote the 

set of all operators A E: to.. (9:)) for which an operator 

A+-r.. !.o..l9;>) exists, that <~,A"i> = t..A+~,"V/} ,V~,"f&fJ 
holds. W1 th other words, £,+ ( ~) · contains- all linear operators 

A w1 th the domain l) {A)= tj) which satisf~ the conditions: 

1. ~ is invariant for A, A 'll c:. S> 
. * 2. For A exists t~e adjoint operator A 

J. The domain 5) <.A*) of the adjoint operator 
contains ~.I ~(A*) ,::, :D 1 

and it holds A* ~ c::. ~ • 
The restriotioil of A* to the domain D is denoted 
by A+. 

Let us remark that -£~ (.~) in generalis not an algebra, 1:e. 
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i.f A I BE !~l~} oth~ 1.t is possible that A·& 4:. Lot~), 
because the closure A. B does not exi.st. But i.t holds the 

followi.ng · 

Lemma 2.1. 

1.nvolut1on 

£.+(~) 

A-7A+ 

i.s an algebra. Equipped wi.th·the 

.£+(~) become~ a * -algebra. 

It holds .£+ ('l)) c:: .leo(~) • .•. 
+ + ~· If A.

1
(?, E £.+\l)) then exi.st A and B and it 

holds .l.. ~,A&-\y)-: <. s+A-+~,"\') I v ~~~ ~-
From this we see that lABYi- exist and consequently AB E. f+~~) 

-+ . 
and l A ~) = '6 + A+ , Furthermore it is trivial that 

J.,A..~;re, Ef+(5:l) and-that lAAtre,)-+=).A+ +;::.. ~+ • 
Because for every A E: !.+ ~l)) the adjoint A* exists, A 

is closable and consequently, A e. £. <.21) • 
0 

holds the 

Lemma2.2. 

Further it 

i)For :D="At itis .f,+(~}=foll))= 06(1(..), 
the * -algebra of all bounded operato~s of 1t • 
11) If only one operator A E f+t!i>) is closed, then it is 

2:> :::. )e and consequently 1 f.+ (2)) = (8 ( )() 1 the ~ -al-

gebra· of all bounded operators. 

f!:.22!; 
i) Follows immediately from the closed graph theorem. 

11)~ We equipped: 5) with the scalar product ( ~ \ i' )=- (q,"t)+ 
+ (.A ~ 

1 
A"\'>. Because A is assumed to be olos~d, we obtain a 

complete Hilbert space · 1{_, = :f) (/J/ chap. XII,4). A beco-

mes a continuous mapping from 1{1 into 1( and oonsequentl;r 

< 4 
1 
A "\') , cf €:- '&t arbitrary, d,pends continuously on "t' e 1e,1 

(continuous with respect to the so~ 

and therefore by the Riesz theorem 

with ($
1 

A...J{ 7 =- ('X,"¥). Then i1 

= <Y.; "Y) + (A:y.,A'f > ~ <. "'f.:t-1\A:y .. 
holds q, E:: !0 <..A·*) and becaus1 

we have t) tA*) -= '1{. ~ '!t1 = ll . 
of Theorem 4.J is the following th1 

Theorem 2.1. Let A = A+ be 1 

..t.t- (~). If in· 'i). exists a 
the HHb_ert norm 1\ \\ ,i.e. 
such that A is continuous w: 

1\flr ~ \\ 1 ~ \( \\ <\l \\-1 1 then A is l 

with res~ect to the norm U " 
~:.For any ~·E-t) it bo: 

lA" ~\\ 6.. ~ IIA~~\i 1 ~ ~ Kv\\~\L, 
i.e. every ~ E: ~ is an analytic V< 

sequently A, with the domain ~ l 

adjoint (of/4 •5/) and thus it exi: 

·-roa 

A~ = \ ;. d E.:>. q ~t-:Z 
._co 

We suppose now that A is an unb, 

F.=-I-E i' o 
). " 

~).. E: i) wit~ 
an element of <j) 

for all ). <. -1-oO 

F" ~A+ o < "fr 
) and it holds ~, 



is possible that A-& 4: !. 0 \~), 
does not exist. But it holds the 

is an algebra. Equipped with·the 

!+(~) becomes a * -algebra. 

.tr. t~). 
) then exist 

e,+A-+~,"\') 

+ + A and B and it 

v ~;'\'E: ~. 

-~~ 

-+ exist.and consequently AB E. f+~~) 
Furthermore it is 

-+ - 1-AAtr~) =).A 

~~) the adjoint 

A e. £. o <.21) • 

trivial that 
- o.+ + ~ 0 • 

*" A exists, A 

Further it 

.£, +(~)) = fo li>) = 06('\t) 1 

all bounded operato~s of 1t • 
A E f+lSl) is closed, then it is 

I f.+(~)= '(a()l_) I the "*"' -al
ters. 

from the closed graph theorem. 

th the scalar product ( ~ \'\f)::. {~ 1'f)+
assumed to be closed, we obtain a 

(/J/chap. XII,4). A beoo-

1{1 into 1( and oonsequentl;r 

d'pends continuously on "t' e 1t1 

. I . 
(continuous w1 th respect to the scalar product ( "'\' 

1 
~ ) ·) 

and therefore by the R1esz theorem exists an element 1- E: }{ 1 

with < cp 1 A"\'./ =- \"X,"\') . Then it follows < ~ 
1 
A '\f > ::. 

= ('f.;"\') + (A "f., A 'f > ,: <. Y.,:r A A"{. 
1 
'( ) • Consequently, it 

holds 

we have 

~ E: ~ (.A*) and because 

1) <.A"" ) = 1t ~ ~1 = ll . 
4> was arbitrary o£ 1l 

Important £or the :proof 

of Theorem 4.J is the following theorem: 

Theorem 2.1. Let A = A+ be a symmetric operator of 
·!.~ (~). If in 'i) exists a norm \\ h 1 stronger then 

the Hilbert norm 1\ i\ ,i.e. \\ ~ \\ ~ G \\ ~ \\ 1 , ~1 "> O ; 

such that A is continuous with respect to \\ il1 
1 

liA ~ IL, !. I<\\~ \i-1 1 then A is also a bounded operator 
with res-pect to the norm \\ \\ • 

~:.For any ~ €-~ it holds 

JAv ~\\ ~ ~ IIA~~\L\ ~ ~ \(~\\~\\"' l ~,. o,-t, ... ' (2.1) 

i.e. every ~~~ is an analytic vector for A and con

sequently A, with the domain ~ \ is an essentially self

adjoint (cf./4 , 5/) and thus it exists a spectral decomposition 

~toO 

A~=\ ').dE.t.~ ~E.-l) (2.;~) 
._oo 

We suppose now that A is an unbounded operator
1

say-

F).:. r -E.,. i' 0 for all ). < ·1-oO I then there is a veotor 

~).. ~ ~ with f-,. ~/. + 0 ( "f.,. ~). is in general not 

an element of <I) ) and it holds !or v =- o, 11 t 1 • • • 1 ~ > 01 
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~ y .\. ~ .\. v . . 
). 1\ F '). ~ ">- \\ ~ \\ A F >- 'f '>- \\ ~ \\ A " 1- \\ ~ t; ~ \\ ~ 1-\\ -t 

For '). "::> \<. that is a contradiction. 

Hence A cannot be unbounded. 

Remark: Without tee assumption A • A+ the last 
,rJ 

theorem does not hold (see also Example 5.2, Statement 2). 

In this paper we use the following notations: 

Definition 2.1. 

A subalgebra J\.::: •. Mt) of !.o..<.X>) is called an Op
algebra if J\. c:. f, 0l~) and an Op*-algebra if .A is 

a .:,4: - s~balgebra of .f.+ t~) • 

From Lemma 2.1 it can be seen that for ~ exists a maximal 

Op*-algebra. We remark yet that any op* -algebra is an Op -

algebra. 

). Topologization of the domain 

Let ... ~ =-~ t~) be an Op -algebra then by t ~ · we 

denote the weakest locally convex topology in <I> w1 th 

respect to which every operator A E: J\. is a continuous 

linear mapping of the locally convex space 1) t tJ\.1 into 

'1) c. 1st (equipped with the Hilbert space topology). 

Lemma J.l. 
i) The topology t.A is defined by the seminorms 

II <\>\\A. ""' 1\ A~ 1\ 
1 
A E: .A- 1 <\> E-2:> 1 . and is stronger than the Hil

bert space topology defined by the norm \\ \\ •. 

8 

' 

J_ 

i1) Every operator 

operator of !) Lt.A 1 
linear transformatio 
itself. 
iii). If every operat 
peot to II \\ ) then ~ 
space topology defin 

12:22!= 
i) Follows immediate 

is stronger than the Hilb 

contains the identity I. 

ii)!For an arbitrar: 

1\Q,~I\A. = \\AB~\\ ~. \\ 
Therefore ~ · is ,. oont 

iii) follows from ~ 

and the fact that n II 
, t n . 1\.., : A " J. \ • 

Lemma ).2. 
1) Let .L. be an (li 
Op -algebra ~ t!l) 
defined by the semiz 
ii) If ~l~) is az 
basis Z.. contains 

i -'- A+ A + s+ l; , 1 
of seminorms is sat\ 
system of all seminc 

Proof: -·'·. 
i) Each A E: J\ o&l 

·. 
with A;_ ~.A- , ~ ~ 001 

l <\> \\ .At . ~ \a_ 1\ \\ ~ 1\ A'l ~ • ~ • 



-J 
~ c; ¥. \\~)\\-1 

A • A+ the last 

Statement 2). 

rnt 'nw1.ng notations: 

of {.Q..(.~) is called an Op-
) and an Op*-algebra if J\. is 

.f.+ t~) • 

that for ~ exists a maximal 

that any op* -algebra is an Op -

t.A- · we 

-- with 

A E: Jl. is a continuous 

convex space ~tt.A1 into· 

topology). 

fined by the seminorms 
~~,·and is stronger tb&n the Bil

by the norm \\ \\ •. 

\ 

...,; 

ii) Every operator A ~ ~ is not only a continuous 
operator of ~lt,A. 1 in~o It 1 but al.so a co~t~nuotis 
linear transformation of the LK-space 1) It~ 1 into 
itself. 
iii). If· every operator . A e .A is bounded (nth res
pect to II \\ ) then t .A- coincides with the Hilbert 
space topology defined by fi 1\ • 

!3:22!= 
i) Follows immediately fro• the def~nit1on of t.A- , -l..q. 

is stronger than the Hilbert space-topology, because ~ 

contains the identity I. 

11 )! For an arbitrary Be J\. and . \\ U A it holds 

1\ ~ ' 1\ A. =- \\A B ~ \\ ~ \\ ~ U c · 1 because C. =- A B E: ~ • 
Therefore '2> • is a continuous operator in· · ~ t t.A 1 ', 

iii) follows from \\"' \\ -'. \A\\ ~ ~ \\ for bounded :A . A 
and the fact that n u is also a seminorm of the system 

._ t n "\· ... : A" J. \ • 
Lemma J.2. 
i) Let L be an (algebraic) linear basis in the 
Op -algebra J\. {!b) 1 then the topology t~ _is already 
defined by the seminorms " \\ A with A. €: ~ • 
11) If ~(.~) is an Op* -algebra and the alg~braic 
basis "Z.. contains with A,B also the operator 
1 .._ A+ A + (;+e:, 1 then "the system . \\ q \\A , A.'= L 1 · 

of seminorms is saturated (see Sec. 1). Especially the 
system of ah seminorms_ \\ \\~ 

1 
A(:~\. is saturated. 

~=-
i)Each A~J\ _canbewritten as A=o(1 A 1~·-·-t-~"'A" 

with A~c..A- , <:(~ complex number, and it follows 

~~\\h ·~ \e~.A\\~l\A 1 +-··+oCv.\\~UA~This proves i). 

"9 



· 11) For A e, E: 'l;. 1.t holds 
\ 

tlt\>1\~+Q~IIe,)l. ~ t~<."-t-A~,~> +-.(%+e,~ 1 ~>) 

" :t <. ~ ~ \ ~ > ~ :t \\ ~ ~ \\ \\ ~ 1\ 

wit~ q ..... I + A JrA + e,-t& ~ Because \\ ~ \\ l:., \\ c; ~\\ 
i ~follows fi <\! \\ " + \\ ~ \\ e, '- 'R \\ ~ \\ C 1 <"t. ~ • J. · 
The locall;r convex space ~ L.t:~ 1 is 1.n general not 

complete. Its oompleti.on cl71' 1. 5) we denote b;r ~ L r .A-1 

Lemma J • .3. 
Let ~ (2!) be an Op-algebra, i) dense in the 
Hilbert- space )t • The nat~rall;r given continuous 
imbedding of 1) [. t~ 1 into 1t can be uniquel;r extend
edr to· a continuous_ imbedding of ~ l t~ 1 into- '1... and it 

holds then ~ t t . ,. (\ ~(A) 
~1. A ~ . J . . .,f: <JT 

where ~ (. ii; ) is ~he domain of the closure A of the 

operator A~ J\. • 

~-
We equipped ~ ~A) with the norm U ~ \\ 

1
A = 

:a t 1... <\, ~ > + ~A q 
1 
A q > 1 l,. ~ tA) is complete with res

pect to the norm \\ \\ 1A (/.3/ chap. XII, 4) and t is dense 

in !! tA) • n is 1> c. 0 1\ ~ CA) and 0 ~ t'A) 
· · • A~"" ~ Af:<A-

is complete with respect to the topolog;r · t~ defined by 
I . 

. all norms· ~ \\ A . \ A G ~ • Further, · j) is dense in 

f\ ~u.'A) with respect to the topolou tJt and it is eas1 
Af:~ ~ . 
to see that the topolou . f.A- induces the topolog;r t~ 
on '1;) • Consequently! (l ~ (A) equipped mth the topolog;r 

N ~'A . . 
-1: ~ . is isomorphic to the completion of ~ L t ~ 1 • 

. IO 

.Examples: 

Let 1t::. L~ U~.'1,) 
tio summable :tunctione l) 

differentiable functions w 

the * -algebra of all d 

- 2:. O..n W\ X 1\ ( clJ")·'W\. I 
1\, ~~0 " 

ferent from zero, then .the 
N f\J 

Schwartz space -s = 1) t. i 
algebra .of all differentia 

onl;r finite man;r {VI tl!.) d 

an arbi tracy infinitely diff 

is the Schwartz space D 

4. Topologizatic 

In this se.ction WE! in 

ferent topologies in an 

Let -A = JH!D) be an 0 

sets ~ of the locally 

be admissible.if le for 

Jt<. 2. iE-
6 

is dense in 

there is a J'e {) with J 

Definition 4.1. 

Let ~= Jtl~) be 
system of bounded set 
a topology 1,) .S . by 

t~ :· Ps;""(A) = ~· 
.. 

II 



l <.A-t-At~> +-. { B+B4, ~ >) 

<. ~ ~ l ~ > ~ ~ \\ ~ ~ \\ \\ ~ II 

·Because \\ ~ 1\ ~ \\ ~ ~\I 
'- Vi' \\ ~ II c , ~ . e . J. . 
L tJ\. 1 is in general not 

l, 1.5) we denote b7 ~ Lt.A-1 

, ~ dense in the 
naturall7 given continuous 

into 1t can be uniquel7 extend

.,edding of ~ l t~ 1 int-& X and it 

= (\ ~<.'A)} 
Ac~ 

domain of the closure A of the 

I 
uq,\\A = 

~ lA) is complete with res

chap. XII,4) and t is dense 

fl ~l'A) and n ll) t.A) 
E- .A "' A!:..A. 
the topolog;y · t J\. defined b7 

Further, · i) is dense in 

"' 

..J 

the topolog;y t ~ and it is eas7 

~ . inducel!l the topolog t.A-
~ l A) equipped mth the topolog;y 

completion of ~tt~1. 

Examples: 

Let )t:. L~ \. R") be the Hilbert space of all quadra-
oo . . -

tio swmnable :f\mctions l> = {! 0 \1! . .'') the space of infinitel7 

differentiable functions with compact supp~rt and · .A-\{~) 

the *-algebra of all differential operators A • 
- .2:_ ct~ W\ X" ( dd )."" 1 onl;y tini t'e ~1 a. m are dit~ 

Yl, ~~0 )( 11, ' 

ferent from zero, then the completion _of tl [t,A.,] is the 
N ~ ) 

Schwartz space 'S = n t -l.a 1. If ~~l<i> is the *-
"'"' (d ~ algebra of all differential operators A c. :2:.. ~ ~ (x) ;rx) 

'W\"0 · X I 
onl7 finite man;y {VI t1-) different fr.om zero and '"' ~) 

an. arbitrary infini tel;y differentiable function, then' ,;) t t Jl.) 
is the Schwartz space D • 

4. Topologization of Operator Algebras 

In this se_ction WE? investigate the properties .of dif

ferent topologies in an Op-algebra or an Op* -algebra . 

Let J = .Att) be an Op-algebra. A s;ystem ~ of bounded 

sets .M. of the locall;y convex space ~ tt.A.] is said to 

be admissible .. if l• for i.KE -6 and A E: J.\. it holds AJ<. e £ 
2. 1Je-

6
Jt<. is _dense in 't. and' J. for. tA(. 1Jl

1 
G 6 

there is a ./e: .() with .M. U '-'L 1 C::.. Jf • 

Definition 4.1. 

· Let ~ = JH~) be an Op-algebra and -6 an admissible . 
s;ystem .of bounded sets of ~ l t.Jf l, then we define in · 
a topolog;y '.) S by the seminorms 

't~ .. ~ r:·-€ 
\ Ps_~JttA) = 

' 
~~ 1\A~ftB Q, E·J\. 

I 

II 



and the topology 't€ by the eudnonas 

1'-6 : ~A"'""" = f..\r6~ \.<~I A"\'>\ \ tM. £ ~ • 

It · (; = 6 .... ~ ie the s7stea of all bounded sets of 

~ L t.A.J we write 'l' l>: 1' -6' ~o.x al\cl. It, =:. ~ ...t' • . ~. u_q 

Beoause.;of the properties 1-J. oi' € 1it eas7 to see .that 

..A- L'l'-6'] and ~[.'r-6'] are looal~T convex sp~oes, :rroa l.it · 

follows PB,wt (A)~ 0.:> and 1\ A l\(.4(.~ Oo t~r A,~ E: ~ 1 t.k{ e -61 
from 2. it follows that A• q 1t · f's,..w.lA):s 0 tor all 

~ 6 .A- , J(. G ~ or \\A l\.k 0 tor all JA. .e. 6. 

Theorem ,.,1. 
i) For an OPT&lgabra JH~) the ault1pl1oation is sa
paratelr c~ntinuous With respect to_ 1'-6'· 1 i.e. ~t~.C1 
is a LK -algebra • . . 
ii) It . J\. t l)) · i~ an Op * ~gebra 1 then .A l 'S' '6' 1 
is a LK'*'~lg~bra, i.e. the muit1pl1oation is sepa
ratel~ continuous and the 1nvolut1o~ . A_., A+ is con
tinuous ldth respect to 1"-s • 
~: 

i) For an.'arbitrarT B G~ we have to show that A-) BA 
and A_., AB . &re continuous transtorsations 1n. Jt L ~ e] • 
Let p,.. .u ( .·) , C c ~ .A(. G -6 1 be one· of the semtnoraa · 

"''~ I . 
toi' tt-(' · , then it holds 

Pc . .M. <. BA) = ~ R c SA q II = p d u (A) 
I . ~f:J(.. . c.~,...,. . 

and consequentl7 A-') SA is continuous. :Further, 

. Pc,r)(. (A B) -. 'V-""'f \\ C A e, ~ R .... P. -t A ) 
~E-JA c._, B..K . 

I2 

~ 

and thi.s means A -"!>A B · is co 

11) Let. now ..Al~) be ·an 

·~lot € G • Let Jf be a set of 
\ I . 

let J(' be a set of .S with .1' 

' + 1\ B A II 1M. = ~ \ <. \; t J 
~.1' e:<M. . 

1\ A \?) \liM. ;=: ~ ~I.M. \ < ~ I A 

\\ A \\ J.t "=- I\ A+ II t}.(_ • 

From that immediatelr follows t 
+ . ' /\-') A B and A~ A With respe 

Remark. In genera~~~or an 

is not a . LK ..algebra, even nc 

topology 'Y «;;) and ·for an 
+ .. 

/>.-::; A is in general not cont 

i.e • ..A.t'l'"1 is in ge~eral IJ 

Examples5.1 and 5.2), 

But it holds. the fol.lowing 

Theorem 4.2. 
i) If every operator 
bounded, so it holds 

A c 

'!'1) 

where .'!'11 11 is the usus 
ii) 'l''i) is stronger ths 

.9;) 
·it hol~s tt ""~1) if and c 

Ail?> -")A·~ is jointly cc 
topology· '3" · , 

~ 

IJ 



by the seainormc 

&.N<.l<~.A"t'>\, t.«. £{). 

systea of all bounded sets of 
~· a: !' . -o.~ al'\ol 'f~ =:. ~ "t>W\o.x • 

• ·or -€ 1 1 t_ easy to see that 

locally oonTex spaces. From l.it . . . 
A 1\l.k < oo f~r A 1 e, E ~ 1 tNt e -b I 
q if: f'e .M.lA)=O for all 

. I 

l.k o . for all JA. .e. ~. 

(~) the liultiplioation .is sa- . 
threspeotto_1'-6' 1 i.e. Jl.t-:r~1 

*-a1gebra 1 then .A l 'l' li' 1 
.e. the muitiplioation is sepa
the 1nTOlut1on ·. A_., A+ ia con-

'l' -6' • 

G ~ we haTe to show that A~ BA 
tr~sforsations 1n Jl. L ~ 6 J • 
G € 1 be one· of the seminoras · 

A q II = p . (A) 
. . c:.~.~ 

continuous. Further, 

A~~~ ,. P. tA) 
c._, B..K 

.... 

and this means A ~ A B is continuous, si!loe B eM. E 'S,. 
ii) Let. now ~(~) be an Op*" -algebra, B ~ . .A- . and 

VJt E 6 • Let J{' be a set of -6 w1 th .#''::I~ U B.K ~d 
\ I . I + 
let J(' be a set of ~ with. Jf ~ ...K U B ~ 

1 
then it holds . · 

1\ B A 111M. = ~ \ ( B + ~ A~ > \ ~ \ A 1\ ·" ,. 
~I "f e:.M I lA' 

1\ A \)) II tM. .:: rt c:\M. \ <~ I A B"\' > \ ~ ' A 1\; 

\\ A \\ Jl.. ~ I\ A+ II tM.. • 

From that immediatelr follows the continuitr of A...:.) B A J. 

A......:, A B and A~ A+ With respect to the topolosr ~ 
0 

· • 

Remark. In genera~for an Op-algebra JH.'l>) Jl L ~'61 
is not a LK -algebra, even not for the strongest 'S' '6'-

topology ~~ and for an Op*"-a.lgebra the involution 
. + . . . ~ 
A~ A is in general not continuous with respect to 3'. 1 . . * .. 
i.e. J\.t'l'll1 is in general not a . LK -algebra. (See 

Examples5.1 and 5.2). 

But it holds the following 

Theorem 4.2. 
i) If every operator A of an Op-algebra .A(~) is 
bounded, so ,it holds D _ 

$' - :!'n = 'l'- \I I, 

where -~II 11 is the usual operator-norm topolog7. 
ii) 'l"i> . is stronger than 1'l) .. For an Op* -algebra 

·it holds 'l'9:) =-'rn 1f and only if the mu~tiplioation 
A,B -~A·~· is jointl7 continuous with respect to the 
topology· '::r - , 

~ 

IJ ' 



!3:.2.2!= 
.i) B7 Lemma J.l iii) t.A- coincides with the ~ilbert-

Space topology defined by \\ 1\ • Let X • t ~ c ·l) : \\ ~\\ • 1 ~ 
.he. 

be 1;1nit ball of ~ , then 1.(. is bounded with respect 

to ~.A- and for every bounded · J<. c. ll t t oA 1 there is a 

poshi ve ~ with ! JA. c:. 1<. • Then. follows for P, E-~ 
r & \Jr\ l A) = ~ \\ e, A q \\ · ~ c<. 1\ e, \\ \\ A II • 

. I 'Y E:.M . 
Furthermore one ha·s 11 A \1 ~ Pr )<,(A) 1 I the unity, and 

I 

oonsequent17
1 

the system of seminorms f ~ 1M. (A) is equi-
' 

valent to the one norm I\ A \\ • 

In the same way one proves the ~qui valence of 'l'%1 and, :>11 U, 

ii) Let .M. be an arb! trary bounded set of t t t~ 1 1 

then it holds 

1\A\\VA=~ ·\<.q,A"\'>\ -'.M··p. tA)J 
~~~E:IM. . r,.A<. 

where M = ~ \\ ~ \\ ~ Consequently 1 .~ 'j) is stronger 
'6\M. . 

then $' !l> • 

Let .At~) now. be an Of>* -algebra. If '3'5)::, ty'll 1 then 

for every bounded J,(. C:. ~ t t-4 1 there is a bounded J{' c::. 

c. ~ t t.A] with o (A) ~ \\A\\ ·" • . ltiiM \If 

Therefore we .obtain · 

nA& \\~ .= ~. \ <~ 1 A'O"\''>\ =
-~,"\'E:~ 

hM.f \ 4. A+~ I Q, "f ) \ 
~,~E:W\ 

~ Pr ~(AT) r (e,) ~ l A+UJ{' \\10\\\,1{ 
I I,.M. 

~ \\A \\~ \\ B 1\ vr 

I4 

'{ 

I 

and the multiplicat~on A1-e, 
Vice versa, if the multiplj 

continuous with respect to 

..NL c:: ~ t t .A 1 there is a 

1\A+B+e,A\\ ~\A+\\ ~ 
\M. IJ{ 

for A1 B E- J\. and oonseqt 

-~-

t'\l> .M. lA) .:: . ~ \(I 
I ~ E: ...V., 

~ ~ \< 
"\', ~ <:1M. 

~ "' l\ A II~ \\ 

and thus p~>iv,{. \A) ~ "' 
Therefore '! i) is stronge 

st~onger than ~D 1 it fol 

· It is remarkable that 

topology .'ri) a certain o 

proved, namely the 

· Theorem 4 • .). 
If in'an Op* -algeb 
defining a stronger t 

operator A~ J\ is 

· We remark that K U c 

which makes .Ji to a nox 

assumed the multiplicatiot 

A ~'> A+-. to be oontinuouf 

I5 



coincides with the ~ilbert-

• Let lC • .( <\> ~ l> ; i\ ~\\ 4 1 ~ 
is bounded with respect 

· J<. c. .n t t J\. 1 there is a 

Then follows for P> e ..A-

A q \\ · ~ o~. 1\ S \\ \\ A II • 

1 I· the unity, and 

f ~,1M. (A) is equi-

of 'l' ~ and, 1'1\ II' 

set or iltt114-1 
1 

" M · p. tA )J I,<K 

is stronger 

It 13" !l ::. 'r ll 1 then 

-41 there is a bounded J{' c::. 

( A ). ~ U A \\ lA"' • 

'> \ :. '-f \ <. A+~ I ~ "\' ) \ 
~,"\'E:tM. 

S) ~ ~ t-.+u Jf \\ ~1\w 

.,~; 

1 

i 
•j 

·I 
i 
I 

and the multiplicat~on A,S _;;)A e, is jointly continuous •. 

Vice versa, if the .multiplication A,e, -'J A I;, is 'jointly 

continuous with respect to ~~. 1· then for every bounded 

.Kt c %) t t .A 1 .there is a bounded · J/'. r::::. ~ t t ~ 1 so that 

ft A+ e,+ e, A \\\At ~ \A+ 1\ll/ ~ e,t II\.( l ~\~\\A \\IN= 
for A1 B E J\. and consequently 

1 

. :t 
P ~ ..M. tA) -= ~ \ <. BA ~,\;A~> I ~ 

I ~E:..kt 

\\ A\\ . .t \\ Q, \1 :~. 
I)(. V( 

~ ~ \("\' A\-~\-BA~)\ = hA+g+~A\\~ 
"¥,~ EtM.. . I . U1. 

~ I\ A 11 .• ~ \\ B\\ .t ) 
Vf Jt. 

and thus Pe,;~ (A) ~ 1\ e,l\\k' ftA 1\vr 
Therefore 'l'i) is stronger than~ 3'~ and since 

st~onger than 3'D 1 it follows ~~ ='ril • 

l> 
'! is 

· It is remarkable that for an op·l\- -algebra and the 

topology ';r~ a certain converse of Theorem 4.2lcan be 

proved, namely the 

·Theorem 4.J. . 

If in an Op*~lgebra ...Q=-.A-(il) exists a norm I\ 11
0 

defining a stronger topology than ~ l) 1 then every 
operator· A~ ~. is bounded. . 

· We remark that II U 0 is not assmned to be a norm 
1 

which makes ·~ to-a normed * -algeb~a, i.e. we have not 

assumed the multiplication A, e, '""'? A· B or the involution 

A-') A+ to be continuous with respect .to H ·I\ 
0 

• 
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~: 

• Let l'(, be the system of all bounded sets of ~ t t .A] 

wi.th the property ·. 

1\ A 1\v.c.. ~-\A\\ 0 for all A."E ..A • 
I 

We prove: 1. In "M. exists a maximal element J(. o 1 i.e. from 

~~e.J/'f: lt. follows ..M.., = vf. 
2. J/...

0 
is a closed absolutely convex set, i.e. 

from q,, "t' E: Jl... it follows or. c\> + {?> "¥ e<k{ 

for \e~.\ -r \~\ ~ "1 

bounded set ':\.(. 

1 
and · ..4<. 

0 
absorbs every 

of l) t t.A 1 \ i.e. there is a. 

").. 1{, c. J.<.o • ). ~ -0 · with 

aci '1): Let .{.tit\ 
and vf = U Jf t 

be a subset of ~ l ordered by 

c:. 
t 

.Jt 
i.e. J(t c: J(' .• If we yet 

of 'lt , then the existence 

is an upper bound for . ..(. Jl' -t \ 
1 

show that J(' is an element. 

of J<. o follows by the Zorn's 

Lemma. 

Let ~ be a vector of Jl' 1 then ~ E: Jr t for a certain 
. 0 

cl '(; and for A E: J\. it holds 
0 . 

fi~RA"' = <~1A-rA~> ~ ~A+AIII.i ~ \\A+AI\ 0 
. to 

The right-hand side does not depend on .:It and consequent-
. ~ 0 

ly 
1 
~ oJI \\ ~ ~A ~ \\ A+ A \1 o · and thus t.J( i

1

s ~ounded in 

l) t t~ 1 . · Furthermore, since \. J/' t \ is ordered, for •. 

q I"\' E v/' there is a· vf' t.., with ~ \ "\' E J' t
1 

and thus 

\{~ 1 Ai'>\ ~\\AI..(t. ~ \A\\o • 
" From that it follows II A 11 tN' ~ 11 A 1\ 0 • Consequently 

J/' is an element of 1t • 

I6 

l 
I 

I 

ad 2): Since ~ 0 is maximal i 

see that ~ is closed and absol 

Let 1{, ,be an arbitrary bound 

also J/.... 0 U 1<, is bounded and beoa 

stronger than the topology 1' ~ 

with 

\\A\\ IM.~UYv ~ ; \\ A 1\ o. 

We put Jr<. I ::. J/..c 0 l )"- \<,) · and tall 

have to distinguish three oases a) 

b) ~ E J<.o I "f' <: f' ){, or "\'e 
o) ~~1 (:r x. 

For a) it holds I ( i' 
1 
A~) 1 

for b) (or c)) it follows \ <. '\' ,td 
~ )A- \\A 1\ l.l{o u ~ 6. \\A \\o 1 i.e •. 

Because J<. 0 is maximal 1 it folJ 

i.e. JA...0 absorbs the set X 1 aJ 

is completely proved• Now we defin1 

functional for J/... 0 1 

' \\ ~ \\ -1 ::. ~ {-t>o . ·.1 . t 

Because Jl... 0 is absorbing and. b 

norm in <i) 
1 

_which is· stronger tha 

also bounded w~th respect to the n 

-Furthermore, for A+:: A f: J\ 
bounded set in :!) r tJ} 1 and in 

I7 



system of all bounded sets of .~ tt J} J 

6.\AI\o for all A. e ..A • 
exists a maximal element J(. 0 1 

follows tM.., = cJ/'. 
i.e. 

... 
is a clo.sed absolutel;r convex set, i.e. 

from 

<\>I "Y E:. cM,. it follows ~ ~ + ~ 't\1 e..t{ 

\DI.\ -r \f;.l ;_ ""\ 1 and .M. 0 • absorbs ever;r 

lt of l) t t.A 1 \ i.e. there is c1 

0 with· ').. 1{, c.. tU.o • 

be a subset of 1t 1 ordered b;r 

• . J/' is an upper bound for .( Jf -t ~ 
1 

.• If we ;ret show that J{' is an element. 

existence of J<.o follows b;r the Zorn's 

a vector of J/1 1 then ~ £: j to for a oer.tain 

A E: ~ it holds 

1A-rA~> ~ RA+AIIw ~ 1\A+AI\o 
t .. 

does not depend on J' t 
0 

and consequent-

~ 1\ A+ AU o · and thua tJ{ is bounded in 

ermore, · since \_ J/' t l is ordered, for· .. 

ls·a·. vf-J. with ~\"\' E J('t and thus 
01 1 

>\ "IIA.IJ{'t. ~- \AIIo. 
follows 11 A 11 ~ -" 11 A 11 0 • Consequentl;r 

1t.., 

16 
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I 
I 

i • 

ad 2): Since ~ 0 is maximal in 1St 
1 
it is eas;r to 

see that ~ is closed and absolutely convex. 

Let 1(, .be an .arbitrar;r bounded set of X> Ltj, 1 
1 

then 

also J/...0 U ~ is bounded and because the norm " II 0 is 

stronger than the topolog;r '!' 2) , there is a positive f. 6"" 
with 

\\A \\ IM.t~U "Yv ~ ~ \\ A 1\ o for all AE~. 

We put ...\( 
1 

=:. J/...o u l )' \<,) · and take 
I 

~ I "\' E: Jl.. We 

have to distinguish three cases a) ~ 1 "\' E: tM.o 
1 

b) ~ E J{0 I "\' E f' V.., or "\' E t.l(_, I ~ f: r 1.{. and 

c) t\>,"\' t:r ~. 
For a) it holds \ <. "\' A ~ ) l ~ \\ A\\ ~ \\A\\ 

1 .J( 0 , 0 

for b) (or c)) it follows \,'\',A~)\ -=r \<.~"\' 1 A~>I 
~ .f- I\ A \\~ .. u1<. ~\\A\\., 1 i.e •. _-At'_ = ~ .. U ~~1<.) E: tz 
Because J(. 0 is maximal

1
it follows ? )\. C::. J<. 0 1 

i.e. J.{.o absorbs the set 1<, 1 and thus the propert;r 2. 

is completel;r proved• Now 'l'l'e define in 1J 
functional for 1).{ 0 1 

.\\ ~\\_., ::. ~ { -t> 0 ·.1 q E: ~0 '\ 
t 

the Minkowski · 

Because J/... 0 is absorbing and bounded 
1 

\\ II~ is a 

norm in 1:> 1 . which is · stronger than ll 1\ 
1 

since . J<. c is 

also bounded with respect to the norm 1\ \\ • 

,Furthermore, for A 4-: A €: J\. A J{ 0 is also a 

bounded set in l> [ t:& 1 and in consequence. of 2. there 

I7 



is a K ;;.- 0 with ~ A JA 0 = Jlo. From this follows 

n A~h-\ ~ K 11~11-1 , .i.~. A 
is continuous with respect to the norm li li .1 and in _con-

sequence of Theorem 2.1 A is bounded. Since every symmetric 

operator of J\ is bounded, so it is also every B E. ..A 1 

,..since Bf:.A can be written in the form B = 1 (~;.+1?:.) +:i(i.e/-d~) 
where Q,-;- + e, and ·~ ~ t--~ \!> are bounded operators. 

An analogous theorem for an· Op -algebra and the topology 
1l ~ does not hold (see Example 5.2). 

"'* 5e 0 -Algebras 

The investigation in the foregoing section, especiall;y 

Theorem 4,2 and 4,J,~hows that for anOp* -algebra the topo

logy ~~ is a good candidate for a topology which is ex

pected to play the same role as the operator-norm''top<?logy 

of an algebra of bounded operators. 

Definition 5.1. 
An Op* -algebra ·.A= .Atl:l) equipped with the topology 
't'l) is called o* -algebra and denoted by .A-S):.~ t'l'.b 1 

The topology 'J 'l is called the uniform topology· of 
.... q. • If an $-*-algebra ~c-. is a complete locally . * N 

convex space it is called 0 -algebra. 

0 * ' The concept of an . -algeb:l.:a is a generalization 

of the concept of an C-* -algebra. It is remarkable that 

in the case of unbounded operators the-difference between 

IS 

'f 

. " . 
0~ -algebra ·and 0~-a 

than the difference betwe 

bounded operators and a c 

operators, a elf' -algel: 

of bounde~ operators is s 

gebra that does not hold 

as it will be shown in EJ 

The concept of _an •• 

because for that one wou: 

then an of' -algebra is 

with respect to the topo: 

Example 5.2. Consequent!; 
...... 

1' 0 -algebra" would ca: 

and 'J!) do not coinci' 

Our main objects ar 

but t.he Op -algebras 

of extensions of an 01 

'!>
1 

:::> tl . As it is d 

gebra · ,JHil) construct 

so that every extension 

is an restriction of J 
logously to the case of 

The Op -algebra 

We define ~~-::::. n ·)) 
. AE:~ 

of the usual adjoint op1 

operator A* ' whic 



.Nto c:. Jto. From this follows 

-I J.~. A 
the norm li 11.1 and in _oon-

is bounded. Since every symmetric 

1 
so it is also every I; E. J\ 

1 
the form B = 1 ( ~;. + l») + :iu.e.+-~e.) .,.. 

~I> are bounded operators. 

an 0 r -algebra and the topology 

e Example 5.2). 

A o* 

foregoing section, especially 

that for an Op* -algebra the topo

te for a topology which is ex

as the operator-norm'' topqlogy 

=~(~) equipped with the topology 

-algebra and denoted by ..A-ll=- ~ ['3'~ 1 
is called the uniform topology· of 

gebra J\. 9.l is a complete locally 
. o* . -algebra. 

0 ~ . 
-algeb~a is a generalization 

* -algebra. It is remarkable that 

operators the difference between 

I 

i 
f 

., ,. 

Q~ -algebra and Q*'-algebra is much IJ!.Ore essential . 

than the difference between an uncomplete ·normed.algebra of 

bounded operators and a complete normed algebra of bounded 
~ operators, a C -algebra. Whereas every normed algebra 

of bounde~ operators is a dense subalgebra of a . c~ -al-

gebra that does not hold in general for an 

as it will be shown in Example 5.1. 

A* . 0 -algebra·, 

A. 

The concept of an 11 0 -algebra" we shall not define, 

because for that one would have to take the topology ·~CJ) 
1 

then an Or -algebra is in general not an L \<-algebra 

with respect to the topology 'rS> 1 as one can see from· 

Example 5.2. Consequently, an iS*-algebra regarde~ as 
~ ~ 11 0 -algebra" would carry another topology 1 since - S' 

and ~~ do not coincide in general. 

Our main objects are '* o p -algebras ( 6* -algebras), 

but t.he Op -algebras play a role 

of extensions of an 0 p.>,<, -algebra 

'3)
1 

-::> l) • As it is done in/6/, 

gebra ,JHD) construct a maximal 

ao that every extension of ~(~) 

by the investigation 

~t~) to a wider domain 

one can for any Op"* -al

Op -algebra ... 4 * ( l)*) 

to a wider domain 1)1 :::> ~ 

is an restriction of J\.~ (5)*) to ~ 1 c. .:0"* 1 ana-

logously to the case of one symmetric operator (/J/,chap.XII,· 

. The Op -algebra Jl.* (5)-'k) .is the following one: 

We define <£)*:::. n ·!t)(A*), where 2) (A~)' ia the domain 
M:..A- . ~ - .. 

of the usual adjoint operator A. of A E: J\. 1 and the 

* operator A* , which is the restriction of lA+) to 
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~ ·"lr • It can be shown that the set .J\* l 'D-¥.) of all 

operators .A* is an D p -algebra and that the mapping 

A ..::; A·*- is an algebraic isomorphism between .Al'V) and ..A~.(ll"*)• 

We shall investigate the problem of extension of Op-:".·_ 

algebras in a forthcoming paper • 
....! 

Definition 5.2. 
A * -. representation Q. _._, ~l<A.) of a :tr -algebra 

~ is a * -homomorphism (/2/, IV) of 5'v onto an 

or* -algebra JH~). ·~t-
A *-representation of a L \< -algebra (locally 

convex ~ -algebra) is said to the weakly continuous 
if < <\1, A lo.) '\f > depends continuously on a. for all 
~ 

1
"\' (: t> ~ The ·*' -representation 'is said to be 

uniformly continuous if ~-?Ala.) is a continuous 

mapping of 5'v onto the "8 4 -algebra -~ t'r~1 • 
It is well-known that any -~ -representation of a 

Banach ~ -algebra -t.St with an identity element is uni-

formly-continuous. One can now prove certain generalization 

of this fact 

Theorem'5.1. 
Le·t o. _., A lo..) be a * -representation of ·a L~~ -al-

gebra ~ • If for ~ l:: i) f ~ (.o..\ ::: <. <\> 1 A( <A.) ¢> > 
is continuous in 0... , then o.. -:> A(o.) is weakly con-
tinuous and if furthermore ~ is a barraled, space, 
(tonnel~/7/) so a_-;, A<..o..) is also uniformly conti-

nuous. 

~: 

Let ~h be the. real subspace of the symmetric elements 

o...:atfof 'S\. • For ·a..E: 5\,l-1 it holds 

20 
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t 
11 
I, 

.1, 

1 
~;, 

r 
i\ 

r 

.i; 

. 1 

I 
I 
'\-_\ ... 
. \ 

~ 
\ 

4(q,"<.o.)~>=- F~+"t'(o.)- F~-'\flc 

and consequently ( ~ 1 AlQ.)"f> de]; 

01. (: lt.,h for any- q~'\' f:-'i) •. Sii 

and the involution 0.. -0) 0.. :r.o is COI 

depends continuously- on all o... E: -~ 

Let .M. be a bounded set of t [ 
define 

ll J.t e, = t 9-. e ~ : i\ Ala_) II 4. E \ =-
, . ~ -

Every set t ()... t: 'S\,: \(~ ,A<.o..) "t'>l 
is absolutely- convex and closed, 1 

is continu~us in <1 and thus · ll.M. 
I 

convex. Furthermore 1 ll.M. E. is ala< 
I . 

for any o... ~ 5\. it "is 0... \ A<.o..)l 
' 

\\ f\ lo...) 1\ .=. 0 • If ~ is baJ '""- . 
neighbourhood and oonsequently 1 ~ 

tinuous. 

Theorem 5.2. 
Every * -representatipn o: 
uniformly-_ continuous • 
A F * -algebra is a comple~ 
topology is defined by- an en1 

p"' l<A.) for which p"'lo..•b) 

~: 

-* . A r -algebra is a barrele1 

is a positive_ functional on ~ aJ 
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the set . -.A~ (en"*) of all 

-algebra and that the mapping 

isomorphism between JH'V) and .Ail)*)• 

the problem of extension of or·-
paper. 

o. _.., Alo..) of a 

sm (/21,rv) of 
* -algebra 
~ onto an 

·)to 
L \( -algebra (locally 

to the weakly continuous 
s continuously on ~ for all 

-representation 'is said to be 
if o. _., A(o.) is a continuous 

"8 4 -algebra Jlt'!'~] • 

any ·*- -representation of a 

with an identity element is uni

now prove certain_ generalization 

. ~ * -representation of ·aLl<. -al-

t E: tl F<j> lo..' = <. t\>, A(o..) ct> > 
, then Q.. -:> A(o.) is weakly con-

ore 'S\v is a barraled, space, 
A(u.) is also uniformly conti-

subspace of the symmetric elements 

5\.11 it holds 

,.; I 

I 
. I 
{i 

I 

,r, 
), 

'i 

r' i 

I 
i 
,J\ 
..: 
.t 

t 
I 

4 {~I Ato.) '!'> =. F,~.. '\1/(o.) - F,~, '\lito.) - i. FJ.. •. to..) .v'~. Fn, . (o.) 
. -rt 1 y- 1 "f·h'j' . 'f-L't 

and consequently <. ~ 1 A.lo.)'f) depends continuously on 

o.. (- 'S\.h for any q,'\' E-l:> • Si~ce <>.,.::. ~ ~o..* -4-Q.) +~ (~o..•-i.o.) 
an'd the involution Q..-"> o .. * is continuous, so also ( ~ 1 Alo.)'\1' > 
depends continuously on all o... E: 5t. 
Let J1... be a bounded set of ~ [ t.A] and E. .,. o • We 

define 

U " , == i 9-. <= S\. : i\ A l o.) II 4 e 1 = 0 t Q E: ~ •• \ <. ~ 1 Mo.) '\' '> \ ~ €. \ . 
.~,"' eM. 

. ~.~ E.M_. 

Every set t o.. E: J\, : 1 ( ~ ; Ala.) "''> 1 ~ c.~ 
is absolutely convex and closed, since I <. '\{' 

1 
A (o..) ~>I 

is continuous in o. and thus · U..M.,E.. is closed and absolutol;y 

convex. Furthermore 1 U...K. e. is also an ablJorbing set, then 
I -1 

for any Q.. '=' ~ it 1s o,.. l A<.o..)l!M. £ €: ll.M.,~ 1f not already 

\\ A to..) \1 ~ 0 .. If 5\, is barreled ll ... , is a 
~ . .....,<;. 

neighbourhood and consequently 
1 

<>.,-') Ato..) is uniformly con-

tinuous. 

Theorem 5.2. 

Every * -representati~n of a F* -algebra ~ is 
uniformly continuous • . * 
A F * -algebra is a complete U<. -algebra wh1ch 
topology is defined by an enumerable system of seminorms 

P-n to..) for which f'"' lo.•b) ' p...,lo..) p"' lb) holds, ."(\ =-t,z., ..• 
f!:2.2!: 

A F* -algebra is a barreled space. For q e ~ <. ~·. Alo.\ ~> 
is a positive fun~tional on ~ and.in consequence of/81,· 
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~ 

Theorem l, it is continuous. Thus we can apply the foregoing , 

theorem. 

With the following definition we give a generalization 
~ . 

of the notion of a B -algebra. 

Definition 5.2. -'-"' . * A o*-algebra reap. AO -algebra (abstract. o*-
algebra) we call a U<.'* -algebra which is algebraically 

"""* and topologically ~ -isomorphic to an 0 .,;.a,lgebra 

reap: to an 0~-algebra. . 

Doubtless, it would be an interesting result, if one 
·~ 

can find an abstract characterization of an A 0 -algebra 1 

like the property i\ ·x '*x 1\ = 1\xl\"' of a ~;*-algebra. 
In this paper we must restrict ourselves to give some 

~ 
nontrivials examples of AO -algebras in section 6 and 7. 

As a corollary of Theorem 4.J we note here the following 
/A~ 

property of an AO.-algebra: 

Theorem 5.J. ,A* 
If the topology 1' of an A 0 -algebra Jlv is not 
a norm-topology, then there does not exists a norm in ~ 
defining a stronger topology than ~ • 

. 
This is a strange result, because in a normed 

A.'j(.-

/\0 -al-

gebra it can ex~st a stronger norm •. For example the algebra 

C.:-\ L o 
1
11 equipped ~i th the norm li ~ \\ ·=-- -'w...f 1 \ ~ l~) I is 
~*' ·. xeLo1'\ * 

an AO -algebra (namely a dense subalgebra of the £; -

algebra. c; l 0 I 1 J ) and in G" L o, 1] exists a stronger 

norm, namely \\ ~ \\ '\:::: \\ ~ \\ + 1\ £-x. ~ \\ , As conclusion of this sec

tion we give two examples. 

22 

Example 5.1. 

Let. 1t be a separ~ 

an orthonormal basis in 

all linear combinations 

~·'\lh,,··J• E~ery A 
matrix A = ( o...,.. y) , d ef.: 

A. .,\., = 2. 
"(,... ~ 

and for A+= ( 0..~ ") . ,... 
it is o..,...~:: 0 for }<.: 

£..+ t~) is the set 

row or column only fini· 

Let 'tv. 
1 

1'\=- 1 1 :l,l • ' • 1 

positive numbers and A 

then for ~- .L. X.,.. ~~ 
'11\~1 

\\ ~ k .. ) = 1\ ~ \\ A 
u.. \.t_.J 

This system of seminorm 

. Ptt ) l <\1) .... 5-. IX, 
.... 0\7/, 

The system Plt ... )t~) d 

locally convex topology 

Statement 1 

In the Op* -al€ 

coincides with the 

the system of all 



• Thus we can apply the foregoing 

definition we give a generalization 

* . * • A 0 -algebra (abstract 0 :;.' 
LK~-algebra which is algebraically 

A* * -isomorphic to an 0 .;,.a,lgebra 

be an interesting result, if one 

* -.n .. .,. .. ~terization of an A 0 -algebra 
1 

·* of a P, -algebra. 

must restrict ourselves to give some 

* AO -algebras in section 6 and 7. 

we note here the following 

'.r of an "'"'* A 0 -algebra J\., is not 
then there.does not exists a norm in~ 

topology than 'S' • . 
result, because in a normed 

-"'-!1- . 
AD -al-

tronger norm. For example the algebra 

th the norm II f 1\ ·= ~ \ t l~) I is 
xeLo,·tl * 

ly a dense subalgebra of the ~ -
-1 

in C L 01 -1] exists a stronger 

\\ + 1\ ~X.~ 1\ , As conclusion of this sec-

/ 

22. 

E x a m p 1 e 5.1. 

Let. 'lt be a separable Hilbert space and · ~~, ~ :t-., ••• 

an orthonormal basis in 1{ • By t we denote the set of 

all linear combinations of finite many of the basis vectors 

~-1 I ~~I •• ! • Every A ~ !-i-l~) is uniquely determined by a 

matrix A.:: (o.J4Y) , defined by 

A·~ = i_ o...J-1.~ ~" 
'YJ-'- ~· 

+ and for A+= (<:l~'ll) it holds 0..}4 17 =- a.~r • Furthermore 
= 0 it is 0...,._~ for }4."7;- flo{v) or ~ ~ "o l,..) • Hence 

t+(CJ:>) is the set of all matrices which have in every 

row or column only finite many elements different from zero. 

Let 't"' 1 '1'1=- ·1 1 :!.1 •• • 1 be an arbitrary sequence of 

positive numbers and Ac.t..,) E: .f ... lD) the operator . a..~"= Sp.~> t
11

) 

then for ~- .L. X.., ~'o\ E- ~ it holds (Lemma J.l) 
'111~1 

1 

\\ ~ U~y: ) = 1\ ~ 1\ A. = \ 2_ \x ... \:!. t ~ ) ~ 
"' ~~) ~~0 '\II 

This system of seminorms is equivalent to the system 

Pv· ) l <\!) .... :L1 IX"' i ·t""' 1 ( t"f\) positive sequence • 
D'l'\ l'\~. 

The system Plt.,..}t~) defines in i) the st.rongest possible 

locally convex topology t~ and consequently 
1 

t P = t ~Q.J( • ... ~ . ""+ 
Statement 1 

In the Op* -algebra 4l~) the uniform topology 

coincides with the weak topology 'S's ~ r l' • -6 . 
~V>\"' I ~'"' 

the system of all finite dimensional bounded sets of. ~. 

2J 



!+l'l'2>1is not complete and since f.~t'il) is the ma-
~ ""* . 

ximal Op -algebra on D 1 the o -algebra !+t"rt> 1 
cannot enlarged to an o* -algebra, 

1It is seen that every bounded set .At c. J) l-t..A-1 is 

contained in a certain finite-dimensional apace, generated 

by _,~I\>" 
1 
••• 

1 
~ N • Consequently, in 4 ('b) the uniform 

topology .'l'!> coincides with the weak topology 'S' £ • 

The lineare space of all matrices lO:.,....,) c; .f.-+l~) regarded 

· as a subspace of the topological product lf c;,.." 1 C.,....,= C, 
' ... ,~~-~ 

the complex f~eld, is dense in the direct product and on {~(~) 

the topology ~~ = 'S' S coincides with the direct product 

top~logy. Hence {,+ t'i>) t l'~1 is not complete. 

Statement 2. 

In {+ (<})) the involution A-) A+ is not continu-

ous with respect to the topology ~~ 
We regard the sequence A'l\ 1 '1\::.....,,l, ••· 1 of operators 

A'Y\ ~\1 -=. ~'9-'1\ 1 ~'9-'1\ := 0 fo1" 'I-VI.(. 0 

Then it holds A: ~-J =- ~ v+ 'h 

· Since every bounded J,t c.. ~ [ t.9 1 is contained in a 
. J..+ 

L l~'\ 1 • • • 1 Q>N 1 1 we have for E:, c:: !.+ (~) 

~ v. ~ N ' Pe,,.M.lA'I\)=0 

Thus A'VI converges to zero with respect to 'l'l>. But 

?
1 

Jt ( A:) = 'V.vf ~A+ ~ ~ = 
I ~eJA V. 'f 

~ \\~\\ 
~ ~u.t 

and hence 1\+ 
'II\ 

does not converge to zero. 
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::f 0 I 

.. 

Next we regard an 0 p -a 

algebra. 

E x a m p 1 e · 5.2. · 

Let 1l. be a Hilbert spa 

l~1\~a.,····,"V-i,"V~,----~· 
example 1the_algebraic linear h 

· ~(X>) we take the _Op -alge 

B ·· (and t A l\ .. ...,,l., ... and 
V. I ' I 

by 
A"~W\ = dYIW\ q~ 

1\ '1\ "'( WI = 0 

B ~ W\ = """~W\ 
e, i' V'.\ ;::. 0 • 

Since ·A and 
. ~ 

e, are opers 

is a sub.algebJ algebra J\.t~) 

-algebra. 

Statement ·1 

The linear mapping A..;;, 
·.with .respect to the topo: 

not a LK -algebra. 

It t"s easy to see that tl 

by the single norm 1\ ~.1\ 1 -.. 

25 



e f."" t~) :1.s the ma.;.. 

o*-algebra . !+tr~ 1 

.M. c.J) t t..A.] :1.s 

generated 

~l~) the un:1.form 

topolog;y 'S" s • 

ti..J--'1) €- !,_. 'l'n) regarded 

lf c;J-''11 I ~f'V:. C, 
.A.I,~ :J-'1 

t product and on {~(~} 

the d:1.rect product 

not complete. 

-) A+ :1.s not continu

t;r fl. 

1 • •• 1 of operators 

.... = 0 fo1" '1-V\ ~ 0 

:1.s conta:1.ned in a 

~ t+ (~) 

' 
to 'l'l>. But 

\1 ~\\ =\= 0 I 
·£:-out 

to zero. 

.. 

Next we regard an Op -algebra wh:1..ch is.not an 

algebra • 

E x a m p l e 5.2.' 

Op*- • 

Let 1l be a Hilbert space w:1.th the orthonormal basis 

l~1 \~l..t···· 1 "V,. 1 "\'2.. 1 --·! and ~ 1 asin.theforegoing 

example1the algebraic linear hull of the basis vectors. For 

~(X>) we take the Op -algebra generated b;y the operators 

A ll=> ..f, l.,... and 
• V\ I I B (and the identit;y operator I), defined 

b;y 
A~~WI = d'YIW\ ~W\ "• VII\.~ -t,.z., .•• 

f...\'\"'('1'1\= 0 

B ~ ""' = '"" "¥ w. 

e, i' v., ;::. 0 

Since ·A and .... B are operators of .f+(l)) ·1 the Op~ 

algebra J\.l2l} is a subalgebra of {+(%>) 1 but not a sub-*-

-algebra. 

Statement l 

The l:1.near mapping A~ BA of J\-l'i:>) is not continuous 

, with respect to the topolog;y 1" ~ 1 i.e. . J\. ['3'~1 is 

not a LK -algebra. 

It is eas;y to see that the topolo'g;y 

b;y the single norm II ~ 1L1 = ( \\q, \\ ~ 4-

25 
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and consequently the topology ~~ of J+l~) can be de

fined by the single norm 

n A n :. ~ \ <. ~ , " "\' > 1 
o ~VE:~ 

I ' 

where ~= .{. ~E: i): ft~\\ 1 ~ 1 1 

A e ~t<j>) 1 

is the unit sphere 

....-;,i th respect to the norm l \\ 1 • 3<, is exactly the set of 

all ~ = '2:. tx\'1 ~ .... + ~\\ "\'" )G:.'D with 
. ~7/.f ' 

Now let 

it holds 

L l\X"'\"'tV\:&.+1)+.\'\~\1.) ~ -1 
~-;.1 

'lf'-= ~1 tx~ <\'"+'j~ '\'"') be ariother element of 9) 

.1. . \ 2. -.., 
l.£..'t' 1 A~'"f>\ =\X,.)(."\~ \'YI. +1) 1 

-1 
i.e. \\ AV\ no ~ ("n.,_-t-1) • Consequently 

1 
A ... converges 

to zero for 'V\...;, oo • 
I. _il. 'r/ 

For "'J.."" =- (l'l +1) ~ 'V\'1· E: ;s\. and "¥..,. we get 

lBA .... l:~ ~ \~"\' .... ,~Av."f- .... > I 
. A 

- _n__ ~-- 1wt•1, l.. 

and thus ~A~ does not converge to zero for . 'VI-'"> co • 

then 

From the foregoing considerations we get yet the fol-

lowing 

Statement 2 

The unbounded pperator ~ e ~t~) is continuous. with 

respect . to the norm \\ \\ 1 and th~ topology ~ tl is 

given by a norm, although the algebra contains unbound-

ed operators. 

This statement shows that the assumption of Theorem a.l 

A to. be symmetric and the assumption of Theorem 4.) ~l~) 
'Ill- ' ' 

to be an Op -algebra are essential. 
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6. 'Realizations o: 

In this section .we pr· 

t1ve rnultiplicatively-conv· 

that they are A o*-alge 

Let ~ be a topolog 

the * -algebra of all c 

the usual involution . ~-=; 

conjugate function • 

We equipped C l lrt.) .w 

topology defined .by the sy 

\\~\\v ::: ~ \~ 
" . '(t:-" 

where K is an arbitrary 

In/lO/ ::1: t is pr.oved t 

oonvex topological * -a 

algebraically ·: * -isomor 

complete bornological s~ac 

Theorem 6.1. 

If OTt is a locally 

any compact subset is 

compact- open topolOB 

Before we prove this 

hold for every locally bic 

note the space of ordinalf 

'-



'l'» of ~l~) can be de-

>I . A E: ..A. t'I>) I 

1 ! is the unit sphere 

1 • ~ is exactly the set of 

IO.'D with 

2.+1) + .\)lo\\2.). ~ -1 • 

) be another element of ~ then 

I 1.. --1 
)1.\\ \ ~ l "1\, + 1) ' 

Consequently 
1 

A"' converges 

and '\If ... we get 
V\ • A - ~ ~-

- lVI..t+1 I ~ 
ge to zero for . ""_.., co • 

tiona we get yet the fol-

~ ~ ~t~) .is continuous. with 

1 and th~ topology ~ ~ is 

the algebra contains unbound-

the assumption of Theorem 2.1 

sumption of Theorem 4.) ~l~} 

ntial. 

,-F· 

6. 'Realizations of Algebras of Functions 

In this section we prove for a large class of commuta-

tive multiplicatively-convex topological 

* that they are A 0 -algebras. 
* ~lgebras/9/ 

Let "'6a! be a topological Hausdorff ·space and C! (ln.) 

the * -algebra of all continuous functions on m with 

the usual involution { -/ ~*::: ~lX) 
1 

'l.t-m 1 the complex 

conjugate function. 

We equipped C l m} .with the so-called bicompact-open 

topology defined by the system of seminorms 

H\\K - ~ \~lx>l 
'Xt·K 

where k is an arbitrary bicompact subset of m. 
In/lO/ it is proved that a commutative multiplicatively-

convex topological * -algebra . ~ is topologically and 

algebraically * -isomorphic with a . S l m) if :R. is a 

complete bornological space. We prove the 

Theorem 6.1. 

If OJ!. is a locally bicompact Hausdorff space in which 

any compact subset is bicompact so ~l~) with the bi-

oc:impact- open topology· is an A o* ~~gebra. 
Before we prove this theorem we show that it does not 

hold for every locally bicompaot space 1Tl. • Let . W de-

note the space of ordinals less than the first uncountable 

. ' 
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ordinal. It is well-known that VV is locally bicompact 

and that every function ~ E: C. <.. W ) is bounde~. Hence, 

the norm \\ { \\ 0 = M."'f \ ~ Uc.> \ defines a stronger topology 
X&W 

than the bioompact-open topology and since VV is not bicom-

pact{ the bicompact- open topology of G \W) ·is not a norm

topology. Consequently, we obtain from Theorem 5.J that ~ \w) 
,.,; Ao* is not a -algebra. 

Proof of Theorem 6.1 

Let ~ be the system of all. positive measures ~ 

on ~ and 'T,.... the support of r . Let be further 

ll..r::. L.t.lT/", }") and i>r the space of all ~,.. E lJ..J.-.. with 

bicompact suppo~t T ~ • We define "£. = 2:. ~ · 1t,.... 
' ,..., ~~ 

(Hilbert direct sum) and '}) ::: L ~ r · r 
1-'E:l 

(algebraic direct sum). 

Now we define a * /..;representation of <; t m.) into 

.£+ (21) I ~ _.., J\. t~) I b;y 

A(~)~= 2. Al~)~,u. 
r-r::~ 

\At~)~M.)tx)== ~(lc) ~~be), 

where t = ~tx) E G ( m) • Let ~(2>) be the set of 

all so define4· operators At~) • It is easy to see that 

~ l m) and ..A-l~). are algebraically * -isomorphic. 

It remains to prove that the * -isom:prphism ~ <:-> A\(.) 

is a ho~omorphism: between c!. t m) .and .A- t l'%) J • ~ ( m) 

is complete, because )it 

(completely regular). 

28 

is assumed to be locally bicompact 

Let K be a bicompact sub 

the set of all ~ =- L.. ~)"E-~ 
r-~'&' 

Then it holds 

Proposition 1 

~. K is a bounded set in 

. \\ {IlK - 4 .\ ~tX) \ = . x~v.. 

For · <\> = ~ ~ .M- E: ~K . it 

II At') <\> \\ ~ ~f \ ~tx·d = \\ ~ 
)(.E:- \<. ·."" . 

b.ecause for every component ~ J 

1\ A ( p ~ 1-4 \\ ~ = S \ ~ tx )\ l. l 
. . T~f4 

Corisequentl;y, .J.t 1<. is bounde 

By ~pplicatio~ of (6.2)·one show 

-~ A·t~) \~K -~. \\~\\!<. 

To prove the converse inequality 

with \ ~ l)(o) {· = "\1~ ~ \< 1 JAi( 0 the P 

and ~ ~ Xo ll(o) --.1 the. vector 

spo.oe L l. ( T J-4.){,. ·, r Xo) == t.Ur~ro· T 

\t A t ~) ~ ~ K ~ ' < ~fAx 
0 

• A t n ( 
and proposit~on1is proved. ThiSI 

At~)~ ~ is continuous fro 

To end the proo~ of the Theorem 
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that W :is locall;r bicompact 

~ €: ~ ~ W ) is bounded. Hence 1 

~~)\ def:1nes a stronger topolog;r 

logy and since VV is not bicom

topology of G ~W) ·is not a norm- / 

obtain from Theorem 5.J that ~ t W), 
,-) 

of all positive measures ~ 

of r . Let be further 

the space of all ~I" E )ll-'- w1 th 

• we define "£. = 2.. E9 · 1{,.. 

'D == 2:. ~. r ~:-3 
'""E.~ r 

..;representation of <; t ~) into 

\A\~)~.u.)lx):::: ~tx) ~,.._tlC), 

• Let .,A(2>) be the set of 

It is easy to see that 

braicall;r it- -isomorphic. 

!tE- -isomprphism ~ <:-> A\(.) 

C. t m) and .A- t l' D 1 • ~ lm) 
is assumed to be locally bicompact 

Let K be a bicompact subset of OTt. ~d J/... K 

the set of all ~ =- 2.. ~ )" E- ~ with T <?,.... C:= K. ann' \\~\\ = 1. 
.JJ-t:'!S 

Then it holds 

Proposition 1 

v.<. K is a bounded set in ~ [t.A1 and 
' ' 

\\ {II K - ~ '\ ~ t)r..) \ = \\A tp \\ II 
l&K. ~K 

(6.I) 

For · 4 = L.. ~}"- €: J<.K it holds 
' ,.. 

II At~) ~ \\ ~ ..Y....f l {ex\ I = \\ ~ \\ \<. ~ Oo (6 .2) 
X.tr K "'' . 

because for every component ~ 14 

"' ~ . r l. · l. n ~ ..1.. ~ 
I\ A ( p 't'""' \\ = .) \ ~ lx )\ l ~ ~ tx) I cJ.. ~ . ~ 11 ~ 1\ \( \\ IV r \\ . 

. I~,.. . . 
Consequently, J{. 1<. is bounded in i). L tJr'l • 
By application of (6.2)·one shows immediately 

'R A·lp \_ 11 ~ \\ ~\\ 
VI\. K , 1<. 

To prove the converse inequality let X
0 

c K be a point 

with \~l)(o)\· =l~~\(,JAI(0.the point-measure ftx
0

llCo) ·=- 1 

and ~JA-x..,l)(o)=-1 the.veotor of the (one-dimensional). 

spo.oe L J., ( ~)( .. ,I rxo):: 'Vr~o· The.n it holds 

\\ Al~) nd(K ~ \.( ~I"Xol Al{)tlJ.4x.>\ ;::: \~t::o)\ ~ n ~1\1( 
and proposit1on1is proved. Thispropositionproves that 

A(~) --':> ~ is continuous from J.['l'Il1 into <; tlrl) 
To end the proof of the Theorem we provo· 



... 

Proposition 2 

For a bounded set JK of ~lt~1 there exists a 

b.icompact set· M c: l'ft. with 

. II A tp ~J(. 4 c '~ l M I c > 0 • 

With all ~ = ~ ~ 14 E ~ we define 
. . A E.'Y 

K = ~ \l_T9_,.. : cP ~ J<.1 fo ~ ~ ~ 
and show that M:. K is a compact and therefore a bicom-

pact set. Suppose that ·~ is notcompaot, then 1n K 
exists a sequence of mutually different points x~,x~ 1 •• • 

• Let ~'V\ I 'V\=- -1,2., •• • which has notan adherent point in ~ 

be sue~ a sequence of vectors of ~ that the support 

T~YI}'\-.. of the 14~ -th component of t\?'V\ con-

tains the point ~ • 
Yl 

Now we apply the 

Statement: 

There exists a sequence V/1 , VI,._ , •.. of mutually 

disjoint closed neighbourhoods of ')('\ , }I.,_ , • • • so that 

for any sequence ~1 , lt,. , ••• of positive numbers 

there is a continuous function tlx) on "lrt with (.<xl="K"' 

for X fE: W Yl • 

Since Olt is a normal space, one can construct the WYI 

in such a way that U VJY\ is closed in lfl, • We omit de-
~ 

tails of this construction. The existence of ~t~) follows 

then by the Urysohn's lemma. 

Now it is 
.i 

fJ. :: ( . s \ ~"t\ (X) \ ~ j_ M ) ~ =t- 0 
r~ rYI I Y\ 

w"OT~'f'l;u"' 

JO 

since XVI. is a point of 

Let ~(X) be the funct: 
--1 

K" = Tl ~YI , then : 

R At{) ~Y\ I ~ 1\A.lp 
in contradiction to the 1 

is bioompact. Now one pr~ 

where 

1\Atp~\N.. E: 

c :. '-f \\ ~\\ 
~h\{. 

~ 

1 •. A: 

In this section we : 

topology 'r the * -alJ 

P = r tx > -= 2.. c( Yl x" ' , 
A~ ~'?0 

an AO ·-algebra 'ft-r] 
in the following way: Le· 

space and T = T + a sym1 

called-infinite if the 
• . Yl 

~3p~ptT)= ~ot.Y\Tl 
Y\ ,.o . 

Let ~ t)") be the ~ -a: 
If T is infinite 1 then 

induces 1n ~ a looall; 

by 'l"T • The problem : 

If T is a bounded ope: 

J 



Jl... of i) ttJ\.1 there exists a 

c: lft with 

~ c..l~IH I C>O. 

~,.. E J.<. we define 

cl> ti:..JI.., }4 ~ ~ ~ ~· 

compact and therefore a bicom-

is notcompaot, then in K 
different points X4 1 'X. .a. I • • • 

point in 1rt • Let ~YI 1 'V\ =- -t! 2., • • • 

that the support 

~ -th component of 

Now we appl;y the 

' ... 
)('\ , 

~~ con-

of mutuall7 

')1.,_ , • • • so that 

of positive numbers 

s function tlx) on m with (.Cxl= 1("' 

space, one can construct the Wvt 

is closed in ~ • We omit de

The existence of ~l~) follows 

~ . ~ 

F~)\ ~r"')L * 0 

"' 

Jl) 

since x~ is a point of the support T ~"!'fl~ 
Let ~lX) be the function of the statement with 

--1 
K" = Tl {?l"' 1 then 1 t follows 

" 

nAt~) ~"' n ~ I\ Alp ~ .;,,....,.. \\ ~ V\ , "'"" .,,z., .. · , -in contradiction to the boundness of : .k( • Therefore M=\< 
is bicompaot. Now one proves as in proposition 1 

1\ Atp ~1M. "c·\~~\<. , 

where ~ 

C:::. '--f \\~\\ ' 1 .~.e.c\. 
~ E:llt 

z .. Algebra of Polynoms 

In this section we investigate with ~espect to which 

topolog;y 't the * -algebra '3> of all pol;ynoms ·· 

/ p.:: f lX) : .2_ ~.,..'f..V\ '
1 

f* :::.. ~) . 1 . becomes 
"""* "'l-0 an A 0 ·-algebra 'j t-r} • The problem can be reformulated 

in the following wa;y: Let . ~ (dense in "}/.. ) be an unitary 

space and T= T + a symmetric operator of !,+tl:l). T is 

called.infinite_if the ~ -homomorphism 
• VI 

:93 p -!1 p(T) = ~ ot."'T e 4l21) is a 
. 10 \'\70 
Let ·.> t)") be the ~ -algebra of all 

~ -isomorphism. 

operators p tT) ~ 

If T is inf1nite 1 then the uniform topology . ~9:> of ~lT) 

induces in 5> a locally convex ·. topology which we denote 

b;y. 'l"T 

uT 
• The problem is to determine all topo~ogies -.r1 • 

is a bounded op.erator 1then it 1s inf:lnite if and 

JI 



Onl7 if the spectrum et (T) = ~('f) 
1 

T . the unique extension 

of T · t• 

'l'T in 

~ , contains infinite m&n7 points. The·topolog7 

~ is then the normtopolog7 

rt.' T 1\ p II,. = ~ \ r.lx) \ 
X'-fS(..T) 

.. (7.I) 

,J *' . 
Hence the L \< -algebras ~ l'3Tl with the topologies (1) 

A* . 
are AO -algebras. The7 are not complete. The question 

is now which topologies 3'T one obtains for unbounded T. 

I conjecture that for an7 unbound~d T the topoleg S'T _ 

is equal to_the topologJ defined b7 all seminorms 

'rOo : H p\\<..t > =' L t., \0("'1 , tt") c \'co, (7.2) 
·. . ~ \\~0 

where T' co _is the. S7Stem of all positive sequences and . 
. . \\ / 

p: ~ ll("' X • We prove 'l:T =- t.r oD for a big class of 
\1\'JfO . 

operators, name11:. 

Theorem 7ll~ 

Let T::. T+ E: l+ (~) be an operator for which exists 

a sequence of ~"' E: t 1 . 'YI :r. -t,.t, ... 1 a moncton se-. 

quence ~ 0 ~ ). 1 :!i: •• • of positive numbers and a se

quence of po::~itive numbers · i'" 
1 

'V\: ~1 11 ••• 1 with 

'?, ~ t~+~ ~ t so that hold 
~ \1\+-1 r . • 

Q.) < T -ito"-.. :T.e ~ > =. o ro.,. on..L vn ~t=- o,~, .. · 
. 'f••j 'f"'''\ . T :T'- l I 

b) m >"1\ WI 
A Tl\ tt" -'1) . ~ " T -~ 1l II ~ M ). ~ \ i'") 

W\:: o,-t,.t, ... i. "t\a A,l., ... ; M ~1 • 
For an operator T 

1 
satisfying this aesumption.1it is ~='l'oc>· 

32 

' . Before we prove this theorem we 

that the assumptions of the the 

Example 7.1 •. 

If the operator T =,T+ E · 

composition T; = .S :>. J. 

innriant '!or E. ( ~1 1 'X.") = 
i.e. E.l'~1 1~ 1.) i> c:. !> .

1 
th 

tiona a) and_ b) of the the 

l!:2.2!= 
Because 1r is unbounded, 

for all ). <. oo and consequentl7 

21 ~ t. H. ~ t 
1 

so that E = 
'" ~1- . i 'ft 

and hence E"" 1) 4 to~ • Let f 
vectors with ~"' E': E."' Cj)- 1 "'"\\ 

a) and b) are satisfied with , 

Example 7.2.-

Let ...0.. be a douin ef Eu, 

)t ... _ L~t.a..) ~d 9l = q:t.a.) 
w1 th compact support in -' 

of aJ17 order and T = . .2: 
'1··· a s;rmmetrio differential o: 

ficients then the assumpti1 

are satisfied. 

~:. 

T can be written in 

J 



T the unique extension 
I 

The· topology. 

----+apology 

\ r-l:<) \ .. (7.!) 
{T) 

'Y L3Tl with the topologies (1) 

are not complete. The question 

one obtains for unbounded }r. 

unbound~d T the topoleg S'T 

.er1nea by. all seminorms 

t ... \0{"' I , lt._) (: "-' (7.2) 

of all positive sequences and 

'l'T =-'roD for a big class of 

operator for which exists 

'YI=- -t,:t1••• 1 a: moncton se-: 

of positive numbers and a se

a · t" 
1 

'V\= -111, ••• 1 with 

that hold 

~ot' "1\'f. vY\ ~!,=- 0 -1 1·- • 
. ) I I 

T""' ~'0 II ~. M ). Yn t i'") WI 

"~'~ .... -i,l., •• • j M ~ 1 • 

... 

tisfying this aesumption
1 
it is 13T='l"e<> • 

Before we prove this theorem we show for two important oases 

that the &ssumptions of the theorem are satisfied. 

Example 7.1. 

If the operator T=T+ E t..,l~) has a epeotral de- . 

composition T; = -~ 1-. J. t{).) ~ 
1 
't-!> so that ~ is 

inTariant 'Lor E. ("X,11 l ... ) = E.l.:y:,..)- E.<-1'1) 1 -- <.'Y.1'"XL'+co1 

i.e. E.ll1,~,J!) c:. n I then T sat:1.sties the assump

tions a) and_ b) of the theorem. 

~: 

Because T is unbounded, we can suppose that E l).) + I. 
for all ). < oo and consequently there is a sequence -r

1
, 1"~ 

1
.:. 

21 ~ t'l'l-+2. ~ .rM1 so that E~ = E.li'"') - E l-t"'-1) ~ 0 

and hence E-n D .:f to~ . Let ~ 1 1 tz. 
1

• •• be a sequence of 

vectors with ~"' E': E."'~ I ft'""'\ ~i\ 1 then the assumptions 

a) and b) are satisfied with ')..:) • J.-1 = · · · =- 1 • 

Example 7 .2.-
s 

Let ..0.. be a do.ain of Euclidean s -space R 1 
. oD 

)( ... L.t.l.O..) and 5) = qo (.0.) the space of all functions 

with compact support in .J2.. , which have derivatives 
~L1+··+Ls 

of aD.7 order and T = 2., . 0... ~ ••• ~ • 
i.11'"1"s. 1 l Cl)t1' 1 ... )Xg'l 

a symmetric differential operator with constant coef~ . 
fioients then the assumptions a) and b) of the theorem 

are satisfied. 

~: 

T can be wr1. t ten in the form T- Tl' + S . where 

JJ 



Tr ~s a homogeneous differential operator of the degree · 

p7; '( and S a differential operator of an order less than 

p • Let ~tl\.) be a function of ~00 l\7,.s) with the support 

in the unit ball around the origin of R5 
• We put 

I 

~'M = "T p 'M ~ II and 

:WI -a ~ m \ ~) ~ Tl' ~ S -m- ~ ~ \\ 
.It,::. Q

1 
••• I Wl-1 

The function { can be chosen in such a way, that 

'i>1'n "?/ :!., f'-. 1 \l ..... -+1 9- VWI. • Now let k"' 1 K2. 1 • • • 

be a sequence of mutually disjoint balls contained in JL 

with centres in t" and the radius 

We define 

9 ~ A Y\-=- -1,2, •.•• 
l\ I 

~\\ 

~\\ '=- ~~be) 

= .l, l~) == ~ 
'\'-... VI 

~ 

.!. 
~ ( X-i,., ) 

~ .... 

are functions with support in 

(7.3) 

\.<.."' • Since the 

balls are mutually disjoint the assumption e.) is satisfied 

for the ~ \'\ 1 \\ =- 1, 2. 1 • • • • 

Further it holds 

. .,._1 m- '«. 

II Tf' ~ f ~ - II ~ \ ~) T ,_ 5 ~ VI 11 ~ 
' \1 

-k ':" (7.4) 

~ \\T'M ~VI II 
m-1 

~ Urt~"\\ + ~ 2:. (~)r·"-sm·~~'V\\\ 
~"'0 

J4 

Since II Tp m ~\'\ il -= ~g~-i") WI. \i 

tl\""Cj-i' 
\'\ 

v.o.-1 
IlL: 

~:o 

) 

l ~) 1 

~ -r WI 
VI 

b we obtain :f 
::v 

WI 

1 v"" trVI) ~ \IT WI~."\\ ~ 

Consequently, also t~e assumptio~ 

"W\:: t \>.,... 
1 

t1::. ~ since the 

a way that.the ~" have the requ 

Proof of Theorem 7.1. 

Let ( S~ \ be an arbitrary st 

naturals s 0 <. s1 ~ ~l. • • • • 

-1 -t-c 
b-~ = ;.~~ ( 1.,.J 

1 - 0(~ 
X• :: ').;- (fr.) • c(• 

1 .. "• I ~ 

and construe~ the elements 
~ . 

"''r= ~ 1~ ,~. ~ . ~0 s, . 
~.le.): ± f.~ X~ q ~~ 

\ ':.\) 

where t€.) =· (C..c, c.l\.-. ) is s 

lcLt=--1 .~ 

J5 



ial operator of the degree 

operator of an order less than 

~"" ( Rs) with the support 

origin of Rs • We put 

m l ~) ~ Tl' ~ S '""-~ ~ \\ 

chosen in such a way, that 

vW\. Nowlet k-t 1 1Z 41 ••• 

balls contained in ..a.. 
radius 9V\ ~'"\I Y\-=- -1 12. 1 ••• • 

~ (X-i:,..) (7.J) 

~\'\ 

support in \..<.."' • Since the 

the assumption a) is satisfied 

Y.s"'~v.~ ... H ~ 
(7.4) 

Yn-1 WI k m~\t. 
+ I ~ t ~) r· s ~""II 

k_ ... 0 

J4 

..;. 

Since IITPm~" il-= ~g~-?)"M liT"~~ \i ,... . W\ 

-r"" v)'l'\ I 

-i' ""·1 t <: s 
II ~o l"Z:) T ~ s.""·\. ~" \\ -M 

l\ "' I 
4 -r r .:!: 
.... "t\ "" 

~ ~WI b we obtain from (7.2) 
l'\ ~ 

~ 1 y lt)W'I 
~ W\ "t\ 

WI 

1 v"" (r~J ~\\TV¥\~-"\\ (7.5) 

Consequently, also t~e assumption b) is satisfied with 

"W\ =. t \>.""' I M :.~ j since the ~"' can be chosen in such 

a way that.the ~"" have the required· properties. 

Proof of Theorem 7.1. 

Let (~~\ be an arbitrary strongly monotoa sequence of 

naturals S 0 4 r;1 .(. ~),. • . • • . We put 

- 1 • 
'-t. - '\ -I.- ..J 5~- "~~ (-r )' "'~ 

S· .. 
(7 .6) . -1 -0(~ 

. XL = ).;_ (fs.·) . 
• I 

ll 'L- "\ ' - 0 1 · .. ~ ~- 1 I c(~ = 4 I 

and construct. the elements 
~ . 

'~'r= ~ 1~ T" ~s· 
-.=o 1 

' ';) 

~.le..):. 2_ €.~Xi. q ~· (7.7) 
\ i.:.\) • 

where te.) = (€. 01 c11 .... ) is an arbitrary sequence with· 

lci.l=-1. 
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Statement 1 

The set v\{ lS"') of all 'f i 1 ~ ~ l £) 

of ~tt'S'tT)] 

is a bounded set 

To prove statement 1 we have to show that 1\ T"' 4 \\ . 
is bounded for ~ E:- Jt V• "') (Lemma J. J). It holds for 

n .. o,-t,t,--· 
1 ' 

111 Yl 'f; \1 ~ ;2. ~~ \\T~+L~"· i) 
~=0 ~ 

oO A \'\·r~ · 'Y\- o(~ 
~ M l.- ~ l-r!.J = ~~'VI) .:: oo 

~=-o r-;z,~ 

This series converges, because for (. ~ ~ )...,..~ 1. "- }. ~~ 
I 

t s, :.?/ S ~ ~ ~ and rJ. ~ _, oo. Consequently, it holds s~p 11 I"''\';\\~ 
.. ) ~ 

~ IS l "i\ 'l For the ~; l e., we obtain 

II T VI ~; l~) i\ 
""' H 2:. ""' ~ -r ) ~- c~.~ 
~;0 ).~ ~~ 

~ 

and also this series converges. Next we prove 

Statement 2 

The numbers (J) X~ 1 ':{"' (depending on Sl'\ ) are 

chosen in such a way that 
;;._._ 
~ ... -')oO 

X"'$~ ~Tn~s ~~-
"\ 

:-+oo I 1'1:: 011, .. · 

(7 .a) 

~ 
) _., c<> x'l'\ 'i .... 1\T"~~J\\TlY\~5 "'\\ = 0 for Yl\ ~ n-1 

"' 

Applying b) we obtain :t'l'l -l.~ 

A."' ( t's.,. -1) . ~ ~ ~D 
- I )\'l+lc( ~ 
).~VI ,t's"' .... >. ~"' 

... ,1., 2.. • 
X.,. 'S" IT 'fsJ\ ~ 

-2.'1'\ -1 ( \::1. 
~ ·:t X"' (A, ) \fs -.1~ 

"""' '1\ and for t.~ 'Y\-1 

J6 

'11-.tc{'rl 

t's 
Y'l 

xn ~"' UT"' ~s ... \\ \\Ti ~s.J\ 

and from this follows the ~ 

for S -">oo. ..... 
. ' ) 

After this preparation we c 

statement J 

· For every sequence of 

there exist a sequence 

numbers such that 

iPIItt)::::. I. \"'-\1 
"' ~:?-0. 

. . ~ 
p(T) = 2:. ·,;.~T 

~]70 

the topology '!"T is f 

We construct the seque 

the following way: Suppose 
\ 

. for L ·~ ,.. - ~ 1 then we choc 

·x .... ~JTn~s \\~ ~ 't+t + 2 
'II . "' '.c 

"'~ 

and. for "M ~ on- 1 

X "" 'j "i\ \\ T " ~ s \\ \\ T vV\ .... 

This'is possible in conseqt 

so constructed bounded set 

J' 



1\11, "'. (E.) 
l~t'f) is a bounded set 

to show that II T"' ~ \\ 
(Lemma J.J). It holds for 

-n-o(~ 

tr!.J -= r5 ~"') < oo 

for (. ~ V\ }.....,-t t ~ }. ~~ 
I 

/-

Consequently, it holds s~p 11 T >'~ '\'
1 

\\ ~ 

~; l & ) we obtain ~ 

~-o(· "Y\ t'-t' )' .. '. ~. l"lo • 

• Next we prove 

. (depending on s~ ) are 

=--+oo 1\:.: 0 1 •.. 
I I I 

(7.8) 

\\ 1\ T m 4 S \\ '= 0 
. ~ 

fot" WI ~ l\-1 

:t:n -l.'V\ 

9 ~ An 
}.. ~Y\ 

-1· ::1. 
~ t:\J.'") trs )~ 

\'\ 

'O-le{" 
'ts 

n 

. . • . ~ . vt-l.c<"'-1 . . _j_ 

x., y"' UT"' ~sJ\ \\T ~ ~sJ\ ~ H ( -~'sJ "= ,M~ t-t~J ~ 

and from this follows the statement 1since 

for s ~ c.O. 

-r ~ 00 
s"' 

·"'-

After this preparation we can prove the 

Statement J 

For every sequence of positive number ~ t'l) 1 Y-=- o 1 A,~. · · · 
there exist a sequence ( S.,..) I 'Y\:. 01-11• ~ • Of natural 

numbers such that 

Splitt:):::. I. \,t.\1\t" 
~ ~Qo. 

~ 1\ptT) \\Jlc..s..,) 

v 
p tT) .,. .2.. rJ..~ T and consequently 

~~0 

the topology T T is stronger than ':) c:o • 

We oonstruct the sequence l ~"') 
1 

V\.: o, A,l... 1 • •• 1 in 

.. the following way: Suppose that we have already chosen $~· 
\ . 

for L ~ 'l\ -1 1 then we choose S V\ so pig that . 

• 

X"" ~'"1\TYI ~sJ\~ ~ '\-+ t"" + ~-1x~ ~; \\I'"~~~\\ \\T" ~s~\\ (7 .9) 

and for "M i:- '\'\- 1 

I 

Y. "' 'j 'V\ \\ T " ~ !. \\ \\ T m ~ s \\ 
V\ VI 

.1-
~V\ 

(7.!0) ~ 

This' is possible. in consequence of (7 .8) .Let .M.(s") be the 

so constructed bounded set of the vectors (4), then it holds 

J7 



11 r (n all ?- I <. i' ~ 2. · o~. "'TV\ ~. tE.) > \ ~ 
""- (. ~"\) IJ I "-~ 0 ~ 

. 
~ . 

~ \ 2_ """' f.- t.~ Xi.~· <TL~s.· T\'\~ >'\ c1.n) 
1.:0 I. '"I S,. I 

f'I7/0 

where we have applied the property a). Now for 
-"" . N VI 
p (T):. 2:_ o("l 

1 
N the degree of p , we take ~ :=. N 1 

~=o 1 
t..: = ;J; lo{·l- l= 1 fot" o(•:. o) ""'"' . .. " . 
Then follows from (7 • II) 

1\p lT) IIJ,{ ~ 2. ~~VI\ l( ~~VI \\T VI ~So \\~ 
. (S,.) '1\~0 "' 

L \OC.\\\ ·2.. X~'!; \Tt~s·I\\\T"'~s-\\. 
\o\7,/0 ~f"'-1. • • 

. L \~VI\ ~ ~ ~ '! ~ \\ T: ~ s.. \\ \\ T ~ ~ ~. \\ 
VI)'O . L~ V.+1 · 1 1 

and from (6) and (7) we· obtain finally 

1\ r tT) II ~ 2.. \ o."' \ ( t + 1 
. tJA (.s"') V..?to "' 

~) 
.t' 2:. 

~.PH1 

~ 2_ \~"'\ 
"~" 

\~ . = l\ f \\ ~t ) ~..... V\ • 
Since !oo is the strongest possible locally convex 

topology in ':9 from Statement J it follows 'r :00. "S' .• 
T . co •· 

and the Theorem is·completely proved. 
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T"' ~~ lf-) > \ ~ 

. 
L,\.. ~Y\ ,.\.. '\ 
'\'~~I I 'Ys., '> 

' 
(7 .II) 

y a). Now for 

of p , we take ~ :::. N 1 

0). 

\\T""' ~ ~.J~ 

~ '!; \T t~ s ~ 1\\\ T ~ ~ s: \\. 

\ \A· 

X~'!~ \\T• ~~;\\ \\T ~ ~; \\ .. 
1 . 

:?: 
~ 1 \.\t1 

~) 
.l.' 

\\ f \\ \tv.) • 
locally convex 
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