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TiasMaH A., 4>eJ:topoB B.B. E5-3247 

Hu<jlopMaUHOHHbii!: MeTOll nnauupoBaHHSI sKcnepuMeHTOB 

8 CTSTbe pa3pa60TSH M6TOJ:t nnaHHpOBSHHSI :3KCnepHM6HTOB0 OCHOBSR

Hbli!: HS SHTpOnHi!:HOi!: Mepe HH<j!OpMSUHH. Tiony'l6Hbl 06WH6 pe3ynbTSTbl J:tnll 

aenpepblBHoro nnaHHpOBSHHSI npu uenuael!:aoi!: napaMeTpuaauuu. HarnSI.QHbie 

peaynbTSTbl nony'l6Hbl DpH H6KOTOpOM, HS npaKTHK6 'ISCTO ):lOnyCTHMOM, 

npu6nH)K6HHH. TipuMep npuMe'laHHSI pesynbTaToB: onbiTbl no NN - pacceSIHHlO. 

fipenpBKT 0~e~BK8BBOrO BBCTBTyTa ~epB~X BCCne~OBaRRie 
.nytSHa, 1967. 

Fedorov V.V., Pazman A. ES-3247 

Design of Experiments Based on the Measure of Information 

A method for planning experiments which is based on the en
tropy measure of information is developed in this paper. General 
results are obtained for the continuous planning experiments in the 
mse of a nonlinear parametrization. Obvious results have been ob
tained urrler some approximation commonly acceptable in practice. 
This method can be used in NN -scattering experiments. 

Preprint. Joint Institute for Nuclear Research. 
Dubna, 1967. 
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In the case of a nonlinear dependence of measured quantities on 

the studied parameters (for example, in the phase shift analysis of scat

tering of elementary particles) a situation offen occurs when the likeli

hood function/if has two or more peaks with nearly equal levels. 

The position of these peaks is considered to define the sets of 

the possible estima.tes of the parameters. The height of the peaks deflnen, 

roughly speaking, the reliability of these estima.tes and the width of each 

peak corresponds to the error matrix (dispersion matrix) of the proper 

set of estima.tes. 
If the aim of the experimenter is only to discriminate the sets of 

the estima.tes and he is not interested how the error of each parameter 

is decreased then planning as has been described in ref/
2

/ is necessary. 

If the experimenter is going the maxima.! amount of information on some 

parameters he is to use a method which specifies and discriminates the 

estimates at the same time. 
The earlier methods of design and comparison of experiments which 

are based on the error matrix are not applicable In our case. Therefore, 

a more general measure of our knowledge than the error matrix should 

be used, namely the measure of amount of information which is based on 

the notion of entropy. The investigation of the general properties of this 

measure aoplled to the comparison of our experiments is given in ref./
3

/. 

In planning experiments this measure was used for the first time in 

refs./4 / and/5/, but in the particular relatively simple case when the 

measured quantities are linearly dependent on the parameters studied. 

This paper is aimed at using the ideas which have been develop-
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ped in rer/
3

/ in planning experiments in the case of nonlinear parame

trization and devel.oping some computing methods. 

Let ·us denote n ( (t, x ) the measured quantity, 

the parameters arrl let ·-(JJ 
be the results 

(YIL .. . 
y •· • 

Yn 
of experiment.&: en 

... ... ... ... ... .. 
I ( y ) - J p ( 0 I y ) In p ( 0 I y ) d 0 

0 

(la) 

(lb) 

(2) 

is the entropy amount of information which is contained In the experiments 

llllith results y • Here'Jj(OI;) is the normalized likelihood function,) 

.. .. .. 
Jp(Oiy)dO•ol 

0 

.. 
en:i 0 is the region of the possible VBJ.ues of 0 • 

(3) 

If the pk!l.nned experiment consists in the measurements of 'I at 

some pqlnt x .... during the time , then the amount of infoi'rrlation is 

Increased by 

... .. ... .... ... ... 
!t. I ( x, t, y) = f p ( 0 I y) In p ( Ol y) d 0 - f p ( 0) In p ( 0) d 0 

(4) 0 0 

.. 
where p ( 0) is the VBJ.ue of the normalized likelihood function at t •0, 

y is the result of the me.:lsurement at the point x • The planning con

sists in finding such a point at which the increase of the amount of in-

formation will be maximal. The function !>.! ( x,t, y) depends on the 

value of y which is unknown before the experiment. We shall con-

sider, therefore, as optimal the point x at which the expected value 
0 

of the mean increase of the amount of information is maximal, i.e. ;, 
'·I .,, 

. ' 
'I 

I 
I 

Here 

"""-~---· ---------. 

!t. J ( t , x ) = max !t. J ( t, x ) • 
0 X (5) 

... ... ... ... ... ... 
!t.J(t, x)e Jp(y) Jp( Oly)ln p(Oiy)d6dy-fp(O)Inp(O)d0• 

y 0 0 
.. 

.. p( y 0) 
"' f f p ( y_. 0) In - • .. d y d 0 

v 0 p(y) p(O) 

P ( Y) • f P < y I O ... l p col d o ... 
0 

... ... .. 
p(Oiy) = p(yiO)p(O) 

p ( y) 

... ... ... ... 
p < y, o l .. p < y I o l p c o l .. p c o I y ) p < y ) 

(6) 

(7) 

(a) 

(9) 

(see for example re~6/ ). .. 
p(yiO) is the corrlitional probability density of y assumed 

to be known a priori. 

In the case of scattering experiments for a "sufficiently rich sta

tistics": 

.. 
p(yiO) .. 

I -+ 2 
_ --;-(Y-T/(0,x)) >.(x)l 

-.;-;: =2 rr=(=>.=(=x=) =t =, _::;i~e (10) 

.. 
where >. ( x ) is the efficiency of the measurement of ., ( 0, x ). 

Further we shall assume that (10) is true. If the experimenter is 

interested in the maximal amount of information on k required parame-

ters, the increase of information on these "useful" parameters is given "''" 

4 .. ., I 5 
0 

I 



where 

... ... p(y,C:) ... 
~J(t,x,w) e J Jp(y,8)ln -. dyd8 

v n p(y)p(~) 

-"! 

"''" C:) -- ~- -=-~. 

(H) 

:.. 
¢ .. 

( 8k+ 1) 
\ 0 m - are nuisance parameters, 

P<;)., Jp(e)d; ( 12) 

and 
... .. .. 

P (y ,w) .. Jp (y, 8)d¢ 

(13) ... .. 
In a general case for arbitl'ary functions p ( 8 ) ard '7(x,8) the 

direct computing of the mean increase of lnfonnation ~J(t,x,;) is a 

a.tmbersome computing problem because one has to compute multldime~ 

sional integrals for each value of x • In this paper some approximate 
-~ 

results are obtained, 

Let us assume that the time required for the additional experiment 

is short, i.e. 

~ J(t, x,;) .. a_J __ _;_ __ 
at t .. o (14) 

In this case, as follows from (5), the optimal point corresponds to 

aJ (t, x, ; )I 
max::;-~--

x at t= 0 
(15) 
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In Appen:Ux I the fallowing equality is proved 

.. ... ;t ... 2 a JCt, x,cu) I _ ,., ..!!& If! I" (8, x)p(tl) d ¢ J. 
at t•o 2 p(~) dC:- u"<B: x)p(e) deJ't (16) 

In many cases of practical interest we can a,pproximate the likelihood 

A.anctlon by a superposition of the normal .probability densities: 

_,. N .. 

p (8) • I W p (8) 1=1 I I (17) 

Here 

.. I .. ~ --p (8).. 1 --;-c8-8) 0 11J_: 
I m e I I' I J 

(2rr)2 I Dtll/2 ' 
(18) 

t: 
8

1 
is the i-th set of estimates , 

J) 1 is the corresponding error matrix 

and wt .. P<; )jD 1'12 
I I 

~-

-+ I 

The approximation of p ( 8) given in (17) corresp9..n::ls to the quasi-lineari 

of ., ( 6, x ) in the neighbourhood of each estimate iJ 
1 

where 

.. ~ ... J. .. ~ 
77(8,x) .. .,( 8

1
, x) + f

1
(x)(8- 8

1
) 

.. 
a.,< 8, x > 

t,a o8a 
1 .. ~ 
8 .. 8 

I 

(20) 

We shall compute the rate of the increase of the amount of information 

under the assumptions from (17) to (20) for the two most important cases: 

kam and k-1 
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A. k·m 

Substituting (17) and (20) into (16) we obtain 

N N N 2 
..fl_l = .\(x) [I W o2(x)+! Wl(171(x)-Y Wt17t(x)) 1 
at t=O 2 1~1 I I 1=1 t=l 

(21) 

~ ~ ~ 
where 11 ( x) .. 17 ( 0 1 , x ) and o 2 

( x) = f ( x) D f ( x ) is the squared corri-
1 I I I I 

dor of errors of the curve 17 
1 

( x ) • 

If only one set of estimates exists (i.e, p ( ih "'p ( 0) ) then (21) 

coincides with {7) frord5
/. If the corridors of errors ar~ narrow compared 

to the distances between the curves 17 ( x ) , ... , 17 ( x), th::! measurement 
I N 

must be made at the point x which gives the maximal dispersion of 

these curves, 

B. k .. 1 

If one parameter is specified ( ~ = 8
1

) then we obtain from (16), 

(17) and (20) (see Appendix 2) 

aJ(t,x, 8,l 1 =~I ~ w w I11Cxl11 (x)a + 
at t=O 2 I"' I J= 1 I l I l ll 

(22) 
+217 (x)g (x)b +g (x)g (x)c I 

I J ll I l ll 

-. 
where 

~ m 

g(x)=f (x)+Y 
I I, I 

( X ) 
1, a !) 

I, II a=2 

and a I l ' b I l 'C ll are constants {see Appendix 2: {A.23)-(A.25)). 

APPENDIX. I 

Teorem ... ... w 
If8=(~) airl if 

P ( Y I 8 .. ) = ...; ~ e 

'" 
-A{x)t fv-r>{8 ... , xJ12 

2 (A.l) 

then 

... ... 2 .... 2 
a](t,x,cu)l =.\(x)lfp(.:;)[E .. ..J7(0,x)] d~-[F.J11(0,x)] l (A.2) 

at t=o 2 ¢/ Cil 

an:l 
2 ... a J (t, x. cu > ,\

2
(x) ... .. -+ 2 2 .. 

= -
4
-1 fp ( cu )[ E:~/C:(17(8 ,x)- £$/C:17 ( 8 ,x)) ] d cu-

where 

and 

~ 

0 t I 

. I 

.... ... 2 2 
-[ £ 0(.,(8, x)-Er(O, x))] l 

... ... ... .. 
E: 071( 8, x) .. fp(8).,(8,x)d8 

£ ... / ... ., ( 0. X ) = f p ( ;; I ; ) ., ( ;, X ) d ;; 
¢ Cil 

By detlnltion: 

a J( t, x, ~ > 1 = lim 
at t=o 1-.o 

f.J(t,x,Zl 

From( 11 )and (A.~ we obtain 

t.J( t,x,.:;).fp(O) p~y/0) 

t ... ... 
21118, z)[2Y-T/ ( 8, z)] 

fp(O) e d;; .. 
In . 8 dy 

t .. ... 
.. T1718,z)[2Y-71{8,x)} 

p(~)fp(8)e dO 

(A.3) 

(A.4a) 

(A.4b) 

(A.5) 

(A.6) 

8 • 9 
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Let us denote 
t ... ... 

2 TJ( 6, x) [ 2Y-17( 6, x)] 
fp(O>e d:$ =u(t) (A.7a) 

t ... ... 

Jp (O) e217(6,x){2y-n(6,xlldO = v(t) (A.7b) 

arrl 

u(t) ... 
In = h ( t , y , cu ) (A. B) 

p(~)v(t) 

The Taylor expansion gives 

... ... ' .... 
h(t,y,cu)=h(O, y,cu)+th(O,y,cu) + 

tl .. ... t3 ... ... 
+ -- h ( 0 , y , cu ) + -- h ( r, y , cu ) 

2 6 

(A.9) 

where 

0 "Sr :S. t 

It will be readily seen that 

h(O,y,~)=O,h(O,y,ct>)= ~(0) _ ;(0) 
u(O) v(O) 

(A.10) 

.. 
h(O,y,C:,) = 

.. . .. . 
~-[~12-~+[~]2 
u(O) u(O) v(O) v(O) 

(A.11) 

... ... .. . . 
b(r,y,c;n m ~-j~ ~+?[ ~-] 3 -

u(r) u(r) u(r) u(r) 
(A.12) 

- ·~(,) + 3 •;(r) ~ -2[ ~]3 
v(r) v(r) v(r) v(r) 

10 
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The derivatives .u ( t), v ( t) and so on, can be obtained by derlvatfng 

(A. 7a) and {A. 7b). For example 

t ... ... 
• l .. 21)(6,x)[2Y-!7(6,x)] _, _, _, 
u(t)m-fp(6) e 71(6,x)[2y-!7(6,x)]d¢ (A.13) 

2 

We can interchange the order of derivation and integration in (A.13) 

since the integrated function in (A.13) is a monoton function of time 

(see ref./7/). 

From (A.5)-(A. 9) we obtain 

aJ<t.x.~>l =lim lfp<O)p(yJo>h'co,y,;>de .. dy+ 
at t=o t->0 

(A.l4) 

t .. ... •• .... ' t 2 .... ... .... ... 
+ -fp(6)p(y J6)h(O,y,~)d6dy+ -fp(6)p(y J6)h(r,~,y)d6dy I 

2 6 

Using the known relAtion between the central moments of the normal 

distribution p ( y I 0) (rer./ 6/) 

m .. (2s-l)!!o
28 

28 (A.15) 

and the equality >. (x) t = u 2 
it can be shown that in (A.14) the k-th 

term Ak of the decomposition with respect to t is proportional to 

k 

A..,tkm""tkak,.t 
2 

k k 
if k is even 

and {A ,16) 
k k-1 

A " t (1 if k is odd 
k 

It follows from (A.16) that for computing ~ it is sufficient to take in at 
(A.14) only the two first terms and to compute only those terms of (A.11) 

which contain y 
2 

• 

11 



From (A.10), (A.11), a.rrl (A.13) we obtain 

ry(8~ x)fp(8 .. )'1( e .. , x)d¢- - 1 fp(O)ry 2(8,x)d¢ 
• .. 2 
h ( 0, y' w) "' ----------------

p ( ~) 

_. .... ... ... 1 ... ... .. 
-71<8,x)fp(8) 71(8,x)d8+- fp(8)r,(8,x)d8 

2 

... .. ... ... 2 

(A.17) 

h(O,y,C:l~ y2 ! fp(e)ry
2
(e,x)d¢ -[fp(8)71(0,x)d¢'l ... 2 ... ~ 

- f P < e l 71 < 8, x ) de + 
p ( .;;) 

... ... ... 2 
+[fp(8)1J('8,x)d8]! + (A.18) 

terms linear with respect to Y, 

Substituting (A.17), (A.18) and ( A.1) into (A.14) we obtain after simple 

computation 

.. ... ... 2 .. 

aJ(t,x, i.:l I - A.(x) If [Jp(8l"(8,x) d¢] d~ -[fp(6)77<0:x)d8l2! 
__ a_t __ ~~a- 2 P < c3l (A.19) 

what is equal to (A.2) 

The secorrl derivation of the information (A.3) can be computed 
a 21 analogously. The value of -- can be used for the estimation of the 
a t 2 

accuracy of the relation (14). 

APPENDIX: 2 

We shall compute iL for k • 1. We obtain from (17) arrl (20) at 

E e2, ... e I 8 71 < e, x ) ~ 
m I 

N j ... t\ 
z I W f[IJ (x)+ f (x)(8-8 )]p (8 , ... ,e /8)]d8 .. dO 

I I I I I 2 m I 2 m 

p (8 \A.20) 
I I 

N 
I .. I I W p (£1) 

k k I 
k~l 

12 

~---- ------

Here -.L 
2 

e (8) .. r---
pl I y2rrDl,!t 

0
1, II 

and P 
1 

( 82 , •• , 8 m/ 8 I) is a conditional nonna.J. probability density. Computing 

the integral in (A.20) we obtain (about the mean value of a 'conditional 

nonna.l diatributlon see rer/
8

/ p. 45): 

.. N ~ 

E8 , I" 71(8,x)• I W !71 (x)+(8 -8 )[f (x) + 
2""'"m v 1 l= 1 I I 1 1,1 1,1 (A.21) 

+ i ~f (x)]! pl(81) 
D l,a ll 

a~2 I, 11 2 W p ( 8 ) 
k=l k k I Similarly, we obtain 

.. N 
E;tiJ( 8,x)~ I W 17 (x) 

tJ 1""1 I I (A.22) 

Substituting (A.21) and (A.22) into (A.2) we obtain (22). The constants 

a II 'b II' C II are equal to the following integrals 

P < e l P1 < 8 1) de - 1 I l I 
a = f N ) 

IJ I w p ( 8 I 

k=l 
k k 

b IJ = f ( e - o' ) PI (e I) p J ( e ) 
I 1,1 N I de 

I w p (8) I 
k =I k k l 

" c ~J(0-0 )(0-1! ) 
IJ I I, I 1 J,l 

P1 ({\ )p
1
(8

1
) 

N 

I Wkpk(OI) 
k=l 
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