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1. THE CLASS OF QUASI-EXTENDED ASYMPTOTIC FUNCTIO~S 

The class of the quasi-extended asymptotic functions F 
we are going to introduce in this paper contains all exten­
ded. asymptotic functions (ref. 18 1 Sec. 3) but it contains 
also some new asymptotic functions, which cannot be ob­
tained as an extension of any ordinary function. The im­
portant thing is that the class F is closed with respect 
to the addition and multiplication, which is essential for 
the further applications. 

(1.1) DEFINITION (Quasi-Extended Functions). An asymptotic 
function: 

f:D-.A * , (1.2) 

where D!; A will be called a quasi-extended asymptotic func­
tion (or simply, a quasi-extended function)' if it can be 
represented as 

f(a) = ¢ '(a ; b)+ oll(a), 
as 

a~ D, (1. 3) 

where !'(a) is the order of f(a), ¢ is some continuous or­
dinary function of two real variables and b is a fixed 
asymptotic number. In other words, there exists a conti­
nuous function ~ of the type: 

r 

¢: X x Y -. C, ci .4> 

wher~ ~ and Y are two open subsets of R, such that (see 
ref. · 8 (2.1)): 

X C D S X as (1 _. 5) 

and there exists an asymptotic number 

b ;; Y as ( 1.6) 

for which the asymptotic extension ¢as (a,b) (ref. 18 1 (3.1)) 
exists for all a ~D and (1.3) holds. The set of all quasi­
extended asymptotic functions will be denoted by F. 

(1. 7) DEFINITION (Generating Couples). Iff ~F and (1.3) 
holds, we will call the couple (¢, b) a generating couple 
of .f. We shall say also that f is generated from (¢,b). The 
set of all generating couples of f will be denoted by Gen f, 
i.e., 

Genf=l(¢,b): (1.3) holds}. (1.8) 
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(1.9) DEFINITION (Regular and Singular Functions). A quasi­
extended function of the type (1.2) will be called regular 
if there exists a continuous ordinary function of one real 
variable: 

¢:X ... C ( 1.10) 

where X is an open subset of R such that ( 1. 5) holds and 

f (a) = ,~; (a) + ov(a) 
'fJas ' 

a~;;; D, (1.11} 

is valid, where v(a) is the order of f(a) 0 The quasi-ex­
tended functions which are not regular will be called sin­
gular. 

( 1.12) REMARK: We have just 'defined the quasi-extended func­
tions of one variable by means of ordinary functions of two 
variables. However, Definition (1.1) (together with Defi­
nitions (1.7~ and (1.9)) can be naturally generalized in 
order to introduce quasi-extended functions of n variables. 
Instead of (1.3) the representation 

v(a) f(a_1 , ..• ,an) =¢a8 (a 1 , ... ,an, b) +O , (a 1, .. o,an) ~;;D (I. 13) 

must be used, where ¢ is an ordinary function of n + 1 va­
riables of the type discussed in ref. 18 / Definition (3.1}, 
(ii). We are going to consider the case n=l only, but all 
results in this section can be easily generalized to the 
case n > 1 0 

(1.14} REMARK: Every extended asymptotic function (ref. / 8 / 

Definition (3.1)) is a regular quasi-extended function. In­
deed, the representation: 

!fa) = ¢ (a)=¢ (a)+ ov(a) 
as as (1.15) 

holds, where v(a) is of the order of f (a) = ¢as (a), corres­
ponding to ref. 151 Theorem 6 (here .¢as is an asymptotic 
extension of ¢ (ref. 18 1 ( 3. 1) ) . 

(1.16) REMARK: Every asymptotic function of the type: 

f(a) = ¢a
5
(a;b), a ~;;; D, 0 .17) 

1.1 

where ¢ is a continuous ordinary function and b is a fixed 
asymptotic number, is also a quasi-e~tended 1 fu~c-
tion. However, if (1.17) is a singular function, then it is 
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not an extended-asymptotic function, i.e., it is not an 
asymptotic extension of any ordinary function of one real 
variable. We see that F is more rich of functions than the 
set of the extended functions is. 

(1.18) REMARK: The 8 -valued function, i.e., the asymptotic 
function of the type: 

ov(a)' a ~;;; D 
as well as the I -valued functions, i.e., the functions of 
the type 

1'\(a), a ~ D, 

where v and >.. are mappings of the type: 

v: D ... Z U loo l 
and 

>.. : D ... N
0 

u loo l, _ 
respectively, are also quasi-extended functions. ·In fact, 
they are regular asymptotic functions. 

(1.19) REMARK: Finally, the asymptotic functions of the 
type: 

f (a) = c + o v(a) ' a~;;; D, (1.20) 

where ci;;C, are also regular quasi-extended asymptotic func­
tions. We shall call them quasi-constant asymptotic func­
tions (because, strictly speaking, they are not constant 
functions) . 

(1.21) LEMMA: The constant asymptotic function 

f (a) = L , a!;; D, ( 1. 22) 

where bi;;A * is a quasi-extended function if and only if the 
number b is of the type 

b=C + 0
11

, ( 1. 23) 

where c ~;;; C and I ' I;; Z u loo l. By the way, f is a special type 
of a quasi-constant function (see (1.20)) in this case. 

PROOF: The important fact here is that ~ref. 1 8 1 Theorem 
( 3. 31)) : 

(const)as = const. (1.24) 
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The following three lemmas follow directly from the fact 
that the values of any quasi-extended asymptotic functions 
are asymptotic numbers (just like the values of any asymp­
totic function). More precisely, these three lemmas follow 
directly from ref.

1 51 
Theorem 4. That is why we are not 

going to give their proofs. 

(1.25) LEMMA: Let f be a quasi-extended asymptotic function 
and let (1.3) hold. Then 

,\(a) 
f(a) = 1 ¢ (a, b), 

as a;:;D. 

is valid, where 

D 0 = I a : a ~ D , f (a) sf e I 

and ,\(a) is the relative order of f(a) 
tion 5 (iii)). 

( 1. 26) 

( 1. 27) 

(ref. 5 Defini-

' 5 ' PROOF: The lemma follows directly from ref. ' Theorem 25. 

(1.28) DEFINITION (Additive and Multiplicative Forms). Letf 
be a quasi-extended functi·on and let (1.3) and (1.26) hold. 
Then (1.3) will be called an additive form of f and (1.26) 
will be called a multiplicative form of f. 

( 1. 29) REMARK: We would like to stress that ' ' (a) in any 
additive form ( 1. 3) of f is the order of f(a) and ,\(a) in 
any multiplicative form (1.26) of f is the relative order 
of f(a) . 

(1.30) LEMMA: The asymptotic function of the type 

f(a) =¢as (a, b) + ovo(a), a:;. D, ( 1. 31) 

where ¢ is a continuous ordinar(a function of two real va­
riables, b ~A is fixed and ovo a~ a ~ D is an arbitrary 
8 -valued function, is a quasi-extended function. Let ·;:;(a) 
be the order of ¢as(a,b). Then 

v(a) = min[ ;:;(a), v 0 (a)] ( 1. 32) 

is the order of f(a) and consequently, ( 1. 3) for ' ' (a) deter­
mined by (1.32) is an additive form of f. 

(1.33) REMARK: (1.31) is not (in general) an additive form 
of f because v 0 (a) is not (in general) the order of f(a) . 
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(1.34) LEMMA: Letf be a quasi-extended function and let 
(1.3) be its additive form. Then the formulae: 

r(a) +A. (a) = ,, (a) , 

~(a) + X(a) =;;(a), 

11(a) =min[ i!(a), 1·(a) l, 

as well as the inequalities: 

11(a) :::~(a) . 

' ' (a) < ; :(a), 

A(a) < A.(a), 

a~ D, 

a~ D, 

a ~ D 

a ~ D, 

a -:;. D, 

a-:;.D 

( 1. 35) 

(1. 36) 

(1.37) 

(1. 38) 

( 1. 39) 

(1.40) 

are valid, where 11(a), 1·(a) and A.(a) are the power, the order, 
and the relative order of f(a) respectively, and ~(a) ,v(a) 
and A(a) are the power, the order, and the relative order 
of d>a/a,b), respectively ( b is fixed). 

PROOF: An immediate consequence from ref! 51 Theorem 4. We 
are going to use the inequalities (1.38)-(1.40) very often 
in future and in particular during the proof of Theorem(4.1). 

2 . THE GENERATING SET 

In the theory of quasi-extended functions it is important 
to know the connection which may exist between two couples 
(¢.~and (~,c), which generate the same quasi-extended func­
tion f, i.e., (¢,b), (~,c) ~ Genf (see (1.8)). In other words, 
we must describe somehow the generating set Genfof any f 
provided one of its elements is known. The following two 
theorems deal with this question. 

(2.1) THEOREM: Let f be a quasi-extended asymptotic func­
tion and let (1.2)-(1.6) · hqld for some generating couple 
(¢,b) of f, i.e., (¢,b) -:;. Genf.Let '<(a) be the order of f(a) 
(i.e., (1.3) be the additive form of f). Let, finally,~ 
be a continuous ordinary function defined on X x Y and 
c :;. Y as. Then (~,c) ~Gen f,i.e., 

f(a) =~ (a,c)+ov(a) 
as ' 

a~D (2.2) 
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if and only if the following cond-ition (denoted by * ) is 
valid:* For each a~D, each a~a, each {3r;;b,and each y~c 

lim s-n [¢(a(s) ,{3(s))- r/J(a(s), y (s))} = 0 
S-+Q-

(2. 3} 

for allnG;Z such that n S v(a). 

(2.4) REMARK: In the cases v(a) r;; z 
could be replaced by 

(but not v(a) = oo) (2. 3) 

-v(a} 
lims I¢-(a(s), {3(s)) - r/J(a(s), y(s))] = 0 
S-+ 0 (2. 5) 

leaving out the expression 11 for all n r;;z such that n::;v(a) 11 • 

We would like to notify that the proof of the theorem is 
based on the inequalities (1.38)-(1.40), as well as on some 
results of refs. 1 5

•6 1 • 

PROOF: Letv1 (a),vla) andv0 (a)be the orders of ·¢a/a.b),r/Jas(a,b) 
and ¢as(a,b)-r/Jas(a,c) resp. Then (1.3) implies 

v(a) ::; v 1 (a), ar;;D (2.6) 

corresponding to Lemma (1.34). Let (2.2) hold (together 
with (1.3)-(1.6), of course). If we subtract (1.3) and (2.2), 
we shall obtain: 

o v(a}=¢ (a,b}-r/1 (a,c) + o 11(a), a ~D, 
as as (2. 7) 

which is equivalent to 

¢ (a, b) -r/J (a c) C ov(a) 
as as , - ' a ~ D. (2.8) 

On the other hand, (2.8) implies: 

lim s-n [ ¢(a(s), {3(s)) -r/J(a
1 

(s), y(s))] =0 (2. 9) 
S-> 0 

for all a~D, all a,a 1 r;;a, all{3r;;b, all yr;;c, and all n~ Z, 

such that n ::;v(a). But (2. 9) reduces to * in the case a 
1 

= a 

(ii) Let* hold (together with (1.3)-(1.6). We must show 
that (2.2) holds, too. First of all implies 

v(a) < v (a) , 
- 2 a ~D. (2.10) 

Indeed, if we assume v(a0 ) >1-2 (a 0) for some a 0 r;;D, we shall 
obtain (bearing in mind (2.6)): 
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lim s-n [ ¢ (a(s) , f3(s)) - r/J (a(s) , y(s))] ~ 0 
8-+ 0 

(2.11) 

for some a~a0 , some f3~b, some y~c, and alln G;Z, such that 
v (a kn < v(a ) , which contradicts* -But (2.10) is equivalent 2 0 - 0 to 

V(a) v (a) v(a) 
0 +0 =0 a r;;D, 

corresponding to ref. / 5 / , ( 10) • Moreover, 
implies 

v(a) S v 
0 

(a) , a ~D, 

which is equivalent to 

v(a) v (a) v(a) 
0 +0 0 =0 ' a~D. 

since 

v0 (a) = min[ v1 (a), v 2 (a):t, ar;;D, 

(2. 12) 

(2.6) and (2.10) 

(2. 13) 

(2.14) 

(2.15) 

d . t f 151 correspon 1ng o re . ( 10). On the other hand, * means 

v(a) 
¢(a, {3) -r/J(a, y) ~ 0 ' ar;;D (2.16) 

for allar;;a, all {:3r;;b and allyr;;c. Consequently, 

aslcf:l..a,f3) -r/J(a,y) I;; ov(a), a r;;D, (2.17) 

corresponding to ref •
151 

Lemma 1. Adding ov(a>t_o both sides of 
(2.17) and bearing in mind ref. 161 Theorem 14, we obtain: 

o"(a) +as!¢1..a,f3)-r/J(a,y)l =o"(a), a r;; D ( 2. 18) 

for all a~ a, allf3~b, and allyr;;c. On the other hand (on 
the ground of ref. 181 Lemma (3.22) we have: 

¢as (a, b) -r/1 as (a, b) = as{cf:l..a,f3} -rjl(a,y} I +Ov o(a), a r;; D (2. 19) 

for any a ~a. any {3r;;b and any y~c. Let us add ol'(a) to both 
sides of (2.19), bearing in mind (2.14) and (2.18}: 

¢as-(a,b) -r/Jas(a,c) +Ov(a)=O v(a~ a ~D. (2.20) 
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Adding tPas (a, c) to both sides of ( 2. 20) , bearing in mind 
(2.12), we obtain: 

A. (a b) +OV(a) =·'· (a c) + Ov(a) 
'~"'as ' '~'as ' ' 

a t;; D (2. 21) 

which coincides with (2.2). The proof is finished. 
The next theorem is quite similar to the above one. It 

deals with the same question in the special case b = c. We 
shall often use this theorem instead of the previous one 
because of its simplicity. 

(2. 22) THEOREM: Let f be a quasi-extended function, let 
v(a) be the order of f(a) and let ( 1. 3)- ( 1. 6) hold for some 
generating couple (¢ ,b) , i.e. , (¢, b) t;; Gen f. Let ifJ be another 
continuous ordinary function defined on Xx Y. Then (1/J, b) t;; Genf, 
i.e., 

f(a) = t/Ja
8
(a,b), a ~ D, (2. 23) 

if and only if the following condition (denoted by * * ) is 
valid: * *. For each a ~D. each a t;; a, and each f3 t;; b 

lim s-0
[ ¢(a(s), {3(s)) -t/J(a(s) ,{3(s))] =0 (2.24) 

s->0 

for all n t;;Z such that n ~ v (a) . 

(2.25) REMARK: If v (a) ~ z (but not v(a) = oo ) (2.24) could be 
replaced by 

lim s-v(a)[¢(a(s), {3(s)) -t/J(a(s), {3(s))] = 0 (2.26) 
s->0 

leaving out the expression "for all n ~ Z .... etc." 

(2.27) REMARK: . The above theorem could be formulated as 
follows: (t/J, b) ~Genf, i.e., (2.23) is valid, if and only if ifJ 
can be represented in the form: 

t/J(x, y) = ¢(x, y) + ~(x, y), X ~ X, y I; y, (2.28) 

where ~ has the property: For each a ~D. each a ~a. and 
each {3 ~ b 

lim 
0
s-n ~(a(&); {3(s)) = 0 , , (2.29) 

S-> 

for all n ~Z such that n :S v(a) , where v(a) be the order of f(a). 
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PROOF: Th e p r oof is q uite a nalogous to the proof of Theorem 
(2 .1), in fact, it coincides almost with it. We omit it. 

3 . STANDARD ASYMPTOTIC NUMBER 

Le t f and g b e t wo q u a si-ex tended asymptotic functions. 
Th e fo llo wing q u e stio n a rises: In which cases can f and g 
b e r epre sented in t he ir a dditive or multiplicative forms for 
t he same a s ympt o tic n umber b ? In other words, in which 
cases is t here ( t he s ame) b ;. A f o r which (¢, b) .; Gen f and 
(r/1 . b) .., Gen g f o r some (appropriately chosen) ordinary func­
tio n s ch and 1/J ? The answe r is: "In all cases". Moreover, it 
turns o ut tha t t he r e exists a standard asymptotic number b, 

8 ' n ame l y b = s (ref. ( 3 . 26 )) such that every quasi-exten-
d e d functio n c an b e generated by a couple (¢ , s) for some or­
dinary fun c tio n ch . The f o llo wing theorem deals with that 
q u e stio n. 

( 3 .1) THEOREM: Le t f be a quasi-extended function, v (a) be 
the o rder o f f(a) and let (1.3)-(1.6) hold for some gene­
rating c o uple (ch, b) ..,Genf.Then(t/J, s) ~ Genf, too, i.e., 

f(a) = 1/; (a, s) + o t '(a) . 
as 

a t;; D, (3.2) 

where 

t/J (x,y) = cb (x,f3(y)), x ~ X, y t;; (0, f) (3. 3) 

fo r some (sufficien tly small) f t;; P.. , f > 0 and any (arbitrarily 
c ho sen and fixed) fl"' b. 

PROOF: The theorem is an immediate consequence of ref. 18 1 

Lemma (3.2 2 ) and Co rollary (3.24). 

(3.4) REMARK: Corresponding to Lemma (1.25), (3.2) implies 

f(a) = 1 ,\( a)t/J (a. s) , a t;; D, (3.5) 
as 

whe r e A(a) is the relative order of f(a) and D0 is given 
by (1.27). In other words, (3.5) is a multiplicative form 
of f(a) (Definitio n ( 1. 28 )). 

(3.6) COROLLARY: Every two q uasi-extended functions r 1 and 
f 2 can be represented in the forms (their additive forms) : 

fl(a) =¢ (a b) + o vl (a) 
l as ' ' a ~ D 1, (3.7) 
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f2 (a) = ¢2as (a, b) + ov2 (a) . a (;;02 • (3.8) 

respectively, for the same asymptotic number b and some 
ordinary functions ¢ 1 and ¢ 2 . In other words, for every 
f 1, f 2 (;; F there exist the same b (;;A such that (¢ 1, b) (;; Gen f 1 
as well as (¢ 2, b) (;;Gen f 2 for some ¢1 and ¢ 2 . 

PROOF: Indeed, (3.7) and (3.8) are valid (at least) for b=s 
corresponding to Theorem (3.1). 

4. ALGEBRAIC OPERATIONS IN F 

(4.1) THEOREM (Algebraic Operations in F). (i) The class 
of all quasi-extended asymptotic functions F is closed 
with respect to the addition (subtraction) and multiplica­
tion. Namely, if f1,f2 <::-F and 

(¢ 1 , b) (;; Gem f 1 , ( ¢ 2 , b) (;; Gen f 2 

then 

(¢ 1±¢2,b) (;; Gen(f1±f2 ), 

(¢ 1 ·¢2 , b) (;;Gen(f 1 .r2 ) 

are valid; (ii) Moreover, let 

"'1 (a) 
fl (a) = .Ptas (a, b) + o 

f 2 (a)= ¢2 as(a, b)+ o"'2(a)' 

a,::, 0 1 , 

a~ 0 2 

(4. 2) 

(4. 3) 

(4.4) 

( <1. 5) 

(4.6) 

be additive forms of ft and f 2 ,respectively (for the same b 
corresponding Corollary (3.6)) and let 

A1 (a) 
f1 (a)=1 ·¢las(a,b), a(;;0 1 , (4.7) 

A2 (a) 
f2 (a)= 1 ·¢ 2as (a, b), a ~02 (4.8) 

be multiplicative forms of f 1 and f2 . respectively. Then: 
a) The representation: 

f1(a)±f2(a)=(¢1±¢2)as(a,b) +Ov(a)' a(;; 0, (4.9) 

is an additive form of f1 ±f2, where 
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0 = 01 11 02, (4.10) 

v(a)=min[v 1(a), v2 (a)], a (;; 0; (4. 11) 

b) The representations 

f 1 (a). f 2(a) = (¢ 1' ¢ 2) as (a. b) + d'o (a) 
' 

a (;;0, (4. 12) 

A (a) 
f 1 (a) . f 2(a) =1 o (¢ 1. ¢ 2) as (a, b) , a~ 0 (4. 13_) 

are the additive and multiplicative forms of f 1.f 2 , respec­
tively. The order v0 (a) and the relative order A0 (a) of 
f1 (a) .f 2(a) is given by: 

v
0 

(a)= min[11 1(a) + v2 (a) ,/1 2(a) +r' 1 (a)] 
(4. 14) 

= min[; 1(a) +v2(a) .~ 2 (a) +v 1 (a) ,v1(a) +~~2(a)], a(;; 0 

and 

A0 (a) = min l A 1 (a) , .A2 (a)], a(;; 0, (4. 15) 

respectively, where 11 1 (a) and /1 2(a) are the powers of r1 (a) 
and f2(a), and ji1 (a) and jL 2(a) are the powers of ¢tas(a. b), 
and ¢ 2as(a,b),respectively; 
c) The representations: 

( ) v(a) 
f1 (a) / f2(a) = ¢ 1/ ¢ 2 as(a,b)+o = 

(4 .16) 
A(a) 

= 1 (¢1 / ¢2)as(a, b), a(;; 0 n o o 
1 2 

are additive and multiplicative forms of the ratio r1; r2 , 
respectively. Here 

0 ~ = I a ~ 0 2 : f 2 (a) ~ 8 I , (4. 17) 

corresponding to ref. 18 1 Definition (1.7). 

PROOF: The proof of this theorem is quite analogous to the 
proof of ref . 19 1 Theorem (2. 9). In fact ·, this theorem is 
a consequence of (ref. 19 1 Theorem (2.9)) and Lemma (1.34). 
Let us add (and subtract) (4.5) and (4.6): 
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; (a)±f2(a) =¢ 1as(a, b) + ot' l (a) ± ¢2as (a,b) + o' '2(a)= 

=¢1asCa,b)± ¢ 2asCa, b) + Ov(a) =(<h l ±<D2 )as(a,b) +o'-;-(a) + Ov(a) 

=(¢1±¢2)as (a, b) + Ov(a), a ,; D , 

where v(a) is the order of 
ref. 19 1 Theorem (2. 9) , v(a) 
set (4.10). We have just 

¢ la s (a, b) ±c.6 2a 8(a.b)co rresponding to 
is given by (4.11) and D i s the 

used the identity 

ov(a) + o "'(a) = o "'(a) , a ;: D (4 0 18) 

which is equivalent to 

v(a) < i/(a) , a ,; D . (4 o1 9 ) 

On its part, the latter inequal ity foll ows directly from 
Lemma (1.34). The case of multiplication is treated exactly 
in the same way having in mind (ref. ' 9 ' Theo rem (2.9)) as 
well as Lemma (1.4). That is all . 

Now let us remind the comments of the beginning of Sec . 2 
of ref. 19 1 and especially ref. 19

' ( 2 . 5) , ( 2 0 6) , Example 
( 1. 9), ( 1. 26). We see that then -th power of the asymptotic 
function o defined by ref. : 9

' ( 1. 24) is a quasi-extended func­
tion, i.e., 

on~ F, n = 1,2,3 ... 0 0 (4 . 20) 

That follows directly from the theorem just proved. More­
over, 

n n 1 v (a) o (a) = (~ ) (a, s + o ) + o 0 , as a ~ A (4. 2 1) 

is an additive form of on , where the ordinary function ~ is 
19 1 

defined in ref. I I ( 1. 20) , ~ n is the n -th power of .'\ , (~ n) as 
is the asymptotic extension of ~n and 

l
-n 

v
0

(a) = -2~ , 
n, 

a = SX + >:h , x ;: R , h .;; Oo 

a = 0 ° , 
(4.22) 

a = X+h, x ~ R , x t: O, h ~ no 

is the order of o n(a), corresponding to ref. ' 91 ( 1. 26) . We 
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kindly suggest the reader to remind (ref. 
19 1 

Example (1.19)) 
and to keep in mind (4. 20) -(4.22). 

(4.23) DEFINITION: Let V be a class of continuous ordinary 
funct ions of two real variables of the type 

¢: X x Y ... C, (4.24) 

where X and Y are two open subsets of R, which are the same 
for all functions from V. Let b be an asymptotic number 
from Ya s, i.e., b c;. Y as o Then the set of all quasi-extended 
asymptotic functions f for which there exists a generating 
couple (¢,b) ~ Genf such that ¢ ~ V will be denoted by Va8 (b). 
In other words, f c;. Vas(b) if f can be represented in the form: 

f(a) =¢as(a,b) + Ov(a)' a ~ D (4.25) 

(4.26) THEOREM: Let V be a set of ordinary functions descri­
bed in Definition (4. 23) and let b be an asymptotic number 
from Yas, i.e., b ~ Yas o Then: (i) Vas (b) is closed0 with 
respect to the addition if and only if v is closed with 
respect to the addition; (ii) VasCb) is closed with respect 
to the multiplication if and only if V is closed with res­
pect to multiplication ; (iii) In the cases when Va8 (b) is · 
closed with respect to the algebraic operations· '{addition 
or multiplication or addition and multiplication) Vas<~ 
has the same algebraic proferties ci.s A and A* have · (we mean 
that the identities {ref. 1 1 Theorem 6) are valid in Vas (b)) 
with respect to the corresponding a~gebraic operations. 

PROOF: {i) and {ii) follow directly from Theorem· {4.1) and 
(iii) follows from ref. 18 1 Lemma {1.13). 

(4.27) COROLLARY: Let Crt, n=O,l,o.o,oo, ~ and S be the well­
known class~s of ordinary fUnctions {defined o~ R ). Then 

' the corresponding (according to {4.23)) classes of quasi~ , 

extend.ed asymptotic functions (Cn )as (s) .' n =0,1 , ... o, ,00 , ~as(s) · 
and S as(s) are closed with respect to the addition and 
multiplication. Moreover, these classes hav~ . the same al­
gebraic structure as A and A*. Notice that the ext~nded 
asymptotic functions given in ref. 19 1 {1.15), {1.12>' which 
are, at t~e same time, quasi-extended functions, are .examp­
les of functions from (C00 )as (s) .' ~as (s) ·: ~pd ·s as (s) , res-
pectively. · 
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(4. 28) REMARK: (The Role of Vas (b) ) : The classes of quasi­
extended asymptotic functions of the type Vas (b) , where V 
is some (arbitrarily chosen) class of ordinary functions 
(Definition (4.23)) will play an important role in our 
approach in the future. In the next section we shall set 
V = F(x,y) ,where F(x,y) is the class of ordinary functions 
defined in ref. 141 I, Sec. 3. The corresponding class of 
quasi-extended asymptotic functions [F(x,y)las (s) turns out 
to be isomorphic to the class F(x) of asymptotic func­
tions introduced in ref. 141

-In the next paper of our se­
ries we shall set V = «1>, where «1> is another class of ordina­
ry functions closely connected with the analytic functions. 
The asymptotic functions from the corresponding class «<>as(s) 
will be called quasi-distributions because they are reali­
zations, in a certain sense, of Schwartz distributions. 

(4. 29) CHANGE OF A NOTATION: Instead of the notation "F(x, y) " 
just used, the notation "F(x , s) " is used in ref. 

141 
I. Re­

call 'as well (r~f. 1 51 Definition 12} that "s" is the short 
notation for the asymptotic number "s + o oo ",i.e. ,_ s = s + o oo 

(see (5. 3)). 

5. THE CONNECTION WITH THE ASYMPTOTIC FUNCTIONS 
INTRODUCED IN REF _14 1 

The notion of "asymptotic function" was introduced for 
the first time in ref. 1 2 1 and a series of works 14 1 has ap­
peared based on this notion. The definition of the asympto­
tic functions given in refs/4 1 I is different from the 
one used here (ref. 18 1 (1.1)). Namely, the asymptotic func­
tions in ref. 14 1 are not mappings from the set of the 
asymptotic numbers A into itself; they are equivalence clas­
ses of sequences of ordinary smooth functions of a particu­
lar type (ref. 141 , I, Sec. 3). An asymptotic function o, 
similar, in a certain sense, to Dirac's delta-function is 
constructed in the framework of this approach 12 • 41 • What 
is more interesting, it was shown that every two asymptotic 
functions of this type can be multiplied; in particular, se­
veral expressions for 8 2 were established in refs/ 21 

and 141 
• The following question arises: Is there any con-

nection between the asymptotic functions as defined in 1 41 

on the one hand,and the asymptotic functions considered in 
the present paper{together with 181 and 191of course) on the 
other hand. The answer is "yes" and we are going to discuss 
briefly this connection: 

f4 

.. 

(i) Let F(x,y) be the class of ordinary functions defined 
in ref. 141 !,Sec. 3) (see (4.29)).In this reference the rea­
der may find the exact definition of this class. We shall 
notice only that F(x,y) is a class of complex-valued smooth 
(respect to "x" ) functions of two real variables of the 
type: 

f(x, y) ' X ~ R' y ~ (0, St) • (5. 1) 

where St is an arbitrarily fixed real positive number. Be­
sides, F(x, y) is closed with respect to the addition and 
multiplication ( F(x,y) is a ring of functions). About the 
other defining properties of F(x, y) we refer the reader 
to (ref. 141 , I). 

(ii) Let us consider the class 

F Ode1· [ F(x • y)] as (s) (5. 2) 

of quasi-extended asymptotic functions obtained accordin~ 
to Definition (4.23) for V = F(x,y) and b = s. Recall (ref. 1 1 

(3.26)) that s is the following asymptotic number: 

s = s -t 0
00 

= ls -t t\: 1\ '= As• limt\(s) / sn= for all n r;; Zl. 
S--> 0 

(5. 3) 

According to Theorem (4.26), F 0 is closed with respect 
to the addition and multiplication and has the same algeb­
raic structure as A and A * ; 

(iii) It is easy to see that 

~ as(s) c Sa 8 (s) c F 0 , 

where ~as (s) and sas (s) 

(iv) INTEGRATION IN Fo: 
measurable subset of R 
us set: 

(5.4) 

are discussed in (4.27); 

Let f ~ F o and let 11 be a Lebesgue 
(an interval of R for example) • Let 

J *= l f¢ (x,x)dx : (¢ ,h) ~ Genf, ¢'= F(x,y), h~(Q-,s) . x~hl. (5.5) 
11 1 as 

The asymptotic cover (ref. 1 51 Definition 7) ·as J * of J * 
(which is an asymptotic number, i.e., as .J *'= A * ) will be 
called the integral of f on 11 and the following notations 
will be used: 

J = as J * = f f(x) dx. 
11 

(5.6) 
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It can be proved that every asymptotic function f from F 0 
is locally integrable, i.e., 

x2 

Jf(x)dx (5.7) 
X1 

exists (and belongs to A * ) for every f.;;F and every x 1 , 
x2 .;;R, The other analytic operations (differentiation, 
Fourier-transformation, convolution, etc.) can be introdu­
ced in an analogous way. 

(v) EXAMPLE OF DIRAC's DELTA FUNCTION: Let p.;;: S and 

f p(x) dx = 1. (5.8) 

To consider the function: 

1 +yY ( X ) - R (0 ) ¢ (x, y) = p - , x '= , y ~ , s 
1 

, ( 5. 9) 
y y 

which belongs to F(x, y) . The asymptotic extension <\ s (a, b) 
' 8 1 of ¢ exists for every a ~A and every b .;(0, s 1) as (ref. 

(2.18)). Letusput (forb = s=s+o""): 

a(a) =¢as (a, s), a,;: A. (5 . 10) 

The values of a are given by: 

a = SX + S h , X ,;: R , h .;:: il O , 

a (a) 

(s-1 +o- 1 ) p(x), 

0-2 a';-!o-n: n =0.1, ... 1, (5 .11) 

o, for all other a .:: A . 

It is clear that a ,;: F 0 l"ioreover, 

J a (x) dx = 1 + 0 ° = 1° ' (5. 12) 

and 

Ja(x)I/J(x)dx ~1/J(O) + 0 ° (5. 13) 

for every 1/J ,;~a 8(s) 
isomorphism R ~R 0 

(or ljJ ~ S (s) ) . Bearing in mind the 
(ref. / 5/ Tt~orem 20) I we see that a 

is a realization of the Dirac's delta-function. The values 
of the square a2 

(every two functions from F 0 can be 
multiplied) are given by: 

16 
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(s-2 + o-2 ) P2 (x) , a=SX+Sh, x~R, h~00 , 

-n 
,')

2

(a) =I -4 
0 a,;!o ;n=1,2, ... ,l, (5.14) 

0' for all other a ~ A . 

Moreover, we obtain: 

"" 2 
(D (x)<,',(x)dx ~ M ~'I(O). .;, ~ :C (s) ' as (5. 15) 

where 

m -1 
M = - ~ o 

""2 
m = J p (x) dx. (5. 16) 

s 

Notice that M is an infinitely large asymptotic number 
(constant) (ref. 6 Definition 8) , i.e., r < M for any real 
number r. Moreover, M does not depend on the choice of 1/J; 

(vi) It can be shown that the class F0 of quasi-extended 
asymptotic functions is isomorphic to the class F(x) of 
asymptotic functions defined in ref. / 4! I, Sec. 4, i.e., 

F ; F(x) 
0 

(5.17) 

and the isomorphism preserves also the analytic operations 
(differentiation, integration and so on). The class F

0
, 

respectively F(x) , has several interesting properties which 
a re discussed in detail in the series 14 1 . 

ACKNOWLEDGEMENT 

I would like to thank Academician Chr.Ya.Christov for 
proposing the subject of this work and for his critical 
remarks. 

REFERENCES 

1. Christov Chr.Ya., Todorov T.D. Trieste · Preprint, 
IC/72/73. 

2 . Christov Chr.Ya. Nova Acta Leopoldina, Neue Folge, 1974, 
212 , Band 39, 181-1944. 

3. Christov Chr.Ya., Todorov T.D. Bulgaricae Mathematicae 
Publicationes, 1976, vol.2, p.87-102. 

17 



4. Christov Chr.Ya., Damianov B.P. Bulg. Journ. of Phys., 
1978, 6, p.1-23. JINR, P2-11102, Dubna, 1977. 

5. Todorov T.D. ICTP, Trieste Preprint, IC/79/73 (submitted 
for publication). 

6. Todorov T.D. ICTP, Trieste Preprint, IC/79/74 (submitted 
for publication). 

7. Todorov T.D. ICTP, Trieste, Internal report, IC/79/75, 
1979. 

8. Todorov T.D. Asymptotic Functions and Multiplication 
of Distributions. Rep. on Math.Phys., to be published. 

9. Todorov T.D. Extended Asymptotic Functions - Some 
Examples. Rep. on Math.Phys., to be published. 

10. Stroyan K.D., Luxemburg W.A.J. Introduction to the 
Theory of Infinitesimals. Acad. Press, 1976. 

18 

Received by Publishing Department 
on December 21 1979. 


